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Inverse scattering problem for the
nonlinear Klein—Gordon equation

INTRODUCTION

_© this paper we shall study the inverse scattering problem for the nonlinear
‘=2in-Gordon equation
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In [4] Morawetz and Strauss showed that the scattering operator uniquely
“=termines any interaction function f(u) which is odd and analytic. We
=«zend this result to

RO = 2k u.
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“ne fundamental argument is that the solution Un of the Klein-Gordon equation
with mass m > 0

o Sl m2u =0 (KG.)
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converges to the solution of the wave equation in L4(R4) asm- 0. 1In
Section 2, we treat the case f(x,u) = q(x) |u|2u (see [11, [2]); in Section
2, we establish a theorem of convergence in Lq(Rn+1) of solutions of the
inhomogeneous Klein-Gordon equation as m > Mmys in Section 4, we derive our
seneral result of inverse scattering.

2. THE CUBIC INTERACTION

THEOREM 1. Let q be a function in w1’“(m3). Then g is determined by the

scattering operator S for the nonlinear Klein-Gordon equation
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More precisely, given xOE R3, A 0F ek a0 in S(R3) be so that
il 2523
2172 g € L"(R,).
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s small enough. By the LP-L9 estimate for R (see [3]) and the standard

"oular integral inequality, we obtain
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~00lying these estimates, we obtain

H(S(e ), (70,0) - (e, = ¥ [[ qlo,1* at ax + o)),
=rom change variable x' = %(x—xo), t' = At we have
JJ alxg + ?%)qu(t',x')l4 dielidb
= tin e TH(S(e8,), S(£%0,)) - £FU(8,,0,)1,

where uA(t', e = ¢k(t’x) is a solution of
ot e e R (F)
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Therefore, in order to determine q(x ) it suffices to prove that solutions
of equation (KG) converge in L4(
as m > 0,

R") to the solution of the wave equation

3. CONVERGENCE OF SOLUTIONS OF (KGm) ASm=m

0
THEOREM 2. Let m > 0; we denote by s = Tm(f,g,h) the solution of
2 n
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Let H, HO be Hilbert spaces defined by

((F.9)/(1 + 18174
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For n > 2 we have the following results:

&) i my > 0, then Tm > Tm

topology of Simple convergence as m - My with p, q so that

1 e e n+2 n+1
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e S L(H. x Lp(R"+1), Lq(Rn+1)) under the topology of simple
-m 0 0

convergence as m -~ 0 with P, g so that
1 Lo o e
E + a = 1, q=2 ﬁ:T.

Proof; Strichartz [8] proved the equicontinuity of Tm’ hence it suffices

to show the convergence on a dense
solutions of the homogeneoys equation Un

U6 = F;g [%(u/m e
where dum is a measure given by
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Suppose that: f, ge D®"), o £ supp f U
We choose X ¢ DUR”+1\{0}) so that

£ € supp T u supp g, 0 < 72 - 1512

We have for 0 < m< my + 1
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Hence u_ - y may be written
m m,
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of data (f.g,h). First we study
= Tm(f,g,O); U, May be written:
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Then % %(g) /n? s }E[zr /ﬁ + [£| converges to 0 in LZ(Sm » du ) as

0 0
T Mg hence it follows from [8] that for the desired q

Fraelgt/m » [el” =/mg + [€197e) dy 1> 0 0 LOE™) a5 m - my.

n+1).

On the other hand, we notice that (F ) is bounded in L1(R

m0<m<%ﬂ
consider the analytic family of operators Té

Now

T2 6= 6% P Iv(2)((= + [g]? + 1D)Z - (= + [2]2 + mD)2,
where y(z) is a suitable holomorphic function which cance]s the poles of the
distribution valued meromorphic function ( "T + ]gl + m2 i and with a simple
zero at z = -1 so that
-1

=
n 670 Iy - dy )],
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More precisely we choose v

)
—
N
<
1

[F(z+1)]-1(z + g) sin [n(z + %)], n odd

s
R
N
<
1

[F(z+1)]_1(z + %) sin [n(z +-%)] (z+1)_1, n even.

So that (T;%l<nk<m0+1satisfies the hypothesis of Stein's interpolation

theorem for -(n+2)/2 < Re z < 0 if p > 0 and for -(n+1)/2 < Re z < 0 if e
From the dominated convergence theorem it follows that

T;y S e mg

S e 5 . VA
and by an explicit computation we obtain that (Tm)u»gm!<m0+1

£(L1(Rn+1), LQXRH+1)) for -(n+2)/2 < Re z < -(n+1)/2 if 0 < yu, my and for
Re z = -(n+1)/2 if y = 0. Stein's interpolation theorem shows that T%1 > 0

is bounded in
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in £(L1(Rn+1), Lq(Rn+1)) for suitable q as m > M. This implies that U
0
in LqGRn+1) as m - M-

Now, study the convergence of U = Tm(0,0,h). Let E;, (E%) be the funda-
mental solution of (KGm) in the forward (respectively backward) light cone.

The problem is reduced to show that (Ei - Ei ) * > 0 simply in £(Lp(Rn+1)

S

Lq(Rn+1)) as m > my. Following [7] we define an analytic family of operators
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On the one hand it is clear that P%y > 0 simply in g(L (Rn+1), L (Rn+1)) as
+

5 e 7 3
m - Mys On the other hand, it follows from [7] that (Pm+%4<rn<m0+11s bounded

e R i E R e < =(n+1)/2 3f 0 < 1, my and for
Retw = (el )2 ey =0 slight modification of Stein's interpolation
theorem proves that P%1 + 0 simply in £(LP(R”+1), Lq(Rn+1)). The proof of

+

Theorem 2 is therefore_comp1ete.

4. ANALYTIC INTERACTION

THEOREM 3, Let (a2n+1)n>1 be a bounded sequence in WZ’“YR3). Then this
sequence is determined by the scattering operator S for the equation
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Remark: Notice that this result holds whatever the sign of a2n+1; indeed,

the existence of S is usefuyl only for small data (in fact only for the small
regular wave packet). We sketch the proof: the scattering operator is defined
for free solutions u_ so that Hu_”Scat is small enough where

2 2 3 2
I8-llscar = st flu(®)lig + sup (1 + J¢)) 1400 o

(see for instance [E550)
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2tice that

sup || - || o - .
4) scat

q>4 LR

ow with the notation of Section 2 we have

©
ul(t) = u (t) + J R(t-s) * f(x,u(s))ds.
-Co X

“nis equation is solved by the Picard method for the Il norm, hence

Iyscat

u(t) = 1 ®u) (%)
k=0

-onvergence taking place in the || norm and where

1
I scat
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R J R(t=s) * f(x,s) ds.
- X

~ollowing [4] we choose u_ = ¢ b Vo 2e¢_, and we have

M(S(2e 9,).(e 9,)) - 26W(o,0,) =[] (GTTRT) - Fxu)T) ot ax.

“oplying (*) to u and v we see that
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where
Qn(A) = (2n—1_2) jf et {¢A|n dx dt + Qﬁ(x),

shere Q' involves only p> 3 gseeesdy (aZk = 0 by definition). We assume
oy induction that Q'(A) is already determined so that S determines
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4, being solution of (E). Theorem 2 ensures that u, converges in L4(]R4

L > + », hence the problem is reduced showing that

) as

sup < ©
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3y the Sobolev inequality
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We have
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and by the conservation of energy
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We choose g so that § € D(RB) 0 ¢ supp g.
This completes the proof of Theorem 3.
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