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PROPAGATION OF MASSIVE SCALAR FIELDS IN PRE-BIG BANG
COSMOLOGIES

ALAIN BACHELOT

ABSTRACT. We investigate the linear and semilinear massive Klein-Gordon equations in geometrical
frameworks of type “Conformal Cyclic Cosmology” of R. Penrose, or “Singular Bouncing Scenario”
as well. We give sufficient conditions on the decay of the mass to the fields be able to propagate
across the Big-Bang.

I. INTRODUCTION

In this work we investigate the propagation of a massive scalar field in simple models of the
pre-big bang cosmology, in particular for the Conformal Cyclic Cosmology (CCC). In this theory
developped by R. Penrose [15] (see also [11], [23]), we consider a n+1 dimensional C2, time oriented,
Lorentzian manifold (M, g). We assume that this spacetime is globally hyperbolic. Given a Cauchy
hypersurface > we split M as

(1.1) M=MUSUM, M:=1"(%), M:=1{%),
where I~ (X) (resp. IT(X)) is the chronological past (resp. chronological future) of ¥.. The past
(resp. future) set M (resp. M) is an open subset called Previous Aeon (resp. Present Aeon). The

metric g is just a mathematical tool, called bridging metric, and the physical metrics § and § on
the Aeons are solutions of the Einstein equations that are conformally equivalent to g,

(1.2) §=0%, §=0%,

where 0 is a non-vanishing C'? function on M (throughout the paper, the bar stands for the hat or
the check). In the CCC we assume that ) can be continuously extended by zero to . Therefore
the Present Aeon is an universe beginning by a Big Bang, and ¥ is called the Bang Surface. In
contrast we assume that ) tends to the infinity at X that is the Future Infinity of the Previous
Aeon. In this paper we consider the simple but important case, of the static metric g, therefore the
Aeons are generalized FLRW spacetimes. Our results can also be applied to the Singular Bouncing
Scenario for which { and € tend to zero at ¥, and even for the rather unphysical case where ¥
is the Future Infinity of M and the Past Infinity of M if { and (2 tend to the infinity at X. We
adress the fundamental issue : to find sufficient conditions on the decay of the mass near 3 to that
a massive scalar field in M can be extended in M despite the severe singularity on ¥ that leads to
the blow-up or the vanishing of the fields on it. The idea is following: we renormalize the fields @
by using the Liouville transforms associated to the conformal factors

(1.3) ¢ =" q,

then we investigate the wave equation satisfied by the renormalized fields ¢. We impose some
constraints on the mass that allow to obtain the existence of trace of ¢ and a suitable time-
derivative, on the bang surface ¥. We conclude that the asymptotic behaviour of @ at ¥ in the
Previous Aeon, leads to a Cauchy data that determines @ in the Present Aeon.

A free massive scalar field obeys to the Klein-Gordon equation satisfied in the interior M of each

Aeon M,
(14) [I:‘g + gRg + m2] U = f_. m ./é(
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Here [, and Rj, are respectively the D’Alembert operator and the Ricci scalar associated to a
metric h,

(15) Dhu =

Mau (h/Taetmou)

€ is a constant describing the coupling with the geometry, the mass /m is a non negative function
defined on M and the source term f is given. The fundamental issue concerns the propagation of
the field from the Previous Aeon to the Present Aeon across the Bang Surface. The true problem is
fully non linear and we should deal with the coupled Einstein-Scalar Field system. A very important
result in this domain is due to H. Friedrich [7] who investigated the 143 dimensional case with a
cosmological constant A > 0 and

. 2
(1.6) £=0, m?= A

Our aim is more modest : we study the linear or semilinear Klein-Gordon equation in a fixed
geometrical framework of the CCC or the Bouncing Scenario (semi-classical approximation for the
weak fields). In this context, there is a trivial situation, called the conformal invariant massless
case, defined by

- n—1
L7 = m = 0.
(17) g=" L
Using the Liouville transform (L3]) we can easily check that u is a solution of (L4)) iff ¢ is solution
of the Klein-Gordon equation with the variable effective mass | m$ |, associated to the bridging
metric g,

) @0+ (0= 070,0,) g 4P = 0]

(I.8) [Dg +ER, + Q7! (g -

Hence for the conformal invariant massless case (L7)) with f = 0, the propagation of the field is
just described by the wave equation

n—1 N
and since (M, g) is globally hyperbolic, the global Cauchy problem is well posed for this equation
by the Leray theorem : given a Cauchy hypersurface, any initial data on it determines a unique
solution defined on the whole manifold. In this sense, the conformal invariant massless case without
source term is trivial: the field freely propagates from the Previous Aeon to the Present Aeon.

The situation drastically changes if & # (n—1)/4n or m # 0 since Q™! (resp Q) blows up on ¥ for
a Big Bang (resp. an expanding universeﬁ) and the Klein-Gordon equation (L8] is highly singular.
As a consequence ¢ can diverge at > and the possibility of a propagation from the Previous Aeon
to the Present Aeon seems to be doubtful in general. For instance if é = (0, M is a strictly positive
constant and § = 72 (d7'2 — gijdxidxj ) is De-Sitter like, the results established by A. Vasy in [24]

n2 o ~
show that ¢(r,.) ~ 73V Tersz(T, ) near ¥ = {7 = 0} with ¢y ¢ CO(M uU ) (see also [2] for
¢ =1 = 0). In this paper we follow the ideas of Penrose and we assume that £ = (n — 1)/4n and
the mass of the field is a function that is decaying to zero as 7 — 0. Therefore we investigate the

However when § is a solution of the Vacuum Einstein Equations Ruy — SRguu + Aguy = 0, we have Ry = 224LA,
and the case (£ = 0, m? = "2—;1) is equivalent to the conformal invariant massless case. In particular the Klein-Gordon
equation studied by Friedrich in [7] is a non-linear perturbation of (L3).
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both Klein-Gordon equations

n — o

1 _ s - .
- Rg+m292}¢=9%3f in M,

(1.10) o+

and we look for sufficient conditions on m to that ¢ determines ¢ despite the singularity on X. An
obvious way could consist in introducing

~ v

(I.11) m=m, Q=0, f=fon M, m=m, Q=Q, f=f on M,
and solving on the whole manifold M the equation

n+

23f in M.

n —

(1.12) {Dg + 1Rg - m%ﬂ p=0Q
4dn

Then ¢ could be defined by ¢ on M if ¢ = ¢ on M. This elementary approach could work if
the equation ([12)) makes sense. In particular m2Q%p has to be well defined as a distribution in
M. Unfortunately m2Q? is not in Llloc(/\;l U X)) in general, unless we add unreasonably strong
conditions on the decay of the mass. In fact ([12) holds for the Singular Bouncing Scenario for
which m?Q? € L}, (M) (see Theorem and Theorem [V.2)), but this very simple method fails
for the CCC for which 2?02 ¢ L} (M) and equation ([12]) does not make sense. To overcome this
difficulty and to obtain the main results of this paper (Theorem [V.4] and Theorem [V.3]), we adapt
a method used in [I] and [4] based on the solving of the Riccati equation

A — A2 — 202

that allows to transform equation ([.I0) into an new equation in which all the coefficients are
integrable functions (see ([V.42)) and [V.24))). From a mathematical point of view, this work deals
with a linear scalar wave equation with a time-dependent mass, or in a time-dependent background,
a topic for which a lot of papers have been devoted, see e.g. [5] and the references therein, and
in the framework of General Relativity [1], [2], [18], [19], [24]. We also investigate the semi-linear
Klein-Gordon equation for n = 3. This important model has been investigated in the case of the
smooth Lorentzian manifolds and fixed mass, in particular in [3], [6], [8], [9], [10], [12], [13],[14];
here we consider the semi-linear equation ([I0) with f = —& | % |> %, and the strongly singular
effective mass mS2, and we prove that, like for the linear case, the fields propagate across the Bang
Surface. Ultimately, our results are just a preliminary step toward the fundamental issue of the
stability of the Einstein-scalar field system for a cosmological scenario with a Big Bang (in this
contexte we have to mention [7], [16], [I7], [20] and [21]).

II. GEOMETRICAL AND FUNCTIONAL FRAMEWORKS

We suppose that there exists a n-dimensional C* Riemannian manifold (K,~) and 7—, 71, —00 <
7 <0 < 74 < o such that

(IL.1) M= [1-,7¢] x Ky, gudatde’ = dr* — ~;dx"dx,
and we take
(IL.2) YSi={r=0} xK, M:=[r_,0)xK, M:=(0,74]xK.

Given two non-vanishing functions € C2(M), Q € C2(M) we endowe M with ‘the metrics defined
by ([[2). Some of our results are obtained without supplement assumption on Q. Nevertheless the
cases of physical interest are (1) the Singular Bouncing Scenario with

(IL.3) vxe K, Q(r,x) —— 0, Q(r,x) —— 0,

70— T—0t
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(t = 0 is a Big Crunch for M and a Big Bang for M), and (2) the CCC of Penrose for which

(IL.4) Vx € K, f | Q(7,%) | dr = oo, Q(TX)—>O

T—0t

(7 = 0 is the Future Infinity for M and a Big Bang for M) We could also consider more exotic
cases such as

T+ .
(IL.5) Vx e K, j (1,x |d7'f | Q(7,x) | dr = 0,
0

for which 7 = 0 is the Future Infinity for M and the Past Infinity for M, or a Previous Acon ending
with a Big Rip at 7 = 0,

T—0~

(IL.6) Vx e K, f Q(r,x) | dr < o0, Q(1,x) —— 0.
We shall be able to apply our results to a very important example of CCC that is associated to
generalized FLRW universes:

Example I1.1. Given t_ € R, we introduce

(IL.7) M= [i_,0); x K,

(I1.8) Gudatda” = di* — a(f)?y;dx"dx.

Here the scale factor a is a strictly positive function in C?([t_,0)). We assume that this space-time
1s sufficiently accelerating to that

(11.9) a~teL'(t_, ).
Now we introduce the conformal time T that is defined as

o0

R 1

(I1.10) T(t) := —f ——ds

i a(s)
and in the (1,x) coordinates, the Previous Aeon is described as

0
N 1
I1.11 M=1m_,0), x Ky, 7_ :z—j 0, 0),
(iL11) [7.0) agiee (0.0)
(I1.12) Gudatdz” = O%(7) [d7'2 — ijdx'dx’], Q(r) := +a(d).
An important particular case is the De-Sitter like metric for which
(I.13) a(f) ~ Celt, o, O, H > 0.
We easily check that
A 1
I1.14 QUr) ~F—=—, 7T—0".
(1114) (7) ~
In a similar way, given t, € (0,00) we introduce

(I1.15) M = (0, £ x Ky,
(11.16) Juvdatda” = di* — a(f)?y;dx"dx’.

Now the scale factor & is a strictly positive function in C2((0,£,]) that tends to zero as f — 0
sufficiently slowly to that

(I11.17) ate LY (0,1,).
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The conformal time T is defined as

(I1.18) r(f) = fi Lds

0 a(s)

and in the (T,x) coordinates, the Present Aeon is described as

. Z |

(IL.19) M= (0,71]s x Ky, 74 1= f L dse(0,),
0 a(s)

(I1.20) Guvdatdz” = 0% () [d7'2 — %-jdxidxj] . Q) = ad).
An interesting case is the C° Big Bang studied in [1] for which
(I1.21) af) ~Ci, {1 —0%, 0<C, 7€ (0,1).
Then we have
(11.22) O(7) ~ OT7 (1 — ) TarTa, - 0.
We remark that in the cases ([[13), ([L21]), with T— = —74, the Penrose’s “reciprocal proposal”
[15]
(11.23) Q(-1)Q(1) = —1, 7€ (0,74),

can be satisfied when
R . 1 . _
(I1.24) Q(r) = —a(t), n= 3’ C =+V2H.

As regards the manifold (K, ~) we assume it is complete and the scalar curvature R, is bounded
(I1.25) R, e L*(K).

Here we denote LP(K) the LP-Lebesgue space on K endowed with the volume measure associated
to the metric v. It is well known the the Laplace-Beltrami operator

1 i Tdet 0w
Ak = mai <’Y |d t’Y)‘aJ )7

is essentially selfadjoint on C{°(K). Hence we can introduce the Sobolev spaces H*(K), s € R,
defined as the closure of Ci°(K) for the norm
(11.26) £y = |(~Ak + 1)? f

L2(K)

To investigate the semi-linear Klein-Gordon equation, we need the Sobolev embedding, therefore
we have to strengthen the assumptions on the metric. Thus to study the self-interacting fields,
we shall assume that (K,~) is a C® bounded geometry manifold, i.e. the following conditions
are satisfied: (1) the injectivity radius is strictly positive, (2) every covariant derivative of the
Riemannian curvature tensor is bounded, or in an equivalent way,

(11.27) Vae N? D% e L(K), 77 e L*(K),

where D represents coordinate derivatives in any normal coordinate system. With these hypotheses,
if d = 3 we have the continuous embedding

(11.28) HY(K) c LS(K).
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III. FREE SCALAR FIELDS IN THE AEONS

We investigate the propagation of a scalar field in the Aeon M, that obeys to the Klein-Gordon
equation with a variable mass m that is a measurable function on M:

o

(IIIl) |:|:|g + n4—;1R§ + m2:| u = f_ n M.

By the Liouville transform (L3)), this equation is equivalent to the equation ([LI0) in I x K where
(I11.2) I:=1[r_,0), I:=(0,74].
Since (M, g) satisfies (IT1)), this equation has the very simple form

—1 _ _n _ o
"4 R7+m292]gp:9%3f, (r,x) e I x K.
n

(IT1.3) [aﬁ — Ak +

We suppose that the mass and the conformal factor satisfy
(I11.4) m*Q* e Ly, (I; L(K)) .
The global Cauchy problem is easily solved:

Proposition II1.1. We assume that (IL23) and (III.4) hold. Then given 7o € I, s e [0,1],
@0 € H*(K), ¢1 € H*"YK), fe L. (I;H**(K)), the equation (IIL3) has a unique solution @
satisfying

(ITL.5) pe L (I H(K)), o-¢e L (I; HH(K)),
(I11.6) @(10) = ¢o, Orp(10) = P1.
Moreover we have

(I1L.7) peCO(I;H(K)) nC' (I; H(K))

and there exists C' > 0 such that any solution satisfies
(I11.8)

| [ @i

).

|o(T) | s () + [072(T) |1 () < C <||900||HS(K) + o1l a1y +

xexp(

L: Hﬁl(o‘)@(o‘)”iw(K) do

If we assume that

(I11.9) m*Q* e L' (I; L*(K)) ,
(IT1.10) O fel' (I B H(K)),
then the following limits exist:

(IT1.11) Yo = lim ¢(7) in H*(K),
(IT1.12) Py = lim 0-5(7) in HY(K).

Furthermore, (IL9) and {IIL10) assure that given vy € H*(K), ¢y € H* Y (K), there exists a

unique solution ¢ of (IIL3) satisfying ([IL7), (IIL11), (IIL12) and the map (o, $1) — (Yo,v1) is
a homeomorphism on H*(K) x H*~}(K).
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The initial conditions ([ILG) make sense thanks to the Strauss theorem [22]: ([IL5]) implies that
¢ is a weakly continuous function with values in H*(K) and since m2Q2?p € L} (I; L*(K)), the
equation ([IL3) assures that 02¢ € L} (I; H*"%(K)) and then 0, is a weakly continuous function
with values in H*1(K).

Proof. Due to the weak regularity of the coefficients, this proposition is not a straight consequence
of the classic results on the hyperbolic Cauchy problem, but we can establish the existence of the
solution using a standard method. We introduce the operator

0 1
-Ag+1 0

that is selfadjoint in H*~1(K) x H*2(K) and we solve the integral equation

(50 ) =7 (5 )= (3) [ (oo )

T i 0
i(t—o)A _
+ | e e _ _ do.
L) ( [1 = 25 By — m?(0)2%(0)] (o) >
Since s € [0,1], we have for any ®, V¥ € X}, := C° ([10 — h, 70 + h]; H*(K) x H*"}(K)) and h > 0,

(I11.13) A= ( > , Dom(A) = H*(K) x H*"Y(K),

(IT1.14)

T0+h B
| F (@) = F(¥)[x, < {(1 + Ry L) b+ j . m(J)Q(U)LOOdO'] [® -V, -

TO—

Therefore F is a contraction on X, for h small enough, and its unique fixed point ® := (2, zﬁ) is a
local solution of ([IL14)). Moreover we have

(2o e =l(2)

Therefore the Gronwall Lemma implies that

G DI ([ WS gl )

e )

and the principle of the unique continuation assures that the local solution ® can be extended to
a global solution ® € C° (I; H*(K) x H*'(K)) of the integral equation ([ILI4) that obviously
satisfies also ([ILI5) on I. We warn that in general ® ¢ C' ([7o — h, 7o + h]; H*~' x H*?) since
we do not assume m to be continuous. Nevertheless ¢ = 0,¢ and @ is a global solution of (ITL3)

satisfying (IILE), (IIL7) and (IILS).

To establish the uniqueness, we recall (see e.g. [22]) that any ¢ € L (I; HY(K)) with d,¢ €

loc

% (I; L*(K)) solution in the sense of the distributions of (62 — Ak + 1) = F € L} (I; L*(K))

log
satisfies

(IL16)  [o(n)|Fn + [0rp(n)IZ2 = (o)l + l0-(r0) 2 + 2?"3[ JK F(0,x)07¢(0,x)dxdo,
70

+ do

HsxHs—1

JT (1 + IRyl + [m*(0)0% (@) L) |@(0) | 122dor

70

| [ @i

Hs x H5—1 Het

_I_

_|_

Hsx Hs—1

(I1.15) 7
f 72(0)02(0)| o do

hence,

le() I + lore(m)72 < le(mo)lF + lore(mo)lZ: +2

f 1F(0)]122 1000 2o
T0
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We can apply this inequality to (—AK—H)_%@ where ¢ € L (I; H*(K)) with 0,9 € L (I; H*~1(K))

loc

is a solution in the sense of the distributions of (02 — Ak + 1) = F € L}, .(I; H*}(K)) to obtain

loc

Iz + [0r0(m) 71 < lp(To)ll7s + [0r0(70) [ Fremr + 2 f |F(0) [ rs-1]07p(0) | o1 dor
70

Taking F = (1 —221R, —m?Q?) ¢ where ¢ is a solution of (IIL3) with f = 0, this inequality
implies

|7 + 10-@(T) | Fe—r <o)l 7 + [0-G(70) [ Fes

f (L + 1Byl + |m? (@)% (@) =) (18(@)[Frs + [0-8(0)[7ge1) dor

70

+

hence the uniqueness follows from the Gronwall lemma.

Now (IILS), (IIL9) and ([ILI0) imply that ¢ e L®(I; H*(K)), then we have by ([IL14)
- o(r) \ _ —ina [ %0 JO oA 0
= ( 0:0(7) ) B ( o ) LTl eRe) )"

0
; 0
+ | e < _ _ = _ ) do.
L) [1 = "5 Ry — m?(0)Q2%(0)] ¢(0)
Furthermore, assumptions (IIL9) and (ILIQ) allow to solve the initial value problem with data
given at 7 = 0. Thanks to the integrability of |mQ|?., we can mimick the previous proof and

solve the integral equation ([IL14) with 79 = 0. We conclude that for any 71,7 € I U {0}, the map
(p(11),0-@(11)) = (p(12), 0-5(72)) is a homeomorphism on H*(K) x H*~}(K).

(111.17)

Q.E.D.
We immediately deduce the following:

Theorem II1.2. We assume ([L.23) and
T+ -
(I11.18) f (0)f (0)‘

where m, Q and f are defined by (L11). Then given ug € H5(K), u1 € HS"1(K), s € [0,1], there
exist unique solutions u € C° (I; H*(K)) n C* (I; H*"Y(K)) of ({[IL1) satisfying

~ n+3
2

Q

7 0 2
Hs1(K) + Hm<7—)Q(T)HLw(K)dT < 0,

(I11.19) a(r=) = wo, O-0(1-) = uq,
(I11.20) lim, Q)" u(r) = lim_ O"F (r)a(r) in HY(K),
. ~n—1 _ . An—1 . s—1
(I11.21) TlirélJr Or [Q 2 u] (1) = Tliré{ Or [Q 2 u] (1) in H(K).
The function 4 defined by
(I11.22) Te[r—,0)=da(r) =a(r), 7€ (0,74] = a(r) = u(r),
satisfies
(I11.23) Q7T ie CO([r,mi ; HH(K)) A C* ([r_, 7 ] H* 1K),
(I11.24) [aZ — Ak + "4_ 1R», + m%ﬂ] (Q"T’l@ — Q"% F, (nx)e(r,m) x K,
n

The linear map ( )) s a homeomorphism on H*(K) x H*71(K).

<>
o
D
3
=
o
=
=
3
:_/
P
¢
3
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Proof. We introduce the linear maps

(I11.25) £(7) 07 () | £(r) Q"7 (1) |

' = Or [Q%] (1) QnTil(T) ) HATI= Or [v an] (1) Q%(T)
that are isomorphisms on H*(K) x H*~1(K). We apply the previous proposition. First we solve the
Cauchy problem ([IL3), (L) on I with ($o, $1) = £(r—)(uo, u1) and we put a(r) = Q2 (1)3(7).
Then we consider the solution ¢ of (ITL3]) on I satisfying $(0) = 1o, 0-P(0) = 11, and we put (1) =

Qan(T)gb(T). Then @ satisfies (IIL19), (IIL20), (IIL21)), and these transmission conditions imply
that @ is solution of (IIL23)) and ([IL24). Finally the maps (o, 1) — £(7—)(do, 41) = (Po, P1) —

v

(o) = o) = @), 0:30) = [200]7 Br).2np(m)) = (ilrs),0ri(r,)) ave
homeomorphisms on H*(K) x H*71(K).

Q.E.D.

This result allows to treat the situation of the Singular Bouncing Scenario since the assumption
([IT18) is very weak in this case: if the source f = 0, it is sufficient that the mass is bounded
and the convergences ([L3]) are uniform. Then we have a natural propagation from the Previous
Aeon to the Present Aeon despite the blow-up of the fields @ and % at the Bang Surface, since the
normalized field ¢ is a solution, continuous in time, of the equation ([LI2). In contrast ([ILIR) is
a very strong constraint for the expanding Aeons: for instance for the De Sitter like metric (ILI3])
the mass has to decay exponentially to that

0 dr © B oA
(I11.26) f m%)ﬁ ~ j m?(f)ettdt < 0.

T—

In the next section we relax this assumption to be able to treat the CCC scenario with a much less
drastic constraint on the decay of the mass.

IV. ASYMPTOTICS AT THE BANG SURFACE FOR A SLOW MASS DECAY

In this part, we assume that the mass and the conformal factor depend only on the time coor-
dinate:

(IV.1) me C%(I), QeC*(I).
In this framework the hypothesis (IILIg]) was

(IV.2) j m2(1) Q2 (r)dr < oo,
T
and we now investigate the asymptotic behaviour of ¢, 0, under the weaker assumption
(IV.3) f m2(r)02(r) | | dr < oo,
T

In particular for the De Sitter like metric ([LI3)) this constraint is

0 dr ®© .
(IV.4) f m%)ﬁ ~ J m?(f)df < oo

T T i

that is much more weaker than ([IL26). Our strategy is based on the expression of m?Q? that, a
priori, does not belong to L', with an auxiliary fonction A that belongs to L'. These functions are
linked by the Riccati equation

(IV.5) A — A? = m2Q2.

This method has been initiated in [4] and used in [I]. The main motivation of this approach is
the following fundamental result that treats the hard case of the blowing-up 0-¢ and describes its
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asymptotic behaviour as 7 — 0. To study the wave equation near 7 = 0, we introduce for A > 0
small enough, the interval

(IV.6) I := I [~h,h].

Lemma IV.1. Assume there exist h >0 and A € C' n L'(I}) satisfying (IV.3) on Ij,. Then there
exists C > 0 such that for the solution ¢ € C° (I; H*(K )) NnC' (I; H*"Y(K)) of (IIL3), (IILG) with

s€[0,1] and f satisfying (IIL10), we have for any T € Iy,

[&() a2 (i) + 107 2(T)+AT)D(T) [ 51 k) <
(IV.7)

| 9 @l sacydo

70

¢ (1ol + ol +

and the following limits exist:

(Ivs) Jo = lm @(r) in H*(K).

(IV.9) Y1 = lim (0:0(7) + A(T)p(r)) in H*™(K).

Moreover the map Wy : (o, %1) — (Yo,%1) is a homeomorphism on H*(K) x H*H(K).
We emphasize that A(7) is allowed to blow-up as 7 — 0.

Proof. Given 7, € I, we put

(IV.10) D (Fps7) 1= @(7) exp (f A(a)da> .

Th

Then 9)(75;.) belongs to C° (I;; H*(K)) n C! (I; H*~1(K)) and is solution of

(IV.11) <a§ - "4;11% - 2A&T> b= F, F:=0"% fln A%
(IV'12) QE<7_—h;7_—h) = @(fh) T/l/}(Tha Th) = T‘P(Th) + A(Th) (Th)

Following the proof of the Proposition [IL1], 9 (74;

)
(b ) = i)

i ei(T—O’)A B 0 _ o
+Lh < [1— "5 Ry ¥ (o) + 24(0) 079 (0) + F(0) )d ’

and we have the energy inequality

(26 M =1 e

[ @ 1m e+ 2140) ]

is the solution integral equation

(IV.13)

[ 1F@lerdo
Th

(23t

Since A € L'(I},), the Gronwall Lemma assures that there exists C' > 0 independent of 7, 7}, such

that
B ((G Ay )

wv |(250)

+ dol|.

Th

HsxHs—1

+
HsxHs—1

f Q" (o)1 f(0) | go-1do

Th




Using ([ILY) we have the estimate
_l’_
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0 w(TfuTh Hsx Hs—1

hence (V7)) is a consequence of (IV.14)) and (]Imb

Using the integrability of A again, we can do 7 — 0 in ([V.13)) and we obtain the existence of

the limits (IV.8)), (V.9) by putting
(IV.16)

()= (S ) [ (s st 2ator o) + o) ) %

moreover ([V.14) holds with 7 = 0, hence W is a well defined continuous map on H® x H*~1.

Conversely, given (1/_10,151) € H® x H*"' we can solve, as for Proposition [IL1], the integral
equation

< awﬁ) ) - GM< A ) * L o < [1- 1R ] (o )—|—02A(a)c9TzE(a) + F(o) )d“
)) N Ct (I, u {0}; H1(K)), and we

J”¢¥Mmeuw

70

and we obtain a unique solution (0;.) € C° (I, u {0}; H*(K

have
(Iv.17) ¢ v 0 D) <e(l(2) +|[ 2P @l o) ).
1/}< ) 1/}1 Hsx Hs—1 0
Finally we solve the Cauchy problem for ([IL3) with initial data ¢(7,) = ( iTh), Orp(Th) =
0:0(0;7,) — A(7)¥(0;71,), and we can invert Wy by putting @o := @(70), ¢1 = 0-@(0). The

bi-continuity of Wy : (B0, $1) — (1o, %1) is assured by the estimates ([V.15) and IV.17).
Q.E.D.

Lemma IV.2. Assume there exist h > 0, Ae C' n L'([~h,0)) and AeC' A LY((0,h]) satisfying
(IV3). Then given ¢o € H*(K), ¢ € H Y K) and f satisfying (IIL10), there exists a unique
¢eC([r—, 7 ; H*(K)) n C* ([7=,0) U (0, 71]; H*"Y(K)) such that

(IV.18) P(1-) = o, 0-p(1-) = ¢1,

(IV.19) [az ~ Ak + "4;11%*, + m%ﬂ] 6 =0"F, (r,x)e (r_, 7 )\0} x K
and the function ¥ defined by

(IV.20) (1) 1= () exp < L ' A(a)da>

belongs to C° ([—h, h]; H*(K)) n C* ([—h, h]; H*"1(K)) , and satisfies

(IV.21) (ai— "4;1 A,—szT>¢ Q" felo Ao i (—h h) x K,

where m, Q and f are defined by (L11) and A € L'(—h,h) is given by
(IV.22) 7€ (=h,0) = A(r) = A(7), 7€ (0,h) = A(1) = A(7).
The map Sz : (§(1-),0-3(7—)) — (P(14), 0rP(74)) is a homeomorphism of H*(K) x H*1(K).
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Proof. For T € I we define ¢(r,.) = ¢(r,.) where ¢ is the solution on I of (IIL3), ([IL6) with
7o = 7_. Using the notations of Lemma [V.1] we introduce (@g, 1) := WXIWA(gbO,@l), and for
7 € I we define 3(r,.) = ¢(r,.) where @ is the solution on I of ([IL3), (IL) with 79 = 7. Since
limTHO* @(T) = 1im7’~>0+ (15(7-)7 (15 belongs to CO ([T—aT-i-]; HS<K)) A Cl ([T—7 0) Y <077—+]; HS?1<K))
and it is the solution of (IV.I8]) and ([V.19]). Moreover 1 defined by (IV.20Q) satisfies

~

re (h0) = i) = i e ([ Aol ) we 0.0) = i) = i) ([ o)),

0

lim 3(7) = lim 4(7), lm or¢p(r) = lim 0r(r),

therefore ) € CO ([—h, h]; H*(K)) n C* ([=h,h]; H*"1(K)) , and satisfies (V.21)). Finally S; =
ngVV 4 is a homeomorphism.

Q.E.D.

Now given the mass and the conformal factor, we have to solve the Riccati equation near 7 = 0.

Proposition IV.3. 1) If m and Q satisfy (V.3), then given & € R, there exist h > 0 and a unique
Ae C°{0} u I,) n CY(I},) solution of (IV.3) with A(0) = a.

~ 2) We assume that m and Q satisfy (IV.3). Then for any € > 0, there exist he > 0, 7. € I, and
A. e CM(I},.) a real solution de (IV.3) satisfying

(IV.23) Ac e L' (In,),

(IV.24) ﬁf m? (o) (0)do < fA(T) < 71+ e)j m?(0)Q%(0)do, 7=+, 7:=—,
o €

v.2 N A dr <

(1v.25) B[ 1A <

The solutions A e CY(I},) of (IV.3) for some h > 0 are, either integrable, or satisfying

(IV.26) A(T) = A(t) ~ =171, 7= 0.

Moreover if (m, Q) do not satisfy {IV.2), then any real solution A e C' ~n L*(I},) solution of (IV.3)
for some h > 0, satisfies

(Iv.27) A(1) — oo, T — 0,
(IV.28) Ja = lir% A(T) — A (1) e R.

Furthermore, for any & € R there exists a unique A € L' n CY(I}) solution of (IV.4) for some
h > 0, satisfying ([V.28).

Proof. 1) Since m$ can be unbounded as 7 — 0, the first assertion is not a direct consequence
of the Cauchy-Lipschitz theorem but it proved by the usual way. If m$Q € L?(I), we have to solve

A(T) = G(A)(T) :== a + LT m*(0)Q?(0)do + LT A?(0)do.

We take h > 0 small enough to that
1

(2+ | a))?*
We can easily check that G is a strict contraction on {A € C°({0} U I,), [|A — @ < 2}. Therefore
its unique fixed point A is the wanted solution.

f m?(0)Q*(0)do <1, 0 <h <
In[—h,h]
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2) We first construct A, € C1([r.,0)) solution of
(IV.29) J m*(0)Q?(0)do + J A(o
Thanks to the Fubini theorem and ([V.3)) we choose 7. = —h, € (7—,0) such that
0 T 3 0 _ €
(IV.30) f | (f m2(a)Q2(0)da> dr — f AP |7 dr <
We define a sequence A, € C'([7,0)), n € N, by

(IV.31) Vr e [r,0), Ao(r) = 0, Ansi(r) i= f

Te

T

m?(0)Q%(o)do + JT A2(0)do.

Te

We have A, > 0 and

T

Ay = A0 20, Apir(r) = Anlr) = | (40(0) + 4r1(0)) ((An(0) = Aa(0)
hence by recurrence we deduce that ’

(IV.32) f " m2(0)02(0)do < An(7) < Anas (7).

Assume that

(IV.33) A7) < (1+ e)j m2(0)02 (o) do.

Then we have with ([V230):
Ana() < | #(0)2(0)do + (1 + ¢)? j ( | m2<<>92<od<)2 do
) f m2(0)02(0)do f <

hence ([V.33) is established for any n. Taking advantage of (IV.32)) and ([V.33)) we can introduce
the measurable function

(IV.34) A(1) := lim A, (7)

n—o0

< JT m?(0)Q%(o)do + (1 + €)?

Te

<(1+e) jT m?(0)Q?(o)do,

That satisfies (IV.24]). Thanks to the Beppo Levi theorem we deduce from ([V.31) that A, satisfies
also (IV.29) and then A, € C'([7,0)). Now (IV.23) and ([V.25) follow from ([V.24]) and (IV.30)

by integration. The construction of A is similar: we apply the previous procedure to —A(—T).

Now given a real solution A € C'(I},)) of (IV.5), we have

—h<T<0=A(1) = A(— J m?02%do, 0 <71 <h= At jm do,

hence (IV.27) is satisfied if (1, Q) do not satisfy (IV.2). Now § := A — A, is solution of the equation
§'(r) = 8(r) [A(T) + Ac(1)] ,

hence given 7y € Ij, N I, h. We have

5(r) = 8(70) exp <J A(o) + /_lﬁ(a)do*> G §(ry) exp <JO A(o) + /L(J)dd) R

70 70
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and ([V.28)) is proved. Moreover § is also a solution of the Bernouilli equation
§'(r) = 2Ac(1)d(r) = (1),
hence if A # A., 6! is a solution of the linear equation
¢'(r) + 24c(r)¢(r) = —1,

then we conclude that all the real solutions A # A, of the Riccati equation are given near 7 = 0 by

T o T o - -1
(IV.35) A(T) = Ac + oo (207 <5(7'0) - j 24 Ae(s)dsd(’) ;

70

25 Ae(s)dsda and satisfy ([V.26)) if §(m) =

and these solutions are in L' near zero iff §(mg) # SBO e
0 62 SZO Ac(s)ds

70

do. Finally given & € R, we put

- 0o —1
(1V.36) A(r) 1= Al(r) + a2l Aderdo (1 ra | er Ae<s>dsda>

that is a solution of (IV.5) that is well defined in C' n L' near 7 = 0 and satisfies (IV.28). To
prove the uniqueness, we consider two solutions A, A, € C L~ LY(1),) satisfying (IV.28)). Then given
70 € I, we have

(A(ro) — Au(r0)) eap < f " A(o) + A*(a)da> 0, 70,

70

We conclude that A(1y) = A4(79) and therefore A = A,.
Q.E.D.

Since the existence of the solutions of the Riccati equation is established, we can state the main
result of this part.

Theorem IV.4. We assume (IL.23) and

(IV.37) JO m2(r)2(r) | 7 | dr + JT+ m? (1) (1) rdr < .
0

Then given ug € H*(K), u; € H*"1(K), s € [0,1], and f satisfying (III10), given real solutions
A € Ct n LY(1},)) of (ZF) for some h > 0, there exist unique solutions u € C° (I; H*(K)) n
CY (I; H*"Y(K)) of ([IL1) satisfying

(IV.38) W(1t-) = up, Oru(T—) = u,
(IV.39) Tli%lﬂ"%(f)w) :Tli%lifz%mw) in H*(K),
ti (o [0 () + An)0F (7))
(IV.40) ” a ~ o anel
= lim (aT [Q : u] (7) +A(T)QT(T)a(T)) in H*L(K).
With the notations (L11), (II[22), (IV.22), we have
(IV.41) Q"7 o Ao e OO ([—h, h]; H*(K)) A C* ([=h, h]; H* 1K) ,

~ n+3

The linear map S : (a(7-),0-0(7=)) — (4(r4),0-u(T4)) is a continuous homeomorphism on
HY(K) x H*1(K).
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Remark IV.5. If {I[ILJ) is satisfied, the transmissions conditions (IIL20), (IIL.21) correspond to
(739), (IV40) by choosing the solutions A of the Riccati equation with A(0) = 0. There is less
real freedoms in (IV.40) than is apparent from the two arbitrary functions A and A. In fact these
transmission conditions (IV.39), {IV40) form a one-real-parameter family: if we fix two solutions

A, A, then (IV.28) and (IV.39) assure that putting & := & — &, [AV.40) is equivalent to

tim (0 [@°F ] (1) + A(nQT (7)a(r))
(IV.43) “ o R Nt
— 1im (2 [0 0] (1) + (A(r) +6) QT (M)} in HUK),

Conversely, given 6 € R, the last assertion of Proposition IV.3 assures that there exists A satisfying
(IV.39). We conclude that the whole family of the conditions (IV.39), (IV.40) indexed by the
integrable solutions A of the Riccati equation, is reduced to the one-parameter family of transmission
conditions (IV.39), (IV.43) indexed by the real parameter ¢ € R.

Proof. The existence of 4 is given by Proposition [IL1] by taking @(7) := n (7)¢(7) where ¢
is the solution of (IL3)), (ITLG]) with the initial data (Pg, $1) = £(7—)(ug, u1) given at 7o = 7— and
£ is defined by ([IL23) . Lemma [V.1] assures that the following limits exist

Yo = lirgl QnTﬂ(T)ﬂ(T) in H*(K),
d Y
n—1 —

%:1m(@pzahﬂ+mm%ﬂwwﬂinmﬂm%

T—0~

and we can define o

((/307 (151) = Wil(qb()) 1[)1)
We now define (1) := Qan(T)gb(T) with the solution ¢ of of (IL3)), (ITL.6) with 79 = 7. Then
([V.39)) and (TV.40) are direct consequences of this construction. Finally we invoke Lemma [V.2] to
conclude that (IV.42)) is deduced from (IV.21]) and

v A

&= [&r)] " S586)

is a homeomorphism on H*(K) x H*"1(K).
Q.E.D.
It is well known that the Riccati equations cannot be solved by quadrature nevertheless we can
give an explicit formulation of the transmission conditions in the following important case.

Example IV.6. We consider the case where

(IV.44) m* (1) () = & |7 [T +F()

with ¢ > 0 and F is a holomorphic function on a neigborhood of zero. We take a (generalized)
eigenfunction ®5 € L} (K) solution of (—Axk + "—_1R7) ®, = \®,, A € R. The solutions ¢ of

loc 4n

(IIL.3) with f = 0, of type @(1,x) = ¢(1)®(x), are defined by the solutions ¢ of the ODE
- _2 — -

(IV.45) ¢" (1) + <>\ + ‘CT—‘ + F(T)) o) =0, Tel.

We can solve this ODE by the Frobenius method and since 7 = 0 is a regular singular point,

the Fuchs theorem assures that there exist two functions hy, ho which are analytic near zero with
h1(0) = he(0) = 1, and the general solution of (IV.}3]) can be written as

(IV..46) ¢(1) = Crrha(r) + Co [ha(r) =& | 7 [ () In(| 7 |)], CjeC.
We deduce that
(IV.47) lig%é(T) =Cy, ¢'(1) =0Co®In(| 7 |) + C1 + Co (R5(0) + 7¢%) + o(1), T — 0,
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with i = +, 17 = —. Now the Riccati equation ([V.5) is reduced to a linear second order ODE by

the usual way, by putting A = —%/ where @ s a solution of

We apply the Fuchs theorem again: there exist two functions ki, ko, holomorphic near zero, with
k;j(0) =1 and

a(r) = DlT];‘l(T) + Dy [12:2(7') — & | 7 | 151(7') In(| 7 |)] , Dj e C.
We get that the solutions of the Riccati equation are given by

2oy = D [Ra(r) + TR )] + D [R4(0) + 3 ) ) = | 7| ) n )+ 02K )]
Dy7kyi (1) + Do [k‘g(T) — | 7| ki(r)In(| T \)] )

If Dy = 0 we have A(T) ~ =771 as T — 0. We conclude that the solutions of the Riccali equation
that are integrable near zero satisfy Dy # 0, and then

D

A(r) = =i (| 7]) = 5 = K5(0) =1 + o(1), 7 —0.
2
Then putting
) ; . . Dy D
5Z:h/0—h/0+k/0—]€/o+v——,\—,
L(0) = F4(0) + B50) = By (0) + 2 - 5!
the family of transmission conditions ([V.39), (IV.40) has the form
(IV.48) Cy = Cs,
(IV.49) él = él + (5@2

where the real parameter § can be arbitrarily choosen in R.

V. SELF-INTERACTING SCALAR FIELD

In this section we assume that the complete manifold K is a 3-dimensional C* bounded geometry
manifold, and we investigate the massive semilinear Klein-Gordon equation

1 _
(V.1) [Dg—i-éRg—i-mﬂﬂ— —k|uPuin M,
where x > 0 is a coupling constant. The Liouville transform @ := Qu leads to the equivalent
equation
1 -202| = 2 =
(V.2) Dg+6R«,+mQ o=—k|@|[* @ in M.

First we suppose that the mass and the conformal factor satisfy ([IL.4)) and we solve the global
Cauchy problem.

Proposition V.1. We assume that (II.J) holds. Then given 19 € I, ¢o € H'(K), @1 € L*(K),
the equation (V.2) has a unique solution @ satisfying

(V.3) peC(I;H'(K)) n C" (I; L*(K))

(V.4) @(10) = o, 0r@(10) = P1-
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Moreover there exists C' > 0 such that any solution satisfies

() i) + 12:3(0) i) < € (IBollzn ) + 180l ac) + 191120k )
(V.5) (., .~ 2
X exp (5 U Hm(a)Q(a)HLw(K) do ) ,
70

and the map (@o, ¢1) € H' x L? — @ e C°(I; H') n CY(I; L?) is continuous.

If we assume (IIL9), then the following limits exist:
(V.6) Yo = lin%) @(1) in HY(K),
(V.7) Yy = lir% o, (1) in L*(K).
Furthermore, (IIL9) assures that given vy € H'(K), ¥y € L*(K), there exists a unique solution @

of (V.3) satisfying (V.3), (V.4), (V.72) and the map (o, 1) — (1o,%1) is a bi-Lipschitz bijection
on HY(K) x L*(K).

Proof. First we prove the local existence of the mild solutions by a classic way. We solve the
integral equation

(28)-(3)o

with
(V.9)

@ (= )A( %o > jT i(TU)A( -0 >

F =e 0 i +1| e _ _ d
(7)o o )7, [1 - 4Ry — m2(0)2%(0) — | (o) ] (o) )
where A is defined by ([IL13]). Using the Sobolev inequality

(V.10) Jullzsx) < Klul k),
we get
F(2)ol <2 ][] ieeeds) s ool
Hx L2 PL ) Hrxr2 (r0,7
+|lr—70| (1 + [ Ryl + KK sup 90(0)?{1> sup [ @(0)|p-
T0,T T0,T

Putting

(V.11) p:= (@0, d1) | gixre, Je:={rel;, |7—10|<€} (¢>0),

(V1D By {(d) € O (S HY) x TAK)  sup (o) G0 < 201
red.

we deduce that F is a map from B, into B,, if

f [72(0)00)|3rdo + ¢ (1 + | R |z + 4xEK3p%) < 1.

We have also:
F(E)m-F (0@ <8 sw o) - a0l
(0 Vs Hlx L2 (10,7)
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j Ji7(0)00) |3+ do

Hence F is a strict contraction on B, if

where

+‘T TO‘

L+ [ Ry + 26K° (Sup |¢(o) 7 + sup H@(U)H?@)] :

T0,T T0,T

f |m(a)(0)|7edo + € (1 + |Ry| e + 165K3p*) < 1.
Its unique fixed point satisfies ¢ = 0-¢ and it is a local solution of (V.2)), (V.4)) in C° (J; HY(K)) n
C! (Je; L*(K)). Now we deduce from ([ILI6) that this local solution satisfies
(V.13)
_ _ K, _ _ _ K, _
[ 7 + 10-6(M)IT2 + S1@()I L <ol + I211Z2 + 5120l La

f (L4 1By e + (o) Q(0)7) (I(0)lZ2 + [0-(0)]1Z2) do|,

70

+

hence we get by the Gronwall Lemma,

_ _ K, _ _ _ K, _
o) s + 1063 + 1213 < (160l + 161132 + 5120l )

[ @+ 1R e + Im(o)9200) ) o

70

(V.14)
X exp

and (V.5)) is proved for 7 € J.. Now the global existence on the whole interval I follows from the
principle of unique continuation. We can easily prove the continuous dependence of the solution
with respect to the initial data. Given another solution ¢, we have

L e

+C

<

HlxL2 HlxL2

o)1 |p(0) = @ (0)| 1 do

+C

f (L + 2@ + 12:(@)7n) 18(0) = @x(0) | rdo

hence the Lipschitz property of the map (g, 1) — ¢ follows from the Gronwall Lemma and (V.5]).

Finally we assume that ([IL9) is satisfied. Then (V.5)) implies that ¢(7) is bounded in H'(K)
hence we can take the limit of the integral in (V.9) as 7 — 0, and we obtain (V.6]), (V.7). Further-
more we can take 79 = 0 in (V.9)) and repeating the previous arguments, we can solve the global
Cauchy problem with initial data specified at 7 = 0. The proof is complete.

Q.E.D.
As a consequence we obtain directly the following;:

Theorem V.2. We assume (IIL9). Then given ug € H'(K), uy € L*(K), there erist unique
solutions u € C° (I; H'(K)) n C* (I; L*(K)) of (V1) satisfying

(V15) ﬁ(T_) = Up, aTZAL(T_) = Ui,
(V.16) Tling+§z(7)a(7) = Tl_i)rglﬁQ(T)ﬂ(T) in H'(K),
(V.17) im0, [Qu] (r) = lim o, [Qu] (r) in LA(K).
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Moreover @ defined by ([IL23) satisfies
(V.18) Qe C” ([r—, 7 HY(K)) n C* ([7—, 74 ]; L*(K)),

V.19 O +1R +m20?| [Qal = —xQ3 | a2 a in M.
g 6 Y

The map ((1_), 0, 0(7_)) = (u(Ty), 0-1(7y)) is a bi-Lipschitz bijection on H'(K) x L*(K).

Proof. We apply the previous proposition with 79 = 7— and (@, p1) = ,Q(T_)(U(), uy), and we put
a(r) = QO 1(7)@(). Then we consider the solution ¢ of (V.2) on I satisfying (4o, 91) = (tho, 1)
and we put @(r) = Q 1(7)@(r). Therefore @ are solutions of (V1) and satisfy (V.16), (V.17),
and these transmission conditions imply that @ satisfies also (V.18) and (V.19)). Finally the maps
(w0, ur) = ($o, 1) = (o, 1) = (o, 1) = (B(74), 0 @(74)) = ((r), &5ii(74)) are bi-Lipschitz
bijections of H'(K) x L*(K).

Q.E.D.

Like for the linear case, this result is suitable to treat the case of the Singular Bouncing Scenario
but ([IL9) is a much too strong assumption for the CCC. We now consider the more reasonnable

assumption ([V.37]).

Theorem V.3. We assume (IV.37). Then given ug € H'(K), uy € L*(K), given real solutions A €
C'nLY(I,) of (V) for some h > 0, there exist unique solutions u € C° (I; H(K))nC* (I; L*(K))
of (V1)) satisfying

(VQO) ﬁ(T_) = Up, 57-@(7'_) = Ui,
(V.21) im, Q(r)a(r) = im Q(r)a(r) in HY(K),

(V.22) lim (aT [Qu] (7) +A(7)Q(T)a(7)) = lim (aT [Qu] (7) +A(T)Q(T)a(7)) in LX(K).
With the notations (L11), ([IL22), ([V.22), we have
(V.23) = Qelo A g e OO ([—h, h]; HY(K)) A C* ([—h, h]; L*(K))

(V.24) (aﬁ — Ak + éRﬁ, — 2[1@) b= k|92 de 25 AOd iy (_hh) x K,

The map & : (a(7_), 0-a(1_)) — (U(7y), 0-(Ty)) 4s a bi-Lipschitz bijection on H'(K) x L?(K).

Proof. @ is given by Proposition [Vl by putting for 7 € I, a(r) = Q~1(7)@(r) where ¢ is the
solution of (V.2), (V.4)) with 79 = 7—, (Po, $1) = £(7—)(up, u1). Now for 7 € I}, we introduce
d(r) = A (r)

that is a solution of
A A 1 A A A T A A
(2-Ak+1)¢ = (1 + 240, — ER”’> D= | 2de 2o A i |x K.

Since ¢ € C(I; H'(K)) n C'(I; L*(K)), we deduce from ([IL16) that

T

[+ 10-0(7)1 72 <C | fuolFp + Jua |72 +f (1+ [ A(o) |) <||1!3(0)H?{1 + Haﬂﬁ(a)HQm) dff]

T—

k(T d [~ 9% A(s)ds
-5 | 2 (1) 28 A
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hence

N n Kya —2{7 A(s)ds
[EOE + 100 ()72 + S 1) gae™ %0 A% <C [[luolFn + fuol3 + Jua72]

+0" [ (14 | Al0) ) (19 + 10,0 + 5150 e 28 A0%) o

T—

therefore we conclude with the Gronwall Lemma that

(V25) (D)l + 100 (r)|Ze < O [luolFp + Juolizp + fual72] exp (j (1+ [ A(o) \)d0>

and finally since A € L'(1},),
(V.26) ¢ e L*(In; HY(K)), 0,0 € L®(I),; L*(K)).

Now we have

< awz% ) _ei(T_T)A< a;z&rg >
0

T i(t—0)A . R ) . . . o d
i J ‘ ( (o) — LR (0) + 2A(0)050(0) — K | (o) |? P(o)e2 1o Al)ds ) o
We deduce from (V.26]) that the following limits exist

. Q(r)a(r) _ b(r)
Tli%lf ( Or [Qa] (1) + A(r)a(r) ) B Tli%l* < 2r(7) >
(V.27) =i A < a;%_)) )

0 0
—ic A
A ~ A ~ ~ ~ o d .
! L ‘ ( V(o) = R (o) +24(0)0,9(0) — k| (o) |* do)e 2L Al > ’
Now we define ¢ := lim,_, - 1[1(7'), Py = lim,_, - 6Tzﬁ(7'), and we look for ¢ € C° <fh; HI(K)) N
ct <fh; L2(K)) solution of

(07 — Ak +1) 4

(1 T 2do, - éRQ b |6 de 2N A i F K

satisfying
lim (1) = tho, lim I-(7) = ¢1.

T—0t 707t
It is sufficient to establish that the Cauchy problem is well posed in C? ((—h, h); H' (K))nC* ((—h, h); L*(K))

for equation (V.24)) with an initial data (1), %) given at any given time 79 € [—h, h]. In an equiv-
alent way, we have to solve the integral equation

(V.28) )
(%0 )=9(%)e

. Li(t—70)A 1)[30
e ( %)
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We define
= [0 i), M= o 1+ SR e, e (21 AL ) )
then using (V.10) and the notations (V.11)) and (V.12), we get for any (¥, %) € B
g<£>(7) <,0[1~|—2M(1~|—4K3,02)e~|—4j |/~1(T)|d7'],

HlxL? Je
hence G is a map from B, into B, if € > 0 is small enough to that

sup
TEJ e

DM + 4K p)e + 4f | A(r) dr <1

Je

Moreover, given (10, X), (s, Xx) € B,, we have

o (%) 0-0(5) 0], ,, e R 160 - Gl
i (L A dt) Sup [%(7) — % (7] 2-

We conclude that if
DM (1 + 6K3p)e + 4f |A(r) | dr < 1,

Je
then § is a strict contraction on B, and its fixed point satisfies y = o-1 and ¢ € C° (Je; HI(K)) N
C! (Je; L*(K)) is solution of (V.24]). Therefore the Cauchy problem for (V.24)) is locally well posed.
To obtain the global existence it is sufficient to prove that there exists C' > 0 such that
J (1+ | A(0) )do )
70

(V.29)
|97 + 0-0(n) 72 < C [19(r0) |70 + [$(70) [ 12 + |04 (70) 72 ] exp (

This energy estimate is easily obtained by repeating the proof of (V.25). Now we can define u(7)

for 7 € [0, h] by the formula

i(r) = Q7Y (r)e Yo Ay (1),
Finally we extend 1(7) for 7 € [h, 4] by solving, with Proposition V.1, the Cauchy problem for
(1) with initial data given at 79 = h.
We now show that given 71,7 € [—h, h], the bijection (¢(1),0-0(m1)) — (U(72), drth(12)) is
Lipschitz. We deduce from (V.28)) that given two solutions ¥ and 1, we have

()@= e ;

(45 )e-(a% ).,

|00 10 B+ 197 ) 194 = 7

T1

~
Hlx[L?2

+2

+ 2

| P A | 10:5(7) — 2rn(r) | adr|.

T1

We apply the Gronwall lemma and (V.29) to conclude there exists a continuous function & inde-
pendent of ¢ and 1., such that for any 7; € [—h, h] we have
Hlx L2>

H( aiﬁ > () = ( flz* > 72 Hlx L2 =" (‘( ai/; ) ) HixL? < 51?12* ) ()

(o) o=, )

X

Hlx L2
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Finally we can see that & is a bi-Lipschitz bijection as a composition of bi-Lipschitz bijections:

Q.E.D.
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