ON THE COUPLING OF BOUNDARY ELEMENT

AND FINITE ELEMENT METHODS FOR A TIME PROBLEM.

Alain BACHELOT and Valérie LUBET

Abstract. We consider the problem of scattering transient waves, by an
inhomogeneous object, in IR3. The idea consists in coupling a finite element resolution in
the volume including all inhomogeneities, with an integral equation expressing the
perfectly transparent condition on the boundary. This condition, which comes from
Kirchhoff's formula, introduces single and double layer retarded potentials. The integral
operator can be studied, according to Ha-Duong [HD], with Fourier-Laplace transform.
That leads us to the associated harmonic problem, for which we prove existence and
uniqueness. We also construct another formulation of the problem which satisfies
properties of coercivity. The discretization of the first time-space variational formulation
conducts to a time-stepping scheme, for which we present numerical computations.

1- The Mixed Hyperbolic Problem.

We consider a three-dimensional bounded obstacle O, composed of a perfectly

conducting kernel Q covered up with an inhomogeneous layer €, .

Q2
O=QuQ, ,Q,= IR?’\(O, '=0Q,%=0%, W is the unit normal to T exterior to Q, Vs

the unit normal vector to T exterior to £2,)

Given an incident wave v;,, solution of

{ 320, (8, %)~ A, (&, 2)=0 V (¢, x) e RXR®

Vinelt,2)=0 VieR™,VxeO

the problem consists in solving:

(" r(x)0,%0,(t, %)~ A, (£, %)+ Bx) Qv (¢, %) = 0 V(t,x) e R xQ,
3,20,(t, %)~ A,(t,2)=0 V(,x) e R, xQ,

v;=Uy0n X

(Py) { 90;=0,up0nE

v;=0 onT

v,(t,x)=0 V(t,x) e R™x€,

Vy(t, x) =0, V(t,2) e R™XQ,
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where r and B are regular functions on Q; , 0<r, 0<B.
Letbe 7 €D (R supportedin Q UQ, , z=11in a neighborhood of Q. We denote :

i uy=v,+-Dv;,. in Q;
Uy=UVy— Ve I Ly
£t %) = (@92 - A, + Bx) 9,) [(x(x)-1)v,, ]

Then u is solution of problem (P)) :

(" r(x)3,2u,(t, %)~ Agu,(t, %)+ B) dpu,(t,x) = f£,x) V(E,x) e RxQ,
02Uy (t, %) — Au,(t,x)=0 V(t,x) e RXQ,
U,=u, onx
P, ﬁ U, =0, Uy ON X
| u:=0, on
u(t,x)=0 V(t,x)elR xQ,

U u,(t,x)=0 V(t,x)eR xQ,

In order to solve numerically this problem despite the unbounded open ,, we

“soress the constraint against u, on X by an integral equation given by the Kirchhoff
“wrmula. Then we consider the following problem

( r(x) at2u(t,x)~Axu(t,x)+ﬁ(x)atu(t,x) = f(t,x) V(t,x) e R™xQ,
u=0 onl
u(t,x)=0 V(@,x)elR"xQ,
e 3 ult, 0= [ L9, ult-lryly)
WA P 5 o i
(x—y).v
4 T:_sz( Ixiyl u(t—|x—y| )+ g ult-lx—y| yNIAE,

The last equation is the perfectly transparent boundary condition for wave equation.
7= s is not a Fredholm type equation; so, in order to get precise estimates, we study the

armonic associated problem via the Fourier-Laplace Transform in time.

1~ The Mixed Elliptic Problem.

We suppose that fis a time-dependent Laplace-transformable distribution.
“zolying the Fourier-Laplace transform to (P;), we obtain for w=a+ic € C, o > 0:

(Aol r(x) - ioB®) ,(0.x) = - F(0,x)  VxeQ,,
(A+0®) By(0,x) =0 VxeQ,,

i,(0,x)= Gy(0,x) VxeX,

oy, (0,x)=0,0, (0,x) VxeX,

,(0x)=0 Vxel.

=)

*‘e T (o) is the Fourier-Laplace transform in time of T'(z).
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of the proof: By putting :

A, (@D;00) = BL@H;00) +X, (@D;0.0),
B,(@1;00) = Da, @) + d<h,y,0> + 0<yld, 7>+ 20<S,4,7>,

Kol @D ;60) = 20<K 1,0,5>, L6 = 3 (F,0)

=ave to solve

) o, (@D;0.0) =L 03

show that &/, is a continuous bilinear form satisfying Garding's inequality by
ng that @m is HI(QI)XH—W(E)—coercive, and K is a linear compact map on

2 xH "*(%). Hence we apply Fredholm's alternative by noting the uniqueness of the
Bon of (P, ).

| First Space-Time Variational Formulation.

we recall the functional framework introduced by Ha-Duong [HD]. Let & be an

=71 s space, s and o two real numbers, 6>0.We denote

Z(R5E) = (f: suppfcR} and eONf cLAR,;¢) )

LWNH@ = ol 2P (@), o=a+ic, and 2 () = f(o)

we define the norm:

+00

2 _ G 2 1 g N 2
floss = [_e® Inslde=L [ jol* | F@ I do.

Imo=0

A1 following time results are deduced from previous harmonic ones, by application

:=rse Fourier-Laplace transform.
=m 2. Given fin ][:(IR+; L2(Ql)), s,0€R, 0 >0, problem (P,) has a unique solution
1 s s—1
u e £, RELAQ)) N &R HOQ) £ (REEQ)

d,u € X RSH ) A i (RYH(D)) .
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@ { find (@,2) e H**(Q,)x H A(Z) such that ¥ (5,7)e H*(Q)xH "4(Z),
A (@2);5,2)=% 0,3

where o/, and ¢ are obtained by combining both equations in (PV,):
A, (@A) ; 3,0)) = da,@0) - ®<D, (1), 7,0 > + B < (%I—Ka,) A, 7o0>
+o<(ZI-K,) 1l 2>+ 0<S,1,1>,
o0 7)< B F Y
Theorem 3. .sz(/'m is continuous on H”O(QI)XH’W(Z). Moreover, if w=a + ic, acR, ceR*™*
2| < 63, then o, is H*(Q)xH "*(Z) - coercive.

Sketch of proof :
We show that V (2,1) e H*Q,) x H "*(%),

o e 23 P
| o, (@D ;@h) | 2 o inf(C5(1-120C) 1@ 10, 12y,

where o, C, and C, are strictly positive real numbers. In order to get a coercivity

wonstant, it is necessary to satisfy 1- % > 0, which is equivalentto |o|< o V3.

L=t us return to the time-dependent problem, applying inverse Fourier-Laplace
“rznsform on path I} defined by

Iy ={ 0eC ;o=0atic; o= o+ |a| } c { 0eC ; w=otic; la] < oV3 )

c
Iy
o= 0%+|a|
|a|=o\’§
°
» «
0

- = noting that for regular functions F, G, compactly supported in ¢ > 0, we have

= ~ 13+t =
[ Fo) Godo = [[ %4 12 pg) Geyddt,,
el e omt i+t
- w= dzduce the variational*space-time formulation by integrating ,Jm along path I :

Al A); v, ¥)]1=1L ,'P),

Alw,2);0,01= | 4(@d;09)do, L= | £6pdo.

wel, wel,
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(G3) 2 % Vel Vo) dx ) + Klz (] otw o) dx),
1sij<N, 985 o
(G3) =2 ([ Vol Vew dx) - 3o ([ e el dr),
15i <N, Gl ”
CEedigay - = ,[ \I/J}-L(x) Y007 (x) d¥,
15 <Ny 2
F," = J | of@ o®@ A0 dx de,
B
(@5,) = [0 L ey 6 e w'o) dE dz, dt
1<i,j<N AT e
xcl):z)ij)lsisN = J .” av(lxl—}) [aﬁf—k(t'lx"yp‘* |x—y|ataﬁt_k(t——|x—y|)] G,it(t) Yo‘PJ"l(x)
15V 0 a1

v () dZ, dT, dt

On condition that X_l, XO, Y? are initialized in the volume equation, we obtain a
marching-in-time scheme. The sought solution is causal so we take the natural choice
= =Xx° Y% 0. Hence unknowns (X™,Y™) depend on previous (Xk,Yk) (k<m-1).

Remarks:

~ In our numerical implementation, we take o=0 : this choice is reasonable because we

w211 work on time finite problems.

~ We also notice that for each m, we always have to inverse the same matrix

+ At
s G e
D},-z ALET D°

~ Matrices D and ID,, have pseudo-singularities which are cancelled, thanks to suitable
w=znges of variable.

m

~ T (-D* Y™k D¥, X™7*) is actually a finite sum, because for & > [max  |x—y| /A¢]
=1 x,yeXxX

wehave D*=D," =0.

%. Numerical example.

= the following result, the computation is performed for the case of a spherical object
~zhtened with an incident plane sinusoidal wave. This sphere is centered in origin,
w:th radius 1, holds a hole of radius 0.7 also centered in origin, and is approximated

with tetrahedra. For instance, we can observe the time-dependent solution in two points
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