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Abstract

We develop the scattering theory for the charged Klein—-Gordon equati® enR,, when the
electrostatic potentiali (x) has different asymptotics™ asx — +oo. In this case, the conserved
energy is not positive definite (Klein paradox). We construct the spectral representation for the
harmonic equation. Sinae™ # a—, the distorted Fourier transform has to be defined on weighted
L2-spaces, and spectral quantities of a new type can appear, that are neither eigenvalues, nor
resonances. These so called “hyperradiant modesteal singularities ohe Green function, and
lead to solutions polynomially increasing in time. We investigate the asymptotic behaviours of the
solutions ag — 400, and we establish the existence of a Scattering operator the symbol of which
has a norm strictly larger than 1, for the frequenciegdn, at). We apply these results to the
DeSitter—Reissner—Nordstrgm metric, to justify rigorously the notion of superradiance of charged
black-holes.

0 2004 Elsevier SAS. All rights reserved.
Résumé

Nous développons la théorie de la diffusion pour I'équation de Klein—-Gordon chargige sii
en présence d'un potentiel électrostatigiie) admettant des limites distincted quandx — =+oo.

Dans ce cas, I'énergie conservée n'est pas définie positive (paradoxe de Klein). Nous construisons
la représentation spectrale associée a I'équation harmonique. Comgge:—, la transformée de

Fourier distordue doit étre définie sur des espacés: poids, et il peut apparaitre des quantités
spectrales d’'un type nouveau dans lintervalie ,a), qui ne sont ni des valeurs propres, ni

des résonances. Ces modes “hyperradiants” sont des singularités réelles de la fonction de Green
et produisent des champs polynomialement croissants en temps. Nous étudions les comportements
asymptotiques des solutions quane> +o0, et établissons I'existence d'un opérateur de diffusion
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dont la norme du symbole est strictement supérieure a 1 pour les fréquences dans). Nous
appliquons ces résultats a la métrique de DeSittessRer—Nordstrgm, pojustifier rigoureusement
la notion de superradiance des trous noirs chargés.

0 2004 Elsevier SAS. All rights reserved.
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1. Introduction
An abstract Klein—Gordon equation with gyroscopic term has the form:
(0 —iA)%u+H>u =0, reR, (1.1)
where A and H are selfadjoint operators on a Hilbert space, | - ||), A bounded,
H > § > 0 with dense domai®(H). The standard spectral theory assures that the Cauchy
problem is well posed: given initial datep € D(H), u1 € X, Eq. (1.1) has a unique

solutionu € CL(R,; X) N COR,; D(H)) with initial datau(0) = ug, du(0) = u1, and
there exists a conserved energy:

E, ) := | ou®] + | Hu@)|* = | Aut) |* = Cst. (1.2)

When A is small with respect td, i.e., || A|| < 3, this functional is positive, hence we
have the uniform bound

sup([[aru() || + || Hu@) ) < oo, (1.3)
teR

and numerous authors have developed the scattering theoryAvaedH are short range
perturbations of some operatotg, Ho (see, e.g., K.J. Eckardt [9], L.E. Lundberg [21],
B. Najman [27], M. Schechter [33], Veselj35], R. Weder [36]).

WhenA is not small, this energy can be indefinite, and we have only:

[8eu(o) | + | Hu®)| < ceV(|[8,u(0) | + | Hu(0)]

), (1.4)

wherec > 0 anda > 0 do not depend on. In this case, the possibility of the existence
of modes occurs. These modes are solutions of (1.1) ofitype= €X' v, v € D(H) \ {0},
k € C\ R, that obviously satisfy:

[oru®| + |Hu@)| =Ce’, 0<C, k eR". (1.5)

This difficulty can be overcome in the situations wharis a compact operator from (H)

to X, because in this case, for any- 0, there exists a subspa&ge c D(H), with finite
codimension, such thdtAu|| < ¢||Hu| for anyu € X.. As consequence, the set of modes

is finite-dimensional. To our knowledge the unique paper solving completely the scattering
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problem is due to T. Kako [18] who investigated the Klein—-Gordon equati@®{ iwith a
short range electrostatic fiell(x): he established the existence and completeness of wave
operators, isometric on the energy space of the free Klein—Gordon equation. The general
case is open, in particular the case of the step-like potefitiahd we know only that these
operators are locally definitizable for a large class of perturbations (P. Jonas [17]).

In this paper, we deal with the very simple equation:

(8 —iA@)u—02u+V(u=0, teR, xeR, (1.6)
with the main hypotheses:

A(x) = ax, x— +o00, a_#ay, 1.7)
Vix)—>0, |x|]— oo. (1.8)

Fundamental examples of such an equation arise in General Relativity for the propagation
of waves on space-times of Black-Hole typéttwan electrostatic charge. Other one-
dimensional field equations with step-like perturbations have been studied: the existence
of a Scattering Operator that is unitary, was established for the Dirac system by
S.N.M. Ruijsenaars and P.J.M. Bongaarts [32], and for the Schrédinger equation by E.B.
Davies and B. Simon [7]. The key point for both these equations is the conservation of the
L2 norm. The situation drastically differs for the Klein—-Gordon equation (1.6) since the
conserved energy

E(u,1) :=/|a,u(z,x)|2+\axu(z,x)\2+[V(x)—Az(x)]\u(t,x)Fdx (1.9)

is not always positive. In particular, whehsatisfies the step-like hypothesis (1.7), the set

of modes is finite-dimensional, but there égiso finite codimensional subspace of Cauchy
data, on which this energy is positive. This is the root of the so cddleth paradox
Nevertheless we shall be able to describe the asymptotic behaviours of the solutions of
(1.6), and to prove the existence of a Sadtig Operator the norm of which is always
strictly larger than one: this is theuperradianceFurthermore, in some situations, there
exist solutions polynomially increasing in timey(perradiantimodes):

|u(t,x)‘~t", t — 400, n>1. (1.10)
Recently, the/-bursts have been attributed to the superradiance of the charged black-holes
(R. Ruffini [31]).

We sketch the plan of this paper. In part two we develop the spectral analysis of the
time-harmonic Klein—Gordon equation:

u” + [k — A(x)]zu —V@u=0, xekR, (1.11)

wherek € C is the spectral parameter. The case of the Schrédinger equation with step-
like potentials has been studied by A. Cohen and T. Kappeler [6] (see also F. Gesztesy et
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al. [10]), and for the quadratic pencil with short range potentials by A. Krall, E. Bairamoyv,
O. Cakar [19], and F.G. Maksudov, G.Sh. Guseinov [22] (see also [5,15,16]). We construct
the spectral representation for (1.11) watksumptions (1.7), (1.8). In Proposition 2.9, the
distorted Fourier transform is defined on the weighted sg&¢R, (1+ k2)* dk), and be-

cause of the critical frequencies, it is necessary to take> 1/2. Moreover, due to the
hyperradiant modes, the usual spectral measur®,ois replaced by a distribution, that

is singular at the hyperradiant modes that belon@:tq a.). The main result of this har-
monic analysis is the resolution of the identity stated in Theorem 2.12. We investigate the
asymptotic behaviours in time of the solutions of the hyperbolic equation (1.6) in the third
section. We construct in Theorem 3.7 the solutions polynomially increasing in time (1.10),
associated with the hyperradiant modes. Taking advantage of the previous spectral repre-
sentation, we establish in Theorem 3.11 the existence of the wave operators, without using
the conservation of the non positive energy (1.9). When there exists neither usual mode,
nor hyperradiant mode, we develop a complete scattering theory in Theorem 3.15. We es-
tablish the existence of the scattering operawvhich is superradiant for the frequencies

k € (a—,as). We apply these results to the field theory in General Relativity in the fourth
section. We consider the propagation of charged scalar fields in spherically symmetric
space-times of black-hole type, in particulae tbe Sitter—Reissner—Nordstrgm universe.
Our analysis explains the phenomenon of superradiance of charged black-holes [11,32].

2. Spectral decomposition

In this section we investigate the spectral properties of the harmonic Klein—Gordon
equation on the whole line:

d2
@wa[k—A(x)]zy—V(x)y:O, xeR. 2.1)

We assume that the potentials are real and boundead,short range and is step-like,
rapidly tending taz asx — —oo, and to 0 as — +o0. More precisely:

AeL®[®R;R), VeL®R:R), (2.2)

and there exist > 0,a € R\ {0} such that:

o]

[[A, VI]:= /(\A(x) — alj—o0,0 ()| + |V (x)|)e dx < o0. (2.3)

—00

Moreover we want to be able to consider non smooth potentials, hence we only suppose
that the distribution derivative of is a short range measure in the following sense:

e¢]

[[A]:= sup /

O<|h|<1

‘w & dy < 0o, 2.4)

o]
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We start in the usual way by constructing suitable Jost functions, taking the different
asymptotics as — +o0, into account.

Proposition 2.1. For anyk € C, Jk > —a/2 (respectively3k < «/2), there exists unique
functionsfif(k; X) (respectivelyfojﬁt(k; x)) € C1(R,), solutions of(2.1) and satisfying

fi:(out)(k? x)= gtk )y A(y)dy(l + 8;;(0”0(](; x)), (2.5)
Fimoup & %) = e (Dik—a)x+(-)i ,/foo[A(y)—a]dy(l + €incoup Kk 1)), (2.6)

wheresiﬂ;(out) € CO(R,) and axsiﬂﬁ(out) e L (R,) satisfy

|€iﬂr§(out)(k? 0|+ Haxgijr;(out)(k; Y)HLw(iy;ix) — 0, x— =00, (2.7)

and we have

fiks x) = fix(k; x), (2.8)
0 x) = for0:x),  fir(asx) = foudas x). (2.9)
+

Moreover, for eachr € R, & and d.&;5 (respectivelyes, and x5y, are analytic
functions oft € C, Jk > —a/2 (respectivel\3k < «/2) that satisfy for anyR e R, 8 < «,
neN,p=0,1:

R<x, O+ = [9f0ls) o x)| < Crap(l+ k) e, (2.10)

in(out)
XY<ROOSHEI = |00 e ouy ki )| < Crap(1+ 1K), (2.12)
whereCrg , g > 0 depends only oR, n, 8, [[A, V]] and[[A']].

Proof. To prove the uniqueness of tki# solution of (2.1) satisfying (2.5), we use the fact
that the Wronskian of tw@* solutions:

Lf1, f20(k) := f1(k; %) falks x) — fa(k; x) f3(k; x) € CO(R,), (2.12)

does not depend on since its derivative in the sense of the distributions is zero, and by
(2.5), this Wronskian tends to zero as—> oco. Here f’ denotes the derivative of with
respect tox.

At first we assume that € C1(R). To getf,, we introduce:

in’
m(k; x) == fF(k; x)g k=i [T A dy,
that is solution of

32m + 2ikdym = (V —iA")m + 2iAd,m.
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Therefore it is sufficient to solve the integral equation:

o0

m (k; x)=1+/Dk(y—X)[(V(y)—iA/(y))m(k; )+ 21A(y)dym(k; y)]dy, (2.13)

X

where Dy (y) := e”‘yw for k € C*, and Do(y) = y. We also consider the equation
satisfied by, m:

o0

dxm (k; X)=—/3ka(y —0)[(V(y) —iA ())m(k; y) 4 2iA(y)d.m(k: y)]dy. (2.14)

X

To estimate the kerndb, (y) for smallk, we write:
1
8]? Dk (y) — (2|)nyn+lf tne—2ikyt dt,
0

hence we get:
|97 D ()| < 2%y "1+ e723H). (2.15)

On the other hand we have:

P, (ky)e?ky — (—1)"n!
Zikn—i-l

o Di(y) =

3

whereP, is a polynomial of degree. Hence we get:

Cn

T (14 e 23) (14 |kyl)". (2.16)

|0y Dr ()| <

We deduce from (2.15) and (2.16) that for @ng C, y € R:

n Cn n+1 —2y3Jk
|aka(y)|<1+|k|(1+|y|) (14 e 2. (2.17)

We have also the obvious estimate:
|07 9y Dic(y)| < Culyl"e” k. (2.18)
Therefore, thanks to hypothesis (2.3), waldee from (2.17), (2.18), that the right-hand

side of (2.13), (2.14) is a contracting map(ef(k; -), d,m(k; -)) € C°N L¥([R, oo[) for
R large enough antk > —a/2, and we get fop < o, Ik > O:



A. Bachelot / J. Math. Pures Appl. 83 (2004) 1179-1239 1185

R<x = (L+kl)|mk; x) — 1| + [9em(k; x)| < CrpM(A, V)ETP*,  (2.19)

with
M(A, V) :=[[A, V]] + / A ()& dy.

Since D (y) is an analytic function of € C that satisfies (2.17), (2.18), we obtain (2.10)
by iteration orw, andCr , g depends only oR, n, 8, M(A, V).

When A is not C but satisfies (2.4), we choosec D(R) such that 0< 6, 0(x) =
0(—x), 0< x0'(x), f@(x) dx =1, and we putforj e N, A;(x) =ij(x —y)0(jy)dy.
We easily check that

limsupM(A;, V) <[[A, V] + [[A']]. (2.20)

j—o0o

Therefore to get (2.10) it is suffient to prove that the Jost functiq‘fif{ i associated with

Ajtendsto m* in the sense of distributions i, x). We note that fofsk > 0, the function
g(j) (ks x) := e 1kx in+( j(k; x) is solution of

gk x) =1+ / Di(y = 0)[V () — A% () + 2k A (1) ]g(j) (ks ) dy.

As previously this integral equation can be solved by a fixed point argument and we have
forx > R:

|g(k; x)

gi(k; x)| < Cropge PX(IA, VII + [[AN) (1 + | All ).

I

Since||Ajllr= < [|AllL~ andA; tends toA in LY([R, oo[) for any R, we deduce thag ;
tendstog in L5 .({(k; x) € C x R; Ik > 0}. At last, the existence and the propertiesQf

loc
are obtained in the same way by replaciadpy A — a andx by —x. The construction of

fojfn by (2.8) is a direct consequence of the fact thandV are real valued. Finally we get
(2.9) by noting that /i1 /ol 0 = [, fourl(@) = 0 and lim—, 4 (o fin ™ (0@); x) =
M s 4 (oo fout (O@); x). O

Since the Jost functions are solutions of (2.1), the following Wronskians do not depend
of x:

Win(k) := £, £ 1), Wourk) := [ foly foud (6)- (2.21)
Using (2.5)—(2.7), we evaluate:

Uit fobd () =2k, [, foud (k) = —2i(k — a),
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hence fork # a, we have:

F (ks x) = pif (k) firy (k3 ) + T (K) fou(ks X)),
pin k) = — g L foud (), it () 1= s Win (K),
Fohtks x) = 1) £y (ks %) + pgut(k) fout(ks x),
pg_ut(k) = Wl,a)[fétjtv Sin 1(0), T(S’[Jt(k) = —Wl,a) Wout(k),

and fork # 0, we have:

: fir G x) = pipy (k) fir (ks %) + Ty (k) (ks x),
P (k) i= 5[ firr s fobd (B), Ty (k) := 5t Win(k),
: Fouttks x) = touk) firr (ks x) 4 pout(k) forlks x),
Pouth) i= =5 four i 1K), Touk) := — 5t Wout(k).

(2.22)

(2.23)

(2.24)

(2.25)

From the analyticity off;- ., and with these definitions of functiong ;..o Ainouy:

we directly get the following properties:

Lemma 2.2. Win(k), kv, (k), (k — a)ri;“(k) are analytic functions ofk € C, 3k >
—a/2. Woutk), ktguk), (k — a)tg (k) are analytic functions ok € C, Jk < a/2.
(k— a),oi;q/out(k), k,oi;/out(k) are analytic functions of € C, —«/2 < Jk < «/2. Moreover

we have

Wout(k) = Win (k).
Tgit/in(k) = Ti::/out(lz)’
i) = i ounlk)-

ktouyin(k) = (k — a)t;{n/in(k),
kbouyin®) = —(k — @) pif k),
Tin (k) ogut(k) + T (k) i (k) =0,
T () Taut(k) + pip (k) pif (k) = 1,

k—a

_ 2 - 2
ke R\ {0} = |Tin/out(k)| _|'0in/out(k)| Tt
2 2 k
keR\{al = [rn0u®]" = |oinjou®|” = —

(2.26)
(2.27)
(2.28)
(2.29)
(2.30)
(2.31)

(2.32)

(2.33)

(2.34)
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Since Wi, is an analytic function ok € C, Jk > —a/2, the set of its zeros is locally
finite, and each of them is of fite multiplicity. We introduce:

op = {k €C; Jk>0, Wintk) = 0}, (2.35)
Ogs 1= {k eR; Win(k) = O}a (236)
R = {ke(C; —%<3k<o, Win(k)=o}. (2.37)

We adopt the terminology used in the analogous contexts of the Dirac or Schrédinger
equations, for the spectral quantities associated with (2.1): the elemenis ae the
eigenvalue®r normal modesand the elements &® are theresonance®r quasinormal
modes The Klein zoneis the open intervally of ends 0 andu. We shall see that
the asymptotic behaviour of the solutions of the Klein—Gordon equation with step-like
potential A is very peculiar, and justifies to cadlperradiant modethe real frequencies
in Ix \ o5, andhyperradiant modethe elements of;, that play the role of thepectral
singularitiesof the quadratic pencils with short range complex potential. In the simple
example of the step potentido(x) = alj_,0)(x), a € R*, V =0, we easily find
Win(k) = i(2k — a), hences, = R =0, o5, = {a/2}. There exists cases where there is
no hyperradiant mode. For instance if we chodgéx) = 1 — tanh(x) or A2(x) = 1 when
x <0, A2(x) =0whenx > 1, A>(x) =1 —x when 0< x < 1, andV(x) = 0, we can
computeWin(x) by using some formal calculus system. We get frightful combinations
of hypergeometric functions fo 1, and Bessel functions fot, and the investigation of
the possible roots of the equatidti, (x) = 0 seems to be rather delicate. A numerical
evaluation of| Wi, (k)| using the Maple system, clearly shows that = ¢ for both these
potentials. More generally we easily localize the spectrum:

Lemma 2.3. o, andoy; are finite sets and if:(A) < A(x) < M(A) a.e., we have

op C {k € C; m(A) <Rk < M(A), 0< Ik < M(A) —m(A) + | V_IIf=},
V_:=maxQ0, —V), (2.38)
o5s CIg :=10,a[ ifa=>0, orla,0[ ifa<O. (2.39)

Proof. (2.10) and (2.11) assure tha¥in (k)| ~ 2|k| as|k| — oo, J(k) > 0. Hencer,, and
oss are finite sets sinc®j, is an analytic function. Moreover (2.33) shows that

8k (k —a) < |Win(k))%. (2.40)

Thus oy C Ix U {0,a}. Suppose that¥in(0) = 0. Thenz,[(0) = 0 and Wou(0) =
0. Moreover, sincef,! (0;x) = fofy(0; x), we have 2ip;(0) = Wou(0) = 0, hence
i:(O; x) =0, this is a contradiction. In the same waylif,(a) = 0, thenz,; (a) =0 and
Wout(a) = 0. Moreover, sincef; (a; x) = fou(a; x), we have 2ip; (a) = Wout(a) =0,

hencef;, (a; x) = 0, this is a contradiction again. We have proved (2.39).
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Now fork =k +ix € o), k € R, 0 < A, we haved! it (k; x) € L3(R,) for p=0,1,2,
hence multiplying (2.1) b)fm+ then integrating, we get:

0= 2iA/[K — AW]| £tk 0[P dx,
R
thereforen(A) < « < M(A). Moreover,

0=/—|ax k0[P + [(c — A) =22 = V)| £ (ks )P dx,
R

thusaZ < (M(A) —m(A))2+ |V_|1~. O

In the case of the Schrddinger equation, i2e= 0, we know that the multiplicity of the
zeros ofWi, is simple. This is proved in [8] for the short range potentiaJsand in [6] for
the step-like case. Unlike this usual situation, wheg 0, the multiplicitym (k) € N* of
k € C, defined by:

[
%Wm(k):o, 0<I<mk) —1, (2.42)
can be strictly larger that 1. As an example, we chadsex) = 1)_ ojuir/3,27)/31(X),

V = 0. By tedious but elementary calculations, we check Wat1/2) = W, (1/2) =0.

Let 1; € 0, denote theV, eigenvalues with multiplicityn (i ;) = m;, and letx; € oy

denote theVy, hyperradiant modes with multiplicity: (« ;) = n;. Theprincipal functions
are given by:

ah

S fn 030, O<h<mj—1, j <Ny, (2.42)
a4
Wfin (K./;x)’ Og h gn/ - 17 J< st- (243)

The principal functions associated wih eigenvalue are rapidly decreasing:

Lemma 2.4. Givenk, € o), U oy, with multiplicity m (k,) > 1, for 0 < I, <m(ky) — 1, the
principal functionsallc*fif(k*; x) satisfy for allx € R:

~

[0 i s 0] [0 fiig | < C (L 1x]) @0, (2.44)

Proof. From (2.5), (2.6), (2.10), and (2.11), it is clear that (2.44) is satisfied for
3y 1) (ks x) on R Now by (2.22); (2.24), we have forQ L, < m(k,) — 1:

1y

* dix—r

0 S i ) =D CF < () k)3 fiF (Ko ). (2.45)
p=0

Therefore we get (2.44) on the whole axisa
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We now investigate the asymptotic behaviourskatends to 0 ora, and at high
frequency.

Lemma 2.5. We havel is a simple pole obi;/out(k) and ri;/out(k), a is a simple pole of
Ioi-r’;/out(k) and Ti-r’;/out(k)* then

Pin/out k)
— =

n -1, k—0, (2.46)
Tin/out(k)

+

Pinouttk)

U 1 k> a, (2.47)
Tin/out(k)

Win (k) = 2ike 2wl A0 =al &+ 57AM D) L 01) k] = 00, 0< Ik, (2.48)

dn
‘dk"W'n(k)‘ o), [k|— oo, 0K Ik, 1< n, (2.49)

ri§<k>=é<fw“‘<y>“"‘y+f°°°’*<y>“”+o<%), k| > 00, 0< 3k, (2.50)
‘ 1

+
dK—n'Oin/out(K) =

1
O(—>, k| > 00, k €R, 0<n. (2.51)
K

Proof. Sincea ¢ oy, a is a simple pole ofrm/out(k) (2.34) shows '[hall;om/out
as k — a, k € Ig. Hence a is a simple pole Ofpin/out(k) Moreover, by (2.9),
Ioln/out(k)/rm/out(k) - |n/out’ fout/ln](a)/W'n/OUt(a) —1. We treat'[m/out' Ioln/out at
k =0 by a similar argument

As regards the behaviour at high frequency, we calculate with (2.5), (2.6):

(k)| = o0

Win(k) = i/ [l AQ) a1y /6" A (04 — g 4 [1 4 &7 k3 x); 1+ £k )] (x = 0)),
fm’fout](’() —d= SO lAG) —aldy+[5° A()’)dy)(1+€+(k 0))(1+8 (k; 0))
x [14&f (ki x): 1+ &, (k; )| (x = 0),

hence estimates (2.10), (2.11), immediately give the geometric optics approximations
(2.48)—(2.51). O

We introduce the transmission coefficierfts (™) (x) and the reflection coefficients
R~ (x), defined forx € R \ oy, k #a (k # 0), by:

:F
RE (i) 1= Pou®). (2.52)

TE (k) 1=
= Tg(K)

Taking advantage of (2.46), (2.47), and of the fact that @ o, we put:
RT(0)=R (a)=-1, T (a)=T"(0)=0. (2.53)
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These quantities describe the propagation of the field-astoo. We summarize their
main properties that are direct consequences of the previous results:

Lemma 2.6. R* (x) and T*(x) are analytic functions o, \ oy, and satisfy

Kia|T+(K)|2+|R+(K)|2=1, (2.54)
TP+ R =1, (2.55)
T ()T~ (k) — RT()R™ (k)| =1, (2.56)
keR\Ix = |RTW)|<L, (2.57)
kelg\oy = |REG)]>1, (2.58)

K —>kj€oy = |REW)|, |T*(x)| — oo, (2.59)

s

T:I:(K) — ei(ff)oo[A(y)—a]dy—i-fooo A(y)dy) + O<E)’ |R:|:(K)| — O(E)7 k| = oo,
K K

(2.60)

1

dK"

ar
d P

1<n = ‘ TE(0)],

RE (k) =o<%), k| — oo. (2.61)

We emphasize that whenis outside the Klein zone, the reflection coefficient is not
greater than one as in the usual cakthe decaying potential (i.eq, = 0). But whenk is
a superradiant modeR* ()| is strictly larger than one, but finite: this is the phenomenon
of superradianceof the Klein—Gordon fields (2.58). At lagt* and R* diverge at the
hyperradiantmodes. The situation differs floe Dirac or Schrodinger equations, for which
the reflection is total in the Klein zone (i.4.,=0, R =1, see [7,32]).

Now we introduce the incoming (outgoing) Green functions.#Fgrfo;, U o, 0< 3k,
(respectivelyk ¢ o, U oy, Ik < 0), we define:

1 _ .
Gin(out)(k;xsy)3:m imcout (ks maXx, ) firouy (K MinGx, ), (2.62)
In(ou

that are distribution solutions of
2

WGJr[k—A(x)]ZG— V)G = o(x — ). (2.63)

We want to separate the variablesand y, moduloan entire function ok. Let fo(k; x)
and f1(k; x) be the solutions of (2.1) satisfying:

d d
Jo(k; 0) = @ Si(k; 0) =0, — fok; 0) = f1(k; 0) = 1.
[x dx

For anyx € R, the functionsfp(k; x) and f1(k; x) are entire functions of € C.
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Lemma2.7.Fork € C\ (o, Uoys UR), Sk > —a/2 (respectively € C \ (o, Uogs UR),
Sk < a/2), We have

Ginouy(k; x,y) = (k; x)fi;(out)(k; y)

L+
Win(oup (k) N1

+ 110,001 (v — X)[ fo(ks ¥) fak; x) — folk; x) fi(k; y)]
_ 1
"~ Wincouy (k)
+ 10,000 (x — Y) [ folks x) filk: y) — folks ) filk: x)]. (2.64)

fir:(out)(k; x)fi;r(out)(k; y)

Proof. We put:
fin =g fotoi i
We calculate:
Win (k) =a6“cxI — aaaf,

(ks max(x, ) fin, (ks minCx, ) = fi (ks x) fi, (k; )
= 110,00[(y — X) (g o] — o of ) (f1(ks x) folks y) — fo(k; x) fi(k; ¥)).

The other cases are treated in the same maner.
We construct the distorted Fourier transforms. Givea C°(R.), ¢ € C5°(R,) we
put:

Finoup () (k) = / fimoup ks ) f(x)dx, k€T, +(=)Jk > 0. (2.65)

To study the continuity of these operators, we need the weightespaces on an open
interval/ C R, defined fors € R, by:

L3Iy = {f € LUy dy): If 2y <00}, 1/ 172, = / 2] )| dy. (2.66)
1

with the notation:
() = (1+y))"?, (2.67)
and the usual Sobolev spacesRn

H'®):={feS®R: fe LI®}. Iflmm=]f], @



1192 A. Bachelot / J. Math. Pures Appl. 83 (2004) 1179-1239

where f = F(f) is the Fourier transform of a tempered distributigne S’'(R), given
when f e LL(R,) by f (&) = F(f)(€) := fe_'xsf(x)dx. We need also the Hardy spaces
Hi that are the Hilbert spaces of analytic functiong pt-3k > 0, satisfying:

||(p||H2 = sup / (k)P dk < oc. (2.68)

5—’1

Itis well known that forf € H3, the limit lim,,_,o+ f (k £in) exists a.e. and is iB2(R,),
and we have:

1l = 1£ 2, (2.69)

For R € R, we put:

If :==1R — 1, 0]y, I :==1—00, R+ 1[,. (2.70)

Lemma 2.8. For any f € C5°(Ry,), and for alln € N, FE t(f) belongs toHiH

k * in(ou
Moreover there exists positive functioGgR), C(s), C(s, R) such that for allR € R,

feCUi), 0<s,0< p<1, wehave
Fiou (P +20) € CORY T B (R)),
| Fiouy (e + 2D | s ) < €GB N2, 2.71)
FE o (D +20) e COR T L2R,)),
| Fivous (D + 2D 2y < CRNF Iar @, 2.72)
[ ) — @) Fif ouy () ”L]Z,(]RK) + [ 00) ™ e Fioup () ”L,%(RK) SClfllareo. (2.73)
[66) e = @) By O | ey + 100 Finoun OO 115y < CONF 2,0 (2.74)
FocouN@ =0 = [ FiouwDl 2@, <ClMflizamre,y  (275)
FnconNO =0 = [ Fou(Nl 2@, < I lzomre,  (276)
Remark. For f € L? TRy, |n(out)(f)(a) and F; In(Out)(f)(O) are well defined since the

embeddingH® C CO, and (2.74) assure thdt ., (f) € CO(R\ {0}) and Fi o (f) €
COR\ {a}).
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Proof of Lemma 2.8. Itis sufficient to establish these results faz N, p =0, 1, since the
general case follows by interpolation. Proposition 2.1 assuresﬂ;ha,f )(k) is an analytic
function ofk € C, Jk > 0 and we have:

d;:n Fih (f) (k) = f ke (&S AN D i) £ (x)) d
+y cr f b (& ST AM Db (ks ) ()" P f (1)) .
p=0 —00

We deduce from (2.10) that

1
+——Cm, R fllL2®,)

ikx 'v/fQA(y)dy' n
/e (¢ (ix)" f(x)) dx T

‘ ae Fin (f)(k)‘ <

hence the inequality in (2.71) follows from the Parseval equality. We conclude that
o Fi;r(f) € Hi, therefore we get the continuity with respeciito

Now by using Eqg. (2.1) of whic i: is solution, and integrating by parts, we have:

kzFi:{(f)(k) =kF (f +2AN k) + F((V - Az)f —IiAf") (k)
+ / &g et (ks x) £/ (x) d (2.77)

—00

and we deduce (2.72) for = 1, thanks to (2.71) with = 0, and (2.10)F . Fi;]—L(OUI) are
treated in the same way.

In what follows, givenp € R, it is useful to choose some functioptgF € C*®([R,),
satisfying:

1 1 _
x<p—§=>x,f(X)=O, x>p+§=>xZ(X)=1, x, =1—x . (278)

We get from (2.22) that
(k —a)Fi (f) = (k —a) Ft (X F ) + (e — a)pih () Fy (x f)
+ (k — a)7 () Foudx, 1)

SinceX;tf € Cgo(ljﬁ), we can take advantage of Lemma 2.2, the asymptotic behaviours
(2.50), (2.51), and apply (2.71), (2.72) to obtain:

” (K - a)E:(f) ||L]2’71(RK) < C”f”Hp(RX)’ pP= O’ 1
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We also use the analyticity ¢k — a),om («) and(x — a)‘ci:]r(lc), and (2.71) to get:

[60) e = Ff (D | gy SCOI f 2,y neN.

To prove (2.75) we remark that (2.73) assures that forras\0,
H |n(out)(f) HLI%(RK\[a—r;,a-H]]) <Gyl fllar@wy,, p=0,1,
thus it is sufficient to show that
JF
|| Fin(out)(f) ||L2(|a7n,a+nlk) < C;l”f”Lf(Rx) (2.79)

WhenF;(out)(f)(a) =0. From (2.22), and with this assumption, we have:

+ + d
Fin(out)(f)(’c) = /(K - a)Qin(out)(K)&Fin(out)(f)(a + (k= a)s)
0

d
+ (k — a)ti:(out)(lc)&F&n(m)( a+ (« —a)s)ds

We deduce by Lemma 2.5 that

H |n(out)(f) ||L2([a na+nle) s¢ H dk Fin (f)(a - a)s) L2(la—n,a+1l)
0 ] K

ds.

d _
+ H&Fout(f)(a + (x —a)s)

L2([a—n,a+nlc)

We have:

’

L2([a—sn,a+snlc)

d
Finiouy ()@ + (k= a)s)

H dk Flg(out)(f) ()

L2(la—n,a+nc) \/—Hdk

hence

Ft S
” in(oup (/) ||L2([a777,a+n]:«) H dk Fin (1) L2(la—n.a-+nle)

d
+ CH out(f)(K)

L2([a—n,a+nlc)
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We choose & n < |a|, then O¢ [a — n, a + n], and (2.74) implies the existence@g >0
such that

d _
Finjoul ) ®)

H dk < C;;”f”Lf(RX)‘

L2([a—n,a+nlc)

Therefore we get (2.79). The proofs fEig(out)(f) are analogous. O

As we can see by (2.71) and (2.74); o, is well defined from J , L2(I) to LA(R,),
but, unlike the short range case= 0, a problem arises for the low frequencies- 0, «,
with loss of regularity, when we want to defimﬁﬂt(out) on L2(R,). It is necessary to use

the weightedL?-spaces to overcome this difficulty. The main properties of the distorted
Fourier transforms are summarized in the following:

Proposition 2.9. We haveFiﬁ(out) that is defined fron€3° (R,) to H2 N, [H" N L2I(R,),
has a continuous extension

(1) from L? /2+5(R yto H-Y273(R, ) NE'(R,) + HY?H(R,), for any0 < §;
(2) from L2(R,) to H3;
(3) fromHlmL 2(Ry) to L2(Ry).

There exists no continuous extension frb%?z(Rx) to D' (R,). For anyé§ > 0O there exists
no continuous extension from}_a(Rx) to L2(R,).

Proof. We choose some functiory € C3°(R,) satisfying:

kelg = xxk)=1 (2.80)

Now we write:

1 xx (1)
Fotoun(F) = (m)XK(K)(K m(out)<f>+(7’<a)(x ) Fiouy (f):
(2.81)

where the principal value.P.(1/(k — a)) belongs toH ~1/2-3(R,.), for anys > 0. Since
HY2H3(R) is an algebra, (2.74) assures thiat> P.V.(1/(k — a)) xk (k) (k —a)Fitou ()
is continuous fromHYZH(R,) to H~Y/2-%(R,). On the other hand (2.73) assures
that f — ((1— xx(k))/(k —a))(k — a) m(out)(f) is continuous fromLi/era(Rx) to
H1/2+‘s (Ry). Thus the first assertion is proved. To establish the second one, we ghaose
oC(Ry) such thatF,,_ «(ga)(k =a) =1, and we writef = f, + F,_,{(f)(k =a)ga.
Smce Fir_oul(fa)(k = a) = 0, we evaluate| |n/out(fd)”L2(R,() with (2.75) and (2.76).
We deduce from this last result and (2.73) tﬂFﬁ( has a continuous extension from
HINL2(R,) to L3(R,).

out)
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To prove thatF;" is not continuous fron€3°(R,) endowed with theLf/z—norm, into
D'(R,), we choosep € C3°(R,) such that for anyV € N there existsgy € C5°(Ry)
satisfying:

+

Using (2.22) we have:

(Fn () b)) D) = / / (i) fig (1c; x) f (x) dx dic

=Iim0/f(x)< / oK) i:(x;x)d,c)dx

lk—a|>e
1 1 _
= 5/f(x)<P-V-<K—),fp(K){Win(K)fout(K§x)

i —a

U Foud ) £ (i x>}> d

D'(Re), D(Ry)

1 1
= E<P-V-(—), P Win () Foue(f) — L fin » fout](K)Fi;(f)}> .

k—a D'(Re), D(Ry)

Forn e N*, f € C5°(]1—00, 0[x), we putf, (x) := (1/n) f (x/n). We have:

1fall22 0 SIS 22 - (2.83)
Thanks to (2.11) we have:
Finvouy () () = f (+(=)nle — @) + ¥ (),
I¥incout.n ll Lo ®e) + 1¥inouy.n L2 ®e) = 0, 1 — 00, (2.84)

We deduce that as— oo we have:
(Fi;'{(f")’ ‘»")D'(RK),D(RK)
1 1 K K\ »
3 d e K G LR S
2i K—a n n

_[fi;_’fo_ut]<a+g>f(’€)}> +o0(1)

D'(Re), D(Re)

1 1\ . A
= —¢(G)Win(a)<P-V-< ) f(=K)— f(K)> +0(1)

2i K D'(R).D(Ry)

= —np(a)Win(a) / f(x)dx 4+ 0(1).
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Sincea ¢ oy, we choosep € Ci°(R,) such thatrg(a)Win(a) = 1. We takexy €
C3°(J—o0, —€ly), 0< xv < 1, xn(x) = 1 for[—cy, —2€]. We putf (x) = WXN(X)-
We have:

1122, < L / £ de > In(In(en)).

To get (2.82) it is sufficient to choogg > 0 large enough and to pgly = f,, with n large
enough.

Now givens > 0, we choosef € C§°(]—o0, 0[x), such that/ f(x)dx # 0, and we
introduceg, (x) :=n®~Y2 £, (x) = n®=%2 £ (x /n). We have:

n
For anyp € C°(Ry), we putp, (k) = nt/2¢(n=? (x — a)). We also have:

llon ”LZ(RK) = ||(/)||L2(]RK)- (2.86)

By using (2.84), we obtain as before the following asymptotics as co:

+
(Finy (8n)+ @n) gy DRy

! <P.V.< ! ), (p(nl_z‘s(ic — a)){Win(K)f(—n(K — a))

ZZ K —a

=1 i:’fo_ut](’()f(n(’(—a))}> + 0(1)

D'(Re), D(Re)

- %<PV<%) ¢(n—25x){mn (a + S)f(—x)

_[fin+’fo_ut]<a+g>f('€)}> +0(1)

D'(Re), D(Re)

:—7”/’(0)Win(a)/f(x)dx+0(1)-

Since we can choosg(0) as large as we want witly|| .2z , = 1, we conclude thaFi;r
is not continuous fron€5° (R, ) endowed with theLia-norm, toL2(R,). The proofs for
Finoup re similar. o

Foranyf e C*(Ry), Fif o0 (f) is analytic ondk > 0 (3k < 0) and

n(out)

e¢]

d? "
G o N0 = [ S0 ftuy 050 . (2.87)

—00
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When f € L2(R,) is not compactly supportedﬁ(out)(f) is no more defined for non real

k. Nevertheless, the right-hand side of (2.87) is well defined few, (k e op) thanks to
Lemma 2.4, and it is convenient to keep the same notation of “derivative”. Hence we put:

a: -
Vf LR, Aj€op, o Finou(Hk=2j(=1}))

dkn
e an -
= / Wfini(out) (k =Aj (= )‘./); x)f(x) dx. (2.88)

We now introduce the inverse distorted Fourier transforms, definggd4af';° (R, ) by:

o0
1
Pt o (@) () = / fimouy (k3 V() die,  x €R. (2.89)
—00

We denotef’(R) the space of compactly supported distributionsRgrand fors € R and
any open interval C R, we define the Sobolev spaces bnH*(I) :=={g = fi1; f €
H(R)}, liglas ) == infe=p, | fllmsr), and as usualHg (R) denotes the space of
distributions orR, whose restriction to each bounded open intefydlelongs toH* (I).

Lemma 2.10. There exist a constari > 0, functionsC(R), C(s), C(s, R), such that for
alReR,seR, -1<p <L peCiRy), we have

” ¢i:rl1:(0ut)(q)) ”Hp(llzet) < C(R)HQDHL]Z,(RK)’ (290)
H <pi:r|1E(out)(('0) HL§(1[§) < CGs, B llollas ®e) (2.92)

Hqﬁiﬁ(out)(wrl(" - a)‘/’) ” R,y T ” qji;(out)(("rl’“p) HHP(]RX) < C”‘/’"L%(Rx)f
(2.92)

| @ifoun () = @)0) | L2, + [ Pinious () %0) | L2,y < CO Nl -
(2.93)

Moreoverqbiﬁ(out) is a bounded operator frof' (R,) to ngc(Rx).

Proof. We prove these results fer=n € Z andp = —1,0, 1. The general case follows
by interpolation. Since we have:

1 = -~ icx
<p|—["'l_((p)(x) = Zelf/\ A(y)dy[(p(_x)+(el Si—"r_l(K;x)ﬂ QD(K)>H711(RK),H11(RK)]’
we deduce from (2.10) that far> R,

|0 () ()| < |@(=x) |+ Cn, R, BY(L+ 1x) ™ O P o]l rn ey
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hence we obtain (2.90) fgr = 0, and (2.91). We also write,

WD (@) (x) = —IAX) P (@) (x) + D (k) (x)

1 /= i
+2—e|f"‘ A(y)dy / e"‘xaxgi‘;(;c;x)(p(/c) dk,
T

—00

and by (2.10) again:

|8: D% (9) ()] < AL | D (@) )| + [ (i) ()] + C(R. pre Il 25,

(2.94)

therefore we get (2.90) fgr = 1. We treat the case = —1 by duality. Givenf e Cg"(lig),
we estimate by (2.72):

o0

1
> / P FE (f) (k) di

—00

o0

/ O (0)(x) £ () dr

—00

<SCRIf i 1912 @,

Now we write by (2.22):

P} (k= a)) = x, P ((k = a)) + x, Pin ((k — )i (k))
+ X, Pout((k — @)t (1)), (2.95)

and we conclude with Lemma 2.2, (2.50), (2.51), and (2.90), that
| 235 (€ = )| o s, < Clellz, @) P= 01

Finally, givenyr € C3°(R,), we have:

o0 1 o0
/ of ((k — a)p) ()Y (x)dx = > / @) (k — a) F;f (¥) (k) di.

Thanks to (2.73) we get:

e¢]

/ of ((k — a)p) (x) ¥ (x) dx

—00

S Clollzey ¥ g1,y
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hence we deduce that
||®|-r’1_ ((K - a)QD) ||H*1(Rx) < C”(p”LZ(RK)a

and the proof of (2.92) fo@vﬁg((;c —a)g) is complete.
We also get from (2.95) and (2.90):

|3 ()20 = )0) | s,y < Cll@lan -

To prove the last assertion, we note thatgor C3°(R, ), we have:

(f/’)(x)__elf ADD[G(=x) +{p), € eif (650 ) g e )

hence the same formula holds fpre £'(R,). Since such a distribution can be written as
Y= Zf’:o 1/f][<”. ¥ € CORy), we get:

P (@) () = 5 éf A“)f’y[go( x)+Z( 1)ffw,(x>af (€%e; (K;x))dx}-

j=0

On the one han@ € C*(R,), and on the other hand, (2.10) assures that the last term
belongs toC®(R,). Since:

d2
dx q.2 m(out)((/)) m(out)(K (/))+2Aq§|n(out)(’“/))+(v A ) m(out)((/)) (2'96)

we conclude tha®+((p) € Hloc(R ). The proofs for®, - qﬁit are similar. O

n?’

Because of the hyperradiant modes, the spkekpansion involvesisgular distribu-
tions instead of a usual integral &} . We introduce:

vi=_ max (n;) if oy #0, v:=0 ifogy=0. (2.97)
1< <Ngs

Lemma 2.11. We obtain thaf Win (k +ie)]~1 and[Woui(k —ie)] 1 converge inH ~" (R,)
ase — 07 to limits respectively denotdi, (x +i0)]~1 and[ Wout(k —i0)]~* that belong
to HS(Ry), s < —v+ % The singular support of these distributionsis.

Proof. Since Wi (k) is analytic forJk > —a/2, we can use a partition of the unity to
express:

1 600 S 0(k) 1

Win(k +i8)  Win(k +ie) = Win,j(k +ie) (c —icj +ie)" :
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where (0;)1<j<n, € Co*Ry), 0j(k) =1 neark;, Z’/onej = 1, Win; are analytic

functions on some neighborhood of the suppor ofwithout zero inside. By Lemma 2.3
and (2.48),00(k)[Win(k + ie)]~1 tends tofo(x)[Win(k)1~t in L2(R,). Now it is well
known that(x + ig)~! tends to(x + i0)~1:=P.V.(1/k) —indg in H 1(R,) ase — Ot
and (k +i0)™! € HS(Ry), s < —1/2. Hence (k + ie) "t = S e 4 je)L
tends to (k + i0) ™1 = EL APV (1/k) — indo) in HL(R,) as e — O,

and (k +i0)™" e H*(R,), s < —n + 1/2. Since 0 (k)[Win,j(k + ie)]™" tends to
0 (1K) [Win, j ()17 in H" (R,), we conclude that

L 1 _ o) +%: 0; (k) 1
Win(k +ig)  Win(k +10)  Win(k) Win,j (k) (k —kj + 0i)"

s

j=1
e— 0", in HV(Ry). (2.98)

From this formula, we see thaf Wi, (« + i0) belongs toH*(R,), s < —v + 1/2, and the
singularities of this distribution are egtly located at the hyperradiant modes:

We are now ready to state the main result of this part.

Theorem 2.12. There exist complex numberg;, for 1 < j < Np, 0<I <m; — 1, with
¢j.m;—1 7 0, such that for allf € L2(R,), s > max(1/2, v — 1/2), wherev is defined by
(2.97) we have forp =0, 1:

et iKP + . ikP + )
pf - qjin (Win(K 4 |0) Fin (f)) ¢0Ut< WOUt(K _ |0) FOUt(f)

mj—l

+ 3 Y (K s ) () k=)

rj€op =0

mj—l

+ Y Y Gt (kP fontks ) Fo( ) (k= 2j), (2.99)

A.jeap =0

where the four terms invoIvin@iﬁ(out) belong toLﬁJC(Rx), and whenf is not compactly

supporteda,i(Fif(out)(f))(k =, (= 1)) is defined by2.88)

Remark. The terms involvingbiﬁ(out)(. ..) make sense thanks to the previous lemmas. We
shall see that

" [Winoun (k + (—)i0)] " Fif o () € € RO + L3, (Ry). (2.100)

Therefore Lemma 2.10 assures that all the terms are well defirlq@ci(rﬂ%x).
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Proof of Theorem 2.12. Given f € C3°(R,) we write forp =0, 1:

1 fW
pf(x) - 2”_[ kz_p dkv
I'(R)

0<R, I'(R) := {k € C; |k|= R} (positively orientegl

(2.101)

We introduce the Green functiai(k; x, y):

Sk>0 = G(k;x,y):=Ginlk; x,y),

Sk<0 = G(k;x,y):=Goutlk; x, y). (2.102)

We have fork, k ¢ o,:

o0

F) = f Gl x [ O0) + (k— A2 O) — VO f]dy.  (2.103)

—00

Replacing (2.103) into the right-hand side of (2.101), we get:

8]

2inpf(x)= /[f”(y)Jr(Az(y)—V(y))f(y)]< 7{ k”ZG(k;x,y)dk) dy

—00 I'(R)

e ¢]

- f 2A(y)f(y)< yg k"—la(k;x,wdk) dy

—00 T'(R)
+ f f(y)< 7{ k”G(k;x,y)dk)dy. (2.104)
—00 T'(R)

We deduce from (2.10), (2.11), (2.48), that

o [3kl[x—y] 105
G k; ) g C ) a1 .
|G(k; x, y)| < C(x, ) 1Tk ( )

whereC (x, y) is a locally bounded functiorinait does not depend d@n Since,

/2 /2
/ efley\Rsine do < / efZ\xfleG/rr 46 = O< 1 )’
R|x —yl

the two first integrals of the right-hand side of (2.104) tend to QRas> oo, and we

conclude that
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o]

pf(x)= i I|m /f(y)(‘(fk”G(k;x,y)dk)dy. (2.106)

5 x
ForO<e <inf(JA;; Aj €0p), R >SUp|Aj]; A; € 0p), We Write

I'(R) =Tin(R, &) U Tou(R, &) UTo(R, €)
with

Tinouy(R, &) :={k € C; [k| =R, +(—)Jk > ¢}
U{keC; |k| <R, Sk=+(—)e} positively oriented  (2.107)
Io(R, &) :={k €C; |k|=R, |3k| <e}
U{keC; |kI< R, |Sk|=¢} negatively oriented  (2.108)

We invoke Lemma 2.7 and the Cauchy theorem to obtain:

pfx)= 5 fim. > $ o Sl x)( f otk y)f(y)dy)
n.ou tI—In/out(R €) n/eu
+ / f(y)( k”G(k;x,y)dk>dy. (2.109)
- To(R,¢)

Then the residue theorem gives:

1 . T

OUt Tinjout(R, €)

(k — Aj)™i kP
- Z k—>Aj ok™i— [(m _1)'W| (k) In (k x)/ f(kvy)f(y)dy}

mj—1 R WAYT
mj—1
= > et (kP fiy e ) FE () (k= 1;)
Lj€ap 1=0
mj—1
+ > > (K fouk D Fgu(N) (k= 1;), (2.110)
Lj€ap 1=0

with
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1 dm-—l—l k — ) )M
cjpi= lim —— k=AD" (2.111)
P Ny — 1= D kg dkmi =T\ Win(k)

and itis clear thatj,mj,l #0.
We deduce from (2.71) thaﬂﬁ(out)(f)(/c + (—)iy)| = 0 as|k| — oo, and

supsup| Fifouy (N + (9)in)| < oo.

Moreover by Proposition 2.1 and (2.48), we also have:

(k 4+ (=)in)?
Wincoun (k + (—)iA) In(out)(f)

(k + (m)ir)| <

sup sup
keR\Ig 0<A<Le

therefore we conclude that

Rlim /f(y)( f kpG(k;x,y)dk)dy

To(R.¢)

(k+ige)?
/fm(lc~|-le Wm( 119 In(f)(K+|£)dK

(x 8)

/fout(/c ie; x)

Given xk satisfying (2.80), we write:

. (k + (—)ie)?
[ e+ i) o R+ (i)

(k + (—)ie)?
Wincouy (« + (—)ie

= [ @ 00) i + (i) P (i + (i) de

{0 o+ (i ) = Fun(si )

(i + (2)i€)? Fifouy () i + (—)ie)>
Wincouy (« + (—ie) HY(Re), H™ " (R,)
(k + (—)ig)? .
0 (50 g I R (D () ). (2.113)

Proposition 2.1 and (2.48) show that
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(k + (—)ie)P

+ s
(L= 0k 6 fioun (e + (e x) e 2

)Fi;F(out)(f) (K + (—)ig)

- (1- XK(K))fiﬁ(ouD(K; x) () in LYR,), ¢ — 01, (2.114)

K F$
Win(out)(K) In(ou
Xk 6 [ finioup (k + (Dig: x) = fir qup (s )] = 0 in H'(R,), e > 0", (2.115)

Lemma 2.8 and Lemma 3.15 yield:

(k + (—)ig)P + o «P
W'in(out)(/( 4 (—)|€) Fin(out)(f) (K + ( )|8) — W‘in(out)(,( m (_)|O

in H"(Ry), ¢ — O*. (2.116)

) Fi;F(OUt) ()

Therefore we conclude with Lemma 2.10 that

(k + (—)ig)?
Wincouy (k + (—)ig)

[ Firountic + i) FE oo (F) (i + (-)ie) e

iKP
(Iz T (—)i0) Fi;'lF(out)(f)> (x), &—0%, (2.117)

+
~ Pincoun ( Winout

and we get the following spectral expansion:

e ixK? + g ix? + )
pf(X)—<1>m<7Wm(K +iO)Fin(f))(x) @°“‘<7Wout<x—i0)F°“t(f) (x)
mj—l
+ )0 Y (K fiy (s O FF () (k= 1))
rj€op =0
mjfl
+ Y0 > (kP forts O FE(H)) (k=2;), p=01 (2.118)
A.jeap l=0

We remark that this formula is still valid fof € Lf(Rx), s > max(v, 1) — 1/2. Firstly
the termsa,i(Fiﬁ(out)(f))(k = X;(k = 1;)) are well defined continuous functions gf by
(2.88). Secondly, Proposition 2.9 and (2.81) assureﬁﬁ;gut)(f) is H=S neark =0, qa,
and belongs td7* (R, \ wo,4), Wherewg , is a neighborhood of0, a}. Since Qa ¢ o5 we
obtain (2.100) with Lemma 3.15 and (2.48hd we conclude thanks to Lemma 2.1@3

We can slightly relax the assumption gn

Corollary 2.13. Given functionsq} satisfying(2.78), we have for allf LE(RX), s >0,
s>v—1/2:
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f=f1>-+(i(K;) - f)) (L f))
0\ Winte +10) /10 o Winte +10) 1

ik — [
- dj;ut(ﬁﬂwt(?(pf)) - (pout(ﬁ Foulx, f))
mj—l

+ > c,zakl [(k —a) fiif (ks ) Fyy (x, f) + kfigy G ) Fb GoF )] k= 2p)

Arj€op 1=0

9! _
+ &5 [k = @) fouk; ) Foulxy 1)+ kfoutks ¥) Foulxy Nk =24;), (2.119)

where the four terms mvolvmgln(out) belong toL? (R, ). Moreover we have

_ot( V& b s
0=4 ( Wnc +10) '”“‘””) (Wln( oy Fn' f)>

i i
—‘Pérljt(W Foullx, f)> out(W Fau(X, f))

mj—l
+ > chzakl o (s ) Fy (X, ) + fin U ) F () ]G =1)
Lj€op =0
o' _
g Lfoks ) Fouxy ) + foulks OFGuxf D)k =14)),  (2.120)

where the four terms involvintgijn[(out) belong toCO(R,).

Proof. Given f € C3°(R,), substracting (2.118) fgy = 0 to (2.118) top = 1, we deduce
that

f(x)=<z>m(M (f))(x) - @Jm(& out<f>)(x>

Win(k +1i0) n Wout(
mj—1
+ 3 D cudf(k—a) fig (6 ) Fy () (k=2))
A.jeap =0
mj—l
+ 32 Gudh(k— @) foluhs 1) Fou ) (k = 1)
Lj€op =0
=, L N L
- ( e +10) ))(x) OUt<Wout(K—i0)FOUt(f )>(x)
mj—l

+ >0 cjudi(kfin (s ) FE () (k= 4))

rj€op =0
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mj—1

+ Y0 > g (kfoutls ) b ) (k= 1j). (2.121)

Arj€op 1=0

We write f = x, f + x;rf and we apply the previougjaalities to ge(2.119) and
(2.120) for f € C5°(Ry). To extend the result tg < LE(RX), we get from (2.71) that
Filou (X f) € H*(R,), hence

Xk (1) -
Wincouy (k + (—)i0) Fi;F(out)(X;Ff) € H*(Ry),
(L= xk (k)

Wincouy (< + (—)i0) Flou O ) € LIR), (2.122)

and we conclude from (2.93) and (2.92) that we have:

i(k —a) _ _
<pi—rt(out) ( Wincout (K + (—)i0) Fin(out)(Xp f)) )

— ire + + 2
qﬁin(oub(“’in(out)@ + (—)lO) Fin(Out)(Xp f)) [S Lfs (Rx)

This proves theLES-reguIarity of the terms of formula (2.119). At last, t6&-regularity
for (2.120) is given by (2.122) and (2.92) with= 1 sinceH! c ¢°. O

3. Scattering

In this section, we investigate the asymptotic behaviours in time of the solutions of the
charged Klein—Gordon equation:

(8 —iA))u — 02+ V(x)u=0, teR, xeR, (3.1)
u(t =0,x) =uo(x), oru(t=0,x) =u1(x), (3.2)

where the assumptions on the potentiasndV are of type (1.7) and (1.8). More precisely
we assume that there exists € R such that(A — a4, V) satisfies (2.2)—(2.4) for some
a=a_—ay €R\{0},x > 0. By puttingu(r, x) = €%+ v(r, x), itis sufficient to investigate

the casery = 0. For the sake of simplicity, this is this case that we shall consider from here
on. It is convenient to introduce the folling Hilbert space of initial amplitude:

HXID):={f e L2(), [ e L2},
s€R T CR 1510, = 1F 1220 + 11720 (3:3)

The Cauchy problem is easily solved:
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Lemma 3.1. (1) For anyug € H}(R), u; € LE(R), s € R, there exists a unique solution
u e COR,; HXR,)) NCL(R,; L2(R,)) of (3.1), (3.2)
(2) If s > 0, the energy of this solution is conserved

/|8,u(l,x)|2+ |0,u(t, )| >+ [V (x) — A20)][uz, x)|*dx

— / 1 (0) 7+ [uo) [P + [V (x) — A2(x)]|uo(x)[* dx. (3.4)

(3) If up andus are supported iffr’, r”[, thenu(z, -) is supported inr’ — |z, r" + |¢][.
(4) For any ug € HE.(R), u1 € LZ (R), there exists a unique solutiane CO(R;;
HY (R)) N CHR;: LE (Ry)) of (3.1), (3.2)

loc

Remark. Because of the weak regularity assumptions4pthe solution does not belong
a priori to C2(R;; L2(Ry)), even if (uo, u1) € H3(R) x H(R).

Proof of Lemma 3.1. We introduce the grougo(t) defined onCg°(Ry) x C3°(Ry),
. . . 2 _n- . (O’A)
associated with the free Klein-Gordon equatifm — 02v + v = 0: Go(1) : (;y ) =

(5ei,)- We remark that
1€ € 0@ o gy < CoOF @l -

The proof is direct fos € N, the case > 0 follows by interpolation, and then the case
s < 0 by duality. Hence, sincg € LE(RX) iff f(g) € H'Rg), and f € H}(Rx) iff
(g)f(g) € H*(Rg), an easy Fourier analysis shows tltag(¢) is a strongly continuous
group onH(R,) x L2(R,), with

[GoON £,y rzmn < Gt (3.5)

We consider the integral equation:

t
U@) =Go@®) 1o + [ Go(t — 1) 0 0 U(r)dr. (3.6)
ut) ) A2—V 41 2iA

We solve (3.6) by Picard iteration. We introduce:

0 0 )U,,(r)dt.

t
Uo(t) = Go(r)<52>, Una () = f Go(r—r)< Aoy 2
0
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Since A,V € L*(R,), we deduce from (3.5) that there exigts> 0 such that for any
n € N we have:

= (COF) .

[Un ()] HUROXL2R,) S 7

Therefore
o0
U(t):=Y_ Un(t)
n=0
is solution of (3.6) INCO(R,; HX(R,) x L?(R,)) and satisfies:

[s|+1

14G] < C(r)lslef)

H}(RX)XLE(RX) (37)

Its first component is solution of (3.1), (3.2) P (R,; HX(R,)) N CX(R,; L3(Ry)).

To prove the conservation of the energy when 0, we choos® € C3°(R,), 0< 6(1),
[6(@)dy =1, and we pub, (1) :=né(nr). Thenu,(t, x) := [0(s)u(t — s, x) ds is solution
of (3.1) in C*® (R;; HY(R,)), therefore inC®(R,; H%(R,)). Then an integration by parts
yields the conservation of the energy wf(¢, x). Sinceu, — u in COR,; HX(R,)) N
CL(R;; L3(R,)) asn — oo, the energy of: is also conserved.

Thanks to the property of propagation with finite velocity for the free Klein—-Gordon
equation,Up(r) is supported inlr’ — |¢|,r” + |¢t][ when ug and u; are supported in
1¢’, ¥"[; moreover ifU,(¢) is supported iflr’ — |z|, r” + |t|[, thenU,1(¢) is supported
in1r" — |z|, r” + |t|[ again, and we get the same 6K?).

To prove uniqueness we consider the solutiof, x) obtained by the previous
method with initial data at tim@ € R, v(7,x) =0, 9,v(T, x) = ¢(x) € CF(R,). Since
A,V € L®(R), any solution of (3.1) inCO(R;; H (R,)) N C1(R,; L2 (R,)) belongs
to C2(R;; Hio2(Ry)). Then ifu € COR,; HE(Ry)) N CH(Ry; L (R,)) is solution with
u(t = 0) = d,;u(t = 0) = 0, we may consider the Wronskian(z) := fu(t, x)orv(t, x) —
v(t, x)du(t, x)dx € CL(R,). We havew’(r) = 0, w(0) = 0, thereforew(T) = 0 and we
conclude thatt = 0.

At last the existence of local solutions is obtained in the usual manner. Giyen
ngc(Rx), ui € L%C(Rx), we choosey € C°(Ry), x(x) =1 for |x| < 1. Letu,(t, x)
the solution with initial data, (0, x) = x (x/n)ug(x), d;u,(0,x) = x (x/n)ui(x). The
finite velocity propagation assures that the sequence x) is locally stationary, hence
we obtain the unique local solution by putting, x) :=lim, s u,(t,x). O

We define the propagator:

. u(0,-) u(t,-)
oo <3tu(0, -)> ~ <8tu(t, .))’ (3.8)

where u is solution of (3.1), (3.2). The previous lemma assures that) is a
strongly continuous group oHX(R) x L2(R), HY(R) N &'(R) x L?(R) N &'(R) and on
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HL.(R) x Lloc(IR{). We now investigate its asymptotic properties. In order to represent the
solutions using the distorted Fourier transforms, we introduce the operators:

Gioun ' ? € CF RO > Gif 0 (0) (1, %) := i (€7 9) (x). (3.9)

Lemma 3.2. The operatorsGm(out) can be extended as bounded operators fnb%n[&)

to CY(R,; L C(IR{ )N NCOR,; HlOC(R ). ForanycpeL Ry, GE b(®), is a solution of

in(ou
(3.1)and sa'usfles forang e R:

1+ Ginow @) € C2(Re: H*(I)) N CH(Re: L¥ (1)) N CORe: HY(IE)), (3.10)
HGm(out)((/))(t) I HiaE T I afGi(out)(‘/’)(t) ||L2(1,§) SCB el 2w, (3.11)
| Ginouy (1) ke = @) O 2,y + 8 Gifoup ()6 = @)) O | 2,
< C”(p”LZ(R ) (3.12)
HGm(out)(( i) )(®) ” Hi®,) T H %G m(out)(( ) 1"‘/’)(0 HLz(RX) < C”(p”L%(RK)’ (3.13)
HGln(out)((p)(t’x) - (‘7:_ (p) (+(—)x + t) HHl(Rj)
10 G oy @)1, = (F ) (x4 1) gy = O 1= —(100, (3.14)
| Ginouy @) (1. x) — & (F 1) (= () + 1) | e
+ ||8tGI?](OUI)((p)(t’ )C) - e“"(*)iax (fil(p)/(_ (+)X + t) ||L2(R;) - 07
t — —(+)oo, (3.15)

”Gi(out)((p)(t’x)”Hl(Rf) +| a’Gi(out)((p)(t’ x)”LZ(Rf) -0, t—>+(-)oo. (3.16)

Moreover for anyy € H[}(RK), p=0,1, we have

H‘piﬁ(out)(‘/’) HH"(Ii SCB®el i, (3.17)
H®|n(out)(< K)(k a)q)) HH"(R) + ”@ln(out)( >K(p) HH{’(R) < C||(P||Hp1(RK)’ (3'18)
| Ginou @ @] HiaE) T [19: Gy oun @) ||L§(1;;) SCRONelp1,) (3:19)

”Gm(out)(‘:")(t)”Hl(li + ||3tGm(out)(‘/’)(’) ”L%(I,%) =0, 1= +(-)oo. (3.20)

Here we have denoted b1 the inverse Fourier transform,

1 1
(@)(x) = o F (@) (=x).
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Proof. Wheng e L2(R,), the map € R €</ (i) belongs to
1
ﬂ CTP(Ri; LA(R,)).

p=-1

Then (2.90) and (2.92) assure tlﬂt(out)(cp) is well defined, satisfies (3.10)—(3.13) with

+ + -
3 Ginouy @) = Ginoun 1k9)

and equation (3.1) sinc}‘:nﬁE out is solution of (2.1). Thanks to (3.11), to prove the scattering
properties (3.14) to (3.163, itis sufficient to consige C3°(R,). We write:

Giouy @)1, x) = (F720) (+(=)x + 1) + RE (6, %) + RS (1, x),
with
RY (1) o= ("N ETAOY 1) (F 1) (4(=)x +1),

i N A o d N

Ry (t,x):= %e“ i A())dy/e"‘t&(eH )"‘x(p(/c)siﬁ(out)(/c;x)) dk.
Itis clear that| (F 1) (+(=)x +1) [l g+ — 0@st > +(—)oo, and|| Ry (¢, x) || g1+ +
13 Ry (¢, )| 2ty — O @s|t| — oo. By (2.10) we get|R3 (1, x)| + [0 R3 (¢, x)| +

19, RS (t,x)] < C(R, B)e~#*|¢|~L. We conclude that (3.14) and (3.16) for exponerdre
proved. We write also:

Gincouy @) (1, x) = et O (F10) (—(4)x + 1) + R (1, %) + R (1, x),

with
Ry (1, x) := e Oiax (gt O A —aldy _q) (710 (—(4)x +1),
B eJF(*)iax i TAG)—ald . d N B
R, (t,x):= 5 gt o lA()—a] y/e"“a(e (+)'Kx<p(K)8in(out)(K;x))d/c.

As previously we have|(F 1p)(—(+)x + t)||H1(R;) —- 0 ast - +(—)oo, and

IRy (2, )l g1y + 10 Ry (8, )| f2gy = 0 as|t| — oco. Moreover (2.11) implies that
IRy (t, )|+ 19 R, (t,x)] + |8 R, (t,x)| < C(R, B)eP*|t|~L. Therefore (3.15), (3.16) are
proved. (3.20) is established in the same way. Now (3.17) is a consequence of (2.91) and
(2.94), and implies (3.19). Finallwe deduce (3.18) from (3.17) and (2.95)1

To take the hyperradiant modestd account, we have to defir@:

~To tal n(out for singular
distributions.
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Lemma 3.3. The operatorﬂm(out) can be extended as bounded operators fS(R, ) to

C®(Ry; HlOC(RX)), and forg € £'(R,), G%(out)(‘/’) is solution of(3.1). Moreover for any
compactko C Ix, N e N, 1 < 2, m € N, there exist (Ko, [, m, N) > 0 such that for any
¢ € HN(R,), compactly supported ik, we have

|82/ Giroun @ D 12, &,y < C(KouLom. MYV @l v i, (3.21)
and for anys € R, we have

Gilow @ (6, x =5 — (1) > FH@)(+(=)s), 1= —(+)oo, (3.22)
e‘i“’Gg(out)(so)(t,x =5+ ()1) » e F L) (—()s), 1 —(H)oo. (3.23)

Proof. Giveng e £'(R,), there existsV e N, R > 0, such thap € HNR,), supfp) C
[—R,R]. Thust € R~ €“'p(k) belongs toC®(R;; H N (Ry)), henceGi(OuD(q)) is

solution of (3.1) INC*°(R; H|(2)C(Rx)) by Lemma 2.10. Now fop € H~V (R,) compactly
supported ing, (2.93) shows that

HGln(out)((p)(t) ”L%N(RX) < C(Ko) | xx ()€ 0 ) ”H*N(RK)
< CKo, MO 0G| v, -

Then we deduce from (2.96) that
X Gln(out)((p)(t) ”LEN(RX) < C(Ko, N){n)™ ”q)(K)HH*N(R,()'
Nowu,u” € L2 \(Ry) iff 4, %7 € H=N (R¢). We write:

1-xé)

: [6%2(8)],

ga) =[ex®]a) + ——

where we have chosen somes C3°(R,) equal to 1 neaf =0. Thusu’ € LEN(RX) and
we obtain (3.21) foi =0, 1, 2, m = 0. To get the result for any:, we replacep(x) by
k™ (k). To establish the asymptotic behaviours, we write:

Ginoup @) (1, % =5 F @®)1) = [0(6), & fir o (€35 F 1)) g, £,
and obtain (3.22) and (3.23), since Proposition 2.1 gives:

gkt m(out)( . (+)t) gt iks ERY), t = —(+)oo,
ei(K—a)t‘ff

noun (K35 + (9)1) > €D inERY), 1 —(H)oo. O

It will be useful to introduce the operators:
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Eﬁ;(ouo (uo, u1) — E;ﬁ(out)(uo, ur) (k) := kFiﬁf(out) (o) — iFiff(out) (u1 — 2iAug). (3.24)

Lemma 3.4. There exist€ > 0 such that

| Eious @0, 0| 25, < € (luoll a2,y + luall 2ey)- (3.25)

H <K>71(K - a)EiJ,;(out)(uo, uy) H HLR,) < C(HMOHHll(RX) + ”ulHLf(Rx))’ (326)

[ )™ e Eqpouy (w0 u || gy < € (luoll ey + leall 2, )- (3.27)

For any R € R, there exist' (R) > 0 such that for any., u3 supported i’z we have
+ + & + +

| Ein(out)(”o il HiR,) S C(R)(llug lhi,) + llug ||L§(1R<x))- (3.28)

For any s > 0, E;(-) is bounded fromL2(R,) x L2(R,) to H{ (R, \ {a}) (to

in/ou
Hig (R, \ {O])).
Proof. The third assertion of Proposition 2.9 implies (3.25). We show (3.26), the proof
of (3.27) is analogous. Firstly (2.73) and (2.74) assure thgt!(x — a)/cFi:{(out)(uo) €
HY N L2R,) and (k)L — a) Fi ouy (1 — 2iAuo) € HY(R,) forup e H N L2(R,),
uj € L%(Rx). Thus to prove (3.26), it is sufficient to show that ®r> |a|, we have:
/
HK(Fi;r(”O)) HLZ(\K\>R) < CHMOHHll(Rx)' (3.29)

We take the first derivative of (2.77) to get:

+ NNV
K(Fin(out)(xp ”0))
= —ZEﬁ(ouo(X;—Luo) + Kﬁlifnc(out)(i(xfuo)/ + 2Axpiuo)
+ (Finouy (106 40)’ + 24 x5 u0))’

—i—/c*l(Fiff(out)((V - AZ)X;EMO - iA(X;tMO)/))/
o

it f & [10. 85 oy (5 )X (X 0) (X) + D iy oy (63 X) (X 10) (x) ] dx.

—00

Sinceug € Hll(Rx), (2.74) and (2.10), (2.11) assure that each term of the right-hand side
belongs taL2(|«| > R), hence

+ i
HK(Fin(out)(X/:JEMO)) ||L2(|K|>R) S C””0”H11(Rx)'
We now get (3.29) by writing,

+ —_pt + + - - + - -
Fin(out) (o) = Fin(out)(xp uo) + 'Oin(out) (K)Fin(out)(xp uo) + Tin(out)(K)Fout(in)(Xp uo),
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and taking Lemma 2.5 into account. Then weldee (3.28) from (2.71) and (3.29). Finally,
whenug, u1 € LE(RX), (2.74) assures thﬁﬁf;&t(uo, ui) € H{ (R \ {a(0)}). O

Whenug andu1 are not compactly supported, we cannot defE‘f’,(?(out)(uo, uy) (k)
for non realk, nevertheless, fon; € o,, we may introduce the quantities denoted

(g_ll)Ei:rE(out)(uo’ up)tk=2x;(= ij)) using the convention (2.88). Thus we put:
k

d -
arl |n(out)(”0’ ”1)(k Aj (= )‘/))
/ (kakfm(out) + 18 fln(out))(k =Aj (= )_‘/); X)MO(X) dx
—i f O frovioun (k =2 (=2): x) (ua(x) — 2IA(¥)uo(x)) dx.  (3.30)

We are now ready to give a representation of the solution of (3.1) involving the distorted
Fourier transforms. We introducled Hilbert space of initial data:

X = Hiayr, 1) R) X Ly, Ro), (3.31)
wherev defined by (2.97) is the largest ftiplicity of the hyperradiant modes.

Proposition 3.5. For any (ug, u1) € X, the unique solution of (3.1), (3.2)that belongs to
COR;; Hi ooy R2) N CL(Ry; Lﬁqaml) (Ry)), is expressed by

[ [
u(t) = Gi (m E,n (uo, Ml)) ) - out(m out(uO» Ml)) ()

mj—l

+ 30 Y cudf (€ AT X Ei o, un) (k = 1)

rj€op =0

mj—1

+ Y0 > (€ fofuk: x) Equuo. un)) (k = 1), (3.32)

rjeop 1=0

where the two terms mvoIvm(jm oup belong toCL(R;; LE (Ry)) N CORy; HE(R,)),

and the constants; ; are defined in Theorer2112

Ioc

Proof. Sinceogs N {0, a} =@, Lemmas 3.15 and 3.4 imply that

i
Win(out) (k + (—)iO)

1
Eifoup(o.u1) € H' NE'R) + LER,), t<—v+ 5 (333
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Thus Lemmas 3.2 and 3.3 assure that the right-hand side of (3.32), that we d&aote
is solution of (3.1) iNCL(R,; L2 .(Ry)) N CO(R,; HE.(R,)). Takingt = 0, Theorem 2.12
givesu®(0) = up, and

2 2
_ _ K g S (N 7
0,u™(0) = 1y — 2iAug (Wm(lc 1i0) [Fin (”0)]) + ¢out( Wout(k — i0) [Fout(”())]>
mj—l
= Y > et (KA Kk x) Fy (uo)) (k= 1)
Aj€Op =0
+ G100 (K2 £ x) Fiiguo)) (k = x;). (3.34)

Since

K2 fiyouttks ) = =02 fitv otk ) + 2K A ) fiy gk )
+ [V — A%0)] iy ouks %), (3.35)

and for anyp € C3°(Ry):

B oulK20) (1) = —07BL 0 (@) () + 2A(X) D (1 0) (X)

+ V) — A20) ] @ oul@) (), (3.36)
we conclude, with Theorem 2.12, thHat=(0) = u1. O

To be able to investigate the peculiar role of the hyperradiant modes, we need a
microlocalization near these frequencies and as +oo, t — +o00.

Lemma 3.6. For k € 0, U oy, 0 <1 <m(k) — 1, there emsts;mmut)(k, I;x) € C°(Ry),
such that forany, k’ € o, Uog, [, 1" e N, I <m(k) — 1, 1" <m(k') — 1

d d
@Fi(giﬁ(k/,l/))(k) dleoﬂfn(gout(k/l))() Sg,flg)(Kronekersymbc)l (3.37)

d FEgE ', 1))(k) =0. (3.38)

d g/
g b (85u®. ) k) = o7

dk!
Proof. We only construct the familgﬁrq(out) We can treaglg(out) in a similar way. We show
that the map®:g € CFRy) > (9 Fif (8) (k). 8} Foru(8) (k)keo,Uoy,. 1<mdy—1 € CY,
M =3t co 00, 2oi<mit)—12: IS ONtO, ifo = (@) s € (Ramd)t ¢ CM, we have:

DD oSt k) + a9y for(k: ) =0.

keopUogs I<m(k)—1
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We prove thatr = 0. It is convenient to introduce some sets of indices:

Eq:= {(k,l); ke Op Uoygs, 0<I < m(k) — 1}’ Eny1:=En\ Dn,
Vi 1= min{Sk; 3[7 (k’[) eEn}, Ln = max{l; E!k, Sk:an (k,l)EEn}y
Dy :={(k. Ly) € En: Sk =y},

To show that is null, it is sufficient to prove that when

Z o 0f fik (ks ) + oQ9) fore(ks ) =0, (3.39)
(k,l)eE,

we have:
Vk,1) € Dy, o, =o' =0. (3.40)

We get from the asymptotic behaviours of the Jost functions-as+oco given by (2.5),
and from (2.10),

D it k) + oo foia(ks ) = e it D o et

(k,)eE, (k,l)e D,

+( 1)Ln OUt I)C.‘Hk_i_o(e*)/,ZX(‘x)Ln)‘
Thus equality (3.39) becomes:

Z a}(nlemmk + (_]_)Ln(xoute xRk _ 0,
(k,l)eD,

and we deduce that
Vk.l) €Dy, Rk#0 = o, =ali'=0. (3.41)

We now expresgfn(out) with finouy’ using (2.22), (2.23), and the fact that

ak in(out) (k(lz)’ ) = 8Ilc(loi-r’;(out) (k(lz))fir:(out)(k(lz); ))
foranyk € o, Uog,, I <m(k) — 1. Hence we get as — —oo,
Z O‘k lakfm (k; =) + I?Utakfout( )
(k.)eE,

— e}/;zX(_ix)L;z Z ak o (k)e ix(Mk—a)
(k,[)e Dy,

+ (_1)Lna](()[;IPS-Ut(/E)eiX(mk—a) + O(e}/nx (.X)Ln).



A. Bachelot / J. Math. Pures Appl. 83 (2004) 1179-1239 1217

Thus equality (3.39) becomes:

Z ak [:0|n (k)e ix(Mk—a) + ( 1)L,,O{]?L;tpg>u ( )eix(mkfa) — 0’
(k,l)eD,,

and we deduce that
Vk,1) €Dy, Nk#a = o, =aff'=0, (3.42)
and (3.40) follows from (3.41) and (3.42) sinee2 0. O

We now construct solutions of finite energy with polynomial behaviour in time (1.10).
We denota)ijrﬁ(out)(k, [; t, x) the solutions of (3.1), (3.2), with(r =0) =0, d;u(t =0) =

8inouy ks D), fork € oy Uap, I <m(k) —

Theorem 3.7. For all x; € oy, <n; — 1, there existijrﬁ(out) #0, C > 0, such that for any
t,x € R, we have

+ . o+ —1—1 jic;t -1
Vincouy (K j» 15 1, %) = i oun ! Ch fm(out)("/’x)"'o(t 7,

t — —(+)oo, (3.43)
viﬂ;(out)(’(j’ lit,x)= O(t"ffl*l), t — +(—)oo, (3.44)
|08 0 vy oy (s s £, 1) | < Cey " Emin((x), (1), p+g <1, (3.45)

C(t>njfl+l/2+.¥, 0<S

|| vi:I'E(OUt) (Kj, l, t) HH}(RX) + Hatvin(out) (Kj, l, t) HLE(Rx) < (346)

Proof. Fork; € o5, 0<1 < nj; — 1, we considen; («;,1; t). The other cases are treated
in a similar way. We note that

Fioun (& (cj. D) € (VH" N LE(R,). (3.47)
n

By the previous lemma, and from the fact thatfa o, U o, I <m(k) — 1, we have:

allc (firT(out) (k(’;)? x)) = a/ﬁ (pi;(out)fi;_(out))(k(lz); x), (3.48)

we deduce that
keo,Uog, I'<mk)—1= 8} Fagih;.D)(k) =0, (3.49)
keo,Uog\{k;}, I'<mk)—1 = 8} F(gihte;. D) k) =0, (3.50)
'<i-1 = ak (gm(lc],l))(/cj)— (3.51)

allc (gln(K/’l))(K/)_ 4 8k in (gln(KJ’l))(K/)_pln(’c/)7£0 (3'52)
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+ 00 .
Therefore we get for SOMEi oy € C(Re):

Fiy (g (e D) G0) = (e = k)Y 0), i ;) #0,
i#j = Fp(gh.D) ) = — k)" Y (),
Vii € oys. Foul(gifi (. D) (k) = (k — k)" Y ().

With (3.49) and (3.50), Proposition 3.5 gives:

UiJrq(Kj,l; =G

:F (m in (gln (K, l))(l{)) (1)

- G(fut(mf'ojat(gm(’(/’l))(’()>(t)

We introduce:

Pouc) 1= " Woulk —i0) Foulgih . 1)) () € ﬂH” NL2(R,),
and we can write
1 . Q:I:(K) N
Wi 110y (805 D)) = G Sy + o),

with
0F e C°Uk). 05k #0, ¢pe( JH NLAR,).
n

Hence we obtain:

0% (k)

Uin (k) 15 1) = .n(m

Lemma 3.2 assures that for ale R, n € N,

(q)m)(t x) + Gout(‘/’out)(tvx) — 0, [t]— oo,

S‘I"F’” G in(out)((pin(out))(t’ ) HHl(I;) < 00,
and using (3.1) we deduce that
2~F +
s?p” 3 Gincoun ((pin(out))(t’ ')HH1(1§) < 0.

We also have fop =0, 1:

)( )+ Gln(‘/)m)(t) + Gout(‘/’oiut) ).

(3.53)
(3.54)
(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
(3.62)

(3.63)



A. Bachelot / J. Math. Pures Appl. 83 (2004) 1179-1239 1219
0% (k
oo GT (% (t, x)
(k —Kk; +i0)"
1

(nj—1=DlE"
m!(nj—1—1—m)!

nj—l—
= 2
m=0

)
1 njfl 1-m
><<P.V.< )— 8 e""(m)"m(a” F (ks x)ei(k))>

K—Kj

D'(Ry),D(Ry) .
(3.64)

We note that fogp € Cg°(1—r, r[), we have:

1 .
<P.V.< ); e""(p(ic)>
ke —Kj D'(Re), D(Ry)

rt

=eiK"‘t(,0(Kj)2|/ Sln(S) IK, /elat(/ (Kj +os) ds) do, (3.65)
0

hence

1 i t.
<P.V.< ); e"”(p(lc)> = —in€“p(kj)+0(1), |[t|—> o0, (3.66)
K —Kj D®)DR)

]_ .
‘<P.V.<—); e"“(p(lc)>
ke —Kj D'(Re), D(Ry)

Then, recalling tha&i(/cj) # 0, we deduce from (3.66) that

<Cr)(lleliemy + 19 ILe®y).  (3.67)

0* i
o Gy (—( O )(r, x)=Cyt TP fF ey x) + oY),

"\ (k — Kk +i0)"i 7!
t — —o0, CE#0, (3.68)
6% (k) .
3GH ——————— ), x) =o(t" 7Y, 1= 4oo, 3.69
'"<(K—K,+|0)"f—l>( D= oo (369

therefore (3.43) and (3.44) follow from (3.60), (3.61), (3.68) and (3.69). Moreover (3.67)
and the estimates of Proposition 2.1 assure thazfelN, p =0, 1, R € R, there exists
C(R,n) > 0 such that

+
a;’a;fﬁ(&)(nx)

(x K~+i0)nj—l §C(R,n)<x>(<t>+<x>)njfl—1.
-

(3.70)

¥
erR =

Now if g/ (K/,l) is supported in—r, +r], then



1220 A. Bachelot / J. Math. Pures Appl. 83 (2004) 1179-1239

IxI>r+1tl = vl lt,x)=0. (3.71)
Thus
xelf = afat"G*<9i¢)(t,x) < C(R,n) ()"~ min((x), (1)),
in (K—Kj—l—io)nj_l

(3.72)

and (3.45) follows from (3.62), (3.63) and (3.7Ejnally (3.46) is consequence of (3.45)
and (3.71). O

Lemma 3.8. There exist« (R) > 0 such that for any. € o, 0 </ <m(A) — 1, we have
+ . + ) N —I—1— ()3
Hvin(out)()"l’ 1) HHl(]RX) + H I Vinouy P> 151 ||L2(]RX) <c@m® e (3.73)

Proof. We only treat the case of; (%, Ix; , x) with A}, € 5, 0< I <m(x;,) — 1. From

Lemma 3.6 and (3.48), we get:
keopUos, [<mk)—1 = 8 F(gih(h;,.10)(k) =0, (3.74)
keopUag\{rj), [<m(k)—1 = 8 F (gm()\]*,l*))(k) =0, (3.75)
I<l-1 = ak (gm(xh 1)) (x;,) =0, (3.76)

and Proposition 3.5 gives:

+ ) — 1
Uin (A js s 1) = G Wit 110) Fi

1
= Goul yy—7g; Foulsin (.- 1) ) ¢
OUt<Wout(K—IO) ont(&in (0, *))>()
m()‘.f*)*l I

—0 X g (@ ()G

1=l

(g 1) )

1
=Gq, (m Fiy (gin G- 1*))) )

1 _
Gout(W Foul(gif O, l*))> )

mip-t

-i > RIETAT iady (€5 i ) i (ks ) (M), (3.77)
=,

with
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1
Win(out)(K + (—)i0

Therefore (3.73) follows from Lemma 2.4 and (3.11)1

)Fiff(ouo (it (ju- 1)) € LER,). (3.78)

The energy estimates for the solutions are described in the following:

Theorem 3.9. There existC > 0, N € N, such that for anyuo, u1) € X, we have,

Joo(z)

Hl(RX)XLZ(RX)
m(k)—1
<C< ( ) Z Z m(K) l+1/2 Z ‘wE (HO,Ml)(K)
KEOogs [= f=+,—
b=i |n out
m(A)—1
+ Z Z pym==1 Z ‘dkl iﬁn(uo,ul)(k) g St
reop 1=0 ft=+,—
+ d ES )(h) (e8P (3.79)
W outl#0, U1 s .
N |t| . ~
6O, <COE y._krrégg(o)\. (3.80)
Proof. We introduce:
m(k)—1
vy ) =i Z Z 0 E; (uo,ul)(k)gm(k,l,X)+akEout(uo,ul)(k)gﬁ]Ut(k,l;X)-
keopUoss =0
(3.81)
We easily check that for ary, € o, U o, 0 <1 <m(ky) — 1, we have:
0 Eif oup (0. 111 — vY) (k = ks (ks)) = 0. (3.82)

Hence the solution(z, x) of (3.1), (3.2) is given by:

u®)=G (m ﬁ(”Oaul—Uli)>(t)

i
— 6T [ ————E (w0, u1 — vF) )¢
Out( Wout(K _ |0) out(”O ux Ul ) ( )
m(k)—1

oY EEwo un vk, 1)

keopUoss  1=0

+ 0) Eguuo, un) (k) vk, 15 1), (3.83)
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and thanks to (3.82) we have:

i + + 2
Wincoun (k + (—)i0) Ein(om)(uo’ n = vp) € LR, (384)

Therefore (3.79) follows from (3.11), (3.46) and (3.73).
To prove (3.80) we firstly consider the case:

A(x) =alj—s0,0)(5), V(x)=0, (3.85)
forwhicho, =0, oy = {a/2} andm(a/2) = 1. The solution is easily written, fox| > |¢],

+t
x>t = u(t,x)= %(uo(x—l—t)—i—uo(x —t)—i—/ul(x—i—r) dt), (3.86)

—t

jat

+t
x<—t|] = ul,x)= 7<uo(x + 1) +uolx —1t) ~|—f(u1 —iaug)(x + 1) dt).
~t

(3.87)
We deduce that far > 0 there exist€y > 0 such that
| (@), Bru(®) ||H5,1><L52,(]—oo,—|t|[) + [ (@), 8u®) ||H3,1><L§(]|t|,oo[)
g CS <t>S+l ” (MOa I/l]_) ” H}XLSZ,(R). (388)
Since (4.14) assures that
H (M(t), al‘u(t)) | H}XLE(]*\I‘HT“) < C<t>s+3/2” (MOs ul) || HSJ'XLE(]R)’ (389)
we conclude that the propagatGy, () associated to (3.85) satisfies:
[Ga@) ] £y < Cl0)¥/2FmCD, (3.90)
Since we have:
' 0
G(t)=Ga(t)+/Ga(t—t)< . )G(r)dt,
4 A% — azllfoo’o[ -V 2i(A—-alj—xo.0)
(3.92)

andA, V satisfy (2.3), we get the following estimate for the solutign x) of (3.1), (3.2):
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00,3000 < €220 (o, |

+ / [ (u(r), du(z)) ||H1(RX)XL2(RX) dt). (3.92)

0.1

(3.79) implies that

(@), 0u®) | 1z w12,y < COPE M o, un) ., (3.93)

with

,3=ma><<v+%,m(k)—1), y=£na><(3(x)).

€o0p Op
Therefore (3.80) follows from (3.92), (3.93)O

To investigate the scattering states, we must avoid the usual modes and the hyperradiant
ones. Hence we introduce the followisgbspaces of finite codimensionXh

Xin(oup = {(uo, u1) € X; Vk € op Uog, VI <m(k) — 1,

d _
s un(wo. un) () = o}, (3.99)

Xscatt:= Xin N Xout- (3.95)

Lemma 3.10. Xinouy and Xscatt are well defined, and they are Hilbert subspacestof
invariant under the action of the grou@(z). The map

(uo, u1) — (ito, —it1) (3.96)

is an isometry fromX;, onto Xoyt.

Proof. Thanks to (3.30),dd—]i,Eif§(uo, u1)(%;) is well defined for any.; € o,. Moreover
Lemma 3.4 assures that (uo, u1)(x) is H™D on a neighbourhood ofy,. Thus
E(uo, un) (k) is C™~10 near; € oy, and (uo,u1) > & E(uo, u1)(k)) is a
continuous linear form oX. HenceXj, is a Hilbert subspace of of finite codimension.
Now givenk, € o, U oy, I <m(ky) — 1, we put:

/

d
hE(t) == 0

7 Bin (u(0), 01u(0)) (k). (3.97)

Using Egs. (2.1) and (3.1), and an integration by parts, we check that
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%hgﬁ(n = ikuh (1), (3.98)
gh,i(t) =ik () +ilhE (1), 1< <m(ks) — 1. (3.99)

dr

If we assume thak;"(0) = 0 for 0< I < m(k,) — 1, we deduce that (1) = 0 for anyr,
and we conclude thaf (r) leavesXij, invariant. The proof forX oyt is similar. To see that
(3.96) mapsXi, onto Xyt it is sufficient to note that (2.8) implies that

E (o un) (k) = Egy(io, —i1) (k). O

We now arrive at an important result of this work: the solutions, with Cauchy data in
Xscats are asymptotically free. We emphasize that the conserved energy of such solutions
given by (1.9) can be negative. In fact we do not use this conservation law to get our
scattering theory.

Theorem 3.11. For any (uo, u1) € Xscattthere exists uniquei(out) e HY(R) such that

e, x) = (€% upp(t = x) + 1 (0 + ) | o
o [Jorute, 0 = (8 ) ¢ =) + i) ¢ + ) | 2,y = O 1 = —o0, (3.100)
Ju(t, x) — (€7 ugut +x) + udy(t — x)) | a1
+ [, x) = (€7 () (t + %) + gyt = )| 2, = O

t — 4o00. (3.101)

uo, U, ”i(out) are bound by the following relations

Uinouy = ~|—(—)]-"1< — (K' 5 Bhowo ul)), (3.102)

uo = Pin (F (1i5)) + Poin(F (uow)) (3.103)

uy = & (ik F(u)) + @i F (uzy). (3.104)

linoun | 1y < Cll o, un) [ . (3.105)

wemion (ZE0)= (M ) Grr) 109

whereR* andT* are the reflection and transmission coefficients give(2b§2)

Proof. To establish the uniqueness mt(out), we remark that sincé/}(R) c CO(R),
(3.100), (3.101) imply:
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tinou®) =, M u(t, =)+ ()s). (3.107)
inow(®) =l (i 41 = ()9). (3.108)

To prove the existence @diin(out), we note that whelug, u1) € Xscars Theorems 11.5
and 11.8 of [20] assure that — ;cj)""("f)Eij;(uo, u1) (k) is L? neark; € oy,. Therefore
by Lemma 3.4 and Proposition 3.5, we have:

i

I/l(t) = Em (MOa ul)) (t) OUI<TO) out(MOa I/l1)> (t)
out

(Wln( +1i0)
with

e
Wincouy (k + (—)i0)

Ein oup (0, u1) < C| (o, un) | -

TR
Then (3.100)—(3.102) and (3.105) follow from Lemma 3.2. Now, sing (2.22) to (2.25),
(2.27), (2.28) and (2.32), we calculate that fo¢ o, andx # 0, a we have:

Pout( K)
_l’_
(ks x) i( )

finy (s x).

foutle; X) = =

Tin (K)

Thus we deduce from (3.102) that

1 P(j)Fut(K)
Flugu) () = ——F (uh) () +
M o) Tgut(c)
and (3.106) follows from (2.52) and (2.53). (3. 103) is directly obtained using (3.102) and
Theorem 2.12 by takm@Em(uo, u)(rj) = dkll out(uo, ul)(i ) = 0into account. In the
same way, we evaluaéi(m}‘(um)) + @L ik F(u ) to get (3.104). O

FiH) (),

We introduce the Wave Operators:

ut
Win(out) . <u0> = < m(OUt)), (3109)
u1 Uincout)

defined on the seD(Win(ouy) of Cauchy datduo, u1) such that the limits (3.107), (3.108)
exist. We now investigate their properties: domain, range, continuity, inverse. Firstly the
previous theorem assures that these wave operators are well defiXgghgn

Coroallary 3.12. Win(ouy is a one-to-one, continuous operator frofgcaironto a subspace
Yincouy Of HX(R,) x H(Ry). Moreover the map
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+ —
(”_(s)) > (M) (3.110)
u—(s) u=(—s)
is one-to-one fronYj, onto Y.

Proof. (3.105) assures the continuity ®finout. If ”m(out) = Uinouy = O (3.106) implies
that ”out(m) = Ugyyim = 0, hence, by (3.103), (3.104), we deduce that= u1 = O,

. Winouy is one-to-one. Now we remark that since and V are real valued,
v(t x) := u(—t, x) is solution of (3 1) iffu is solution of this equation. Therefore we
get from (3.107), (3. 108))0ut(s) =u; ( s) hence (3.110) is one to one frofpouy ONto
Youiny- O

This result assures thwl?\%out) is well defined at least ofiinouy, but since we do not

know if Yinou is closed, the question of the contlnwtyttﬁ’fl;lOut remains open. Therefore

we want to construct continuous inverse Wave Operators formaIIy given by:

. ”i-'rt(out) uo
Linouy: | =) (3.111)
u.

in(out)

Wheno, # ¥, the modes associated with an eigenvalue are exponentially decreasing as
t — +(—)oo, henceRinouy Would be multivalued. Therefore it is natural to assume that
there exists no such exponentially damped modes.

Proposition 3.13. Wheno, = @, there existg; > 1, and bounded operato®inouy from
[H .1y R N HFER™) ]2, 10 Xinouy N D(Wingouy) Such that

Win(ouyRinouy =1d  on [Hnlqax(u 1

JR) N HYR™M)]2 (3.112)

Proof. We use the Cook method. Givénm!, u;)) € Héaml) (R) x Héaml) (R), we put:

U (1 — ) +uht +) ) (3.113)

4G ::G(—t( B
® ) 9% (u ) (¢ — ) + (wh) (1 + )

We calculate:

dw
o V=600

0
* <(v +a? — AZ)@N (uip) (t — )€ i (t — ) + 2i(a — A)E (uj) (t — -))

0
+GH)((V ARt + ) — 2iA@uth) (¢ + >) (3.114)

Sinceo, =¥, (3.80) gives:
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o
dr

<CON([(VI+14 = al) (Juig =] + @) ¢ =) 22
X
+ VI AN (Juif (4] + @) @+ 9D L2gy)- (3.115)

with n := max(v, 1). We need an auxiliary estimate. Given- 0, P+ € L*(R), 0< Py,
satisfying

[[P+]]:= / Py (x)e"™dx < o0, (3.116)
R*

we evaluate for € Cg°(R):

0 00
Iy = /(Z)Z"(/(x)Z”Pi(x)|u(t:i:x)|2dx) dr. (3.117)
We write:
0 0
I = /|”(Z)|2</(Z_§>2m<§>2npﬂ:(i§)d§> dz
% J

e ¢]

Jrot(Jis
/|u(z>| (/ Z"Pi&@dé) &

0
2
<N PellLoow) f |u(2)|“(z)2" 21 g

—00

>2"Pi<ﬂ:5)ds) dz

0 o)
+ f lu@)|?(2)2" dz / (£)2"20 Py (£8) de
—0 0

+ f lu(z) | dz / (€)2mT21 Py (£¢) dt, (3.118)
0 0

hence we get:

I < C(|| Pl oo P 2 2 . 3.119
+ (1Pl ooy + [ i]])(||u||ern+Hl/2(R,)+||M||L2(R+)) ( )
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We apply this estimate to (3.115), and we getpor 0, g =p + N +n + 1/2,

0
/ )2 daw

2
7 O d<clet g + 16O ) @120

Thus forp > 1/2 anduj; € H(R) N H}(R™), we have:

dr < C(n)¥2r,
X

1
dr
—00
and we may define:

+ jax, — + 0
ﬂin<uif>2 ( €U (—x) + up (x) ) d—W(r)dr. (3.121)
u € (uip) (—x) + (uif) (x) dr

in

Then(ug, u1) := Rin(u;-, u;7) belongs taX and satisfies, for < 0,

in’ |n

uo(x)
(o) e
We deduce by (3.79) that

HG(:)(HO) _( & Uiy (1 =) + i (1 +-) )
& (i) (t =)+ Wih) (t + )

<cuVeEr, (3.122)
X

<cnNr, <0, (3.123)

hence we choosg > max(N, 1/2). We now have to prove thakg, u1) € Xjn. Given
Ky € Ogs, Iy <m(ky) — 1, we considehlf(t) defined by (3.97), and we introduce:

H )= Ei(e'“x win(t — ) 4 ujh (t + ), e'”(um) (t =)+ @)t + ) (k).
(3.124)

Since ‘ij* EE(-, (k) is continuous orX,, (3.123) implies:

|H () —hi (] <C')""P, 1<0. (3.125)

We calculate:
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H (1) = / M [(k =240 — 1) fif (ks y — 1) +10, fiE (ki y — 0] (k) dy
+ eiat / efiayu;l(y)all{*
x [(k—2A(t — y) +a) fif(k;t —y) —idy fif (ki — y)] (k) dy.  (3.126)
Thanks to Proposition 2.1 and (2.45) we have:

o [kfix (ks y = 1) +i0x fiy (ks y = D] e | < ClO ) (| Ay = ] + 7P 1),
O [k — @) fiE (s 1 — y) + 0y fiE (s £ = )] ()|
<O TH|AC —y) —a| + e P,

hence:

|H (0] < C<r>”*1/<y>”*1(|u;(y>| +lupgM)(AG =] +]AC - y) — 4
+e Al dy. (3.127)
Fort <0,¢g >v—-1/2,0< B <, we have:

t/2
/ 3w O]+ ) (A =] + A =) —a|+ e dy

—00

<O+ IAlz@) ) =2 (Juib | 2oy + il 22 )

t

/<y>"71(|”$(y>| +up M) (AG = D] +]AG — y) —a| + eI dy
/2

_gli _
<C@a+ua.ome s (Jupl 2 g+ il 2 w)-

We deduce that

[HZ (0] < C(t>2viq73/2(”u$HL%fﬂR)ﬂL%(R*) + “uim|L\2}71(R)ﬂL§(R*))’

hence foy large enoughy > max2N +n+1/2, N+n+1, 2v+ 3/2)), we get by (3.125)
that

lim hi() =0. (3.128)
t——o00 '*
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We conclude, by iteration on, < m(xs) — 1 using (3.98), (3.99), thablf =0,
i.e., (uo,u1) € Xin. Finally (3.123) assures thato, u1) € D(Win) and Win(uo, u1) =
(um, u;,). The proof forf2yt is analogous. O

Win(out)
Xscatt Xincouy N DWinouy) ———— = RanWinoup)
Win Wout
Id (Up:”) Id
: S Lincout
Yln Yout Ral’(ﬂin(oub) - Hr:TL'Ia)(U,l) (R) N H(}(R_(_H)

Fig. 1. Wave operators.

We summarize the construction of the waves operators in Fig. 1 where we have
introduced the scattering operator:

S = Woul(Win) 7, (3.129)

which is one-to-one frontin onto Yout. The characterization dfinouy in terms of usual
spaces, and the continuityW;]%out), ands are not clear in the general case. Nevertheless
we can develop a complete scattering theory when there occurs no usual or hyperradiant

mode. We need a subspacexaf

Lemma 3.14. We assume,, = o, = @. Then giver(uog, u1) € X, Ef,;(uo, u1), E; (o, u1)
belong toH (R, ) iff EJ,(uo, u1), Eqy(uo, u1) belong toH(R,). We put

X1:={(uo. u1) € X; Eﬁg/out(uo, u1) € H'(Ro)}, (3.130)
2 et 2 - 2 .
H (uo, u1) ”Xl,in(out)'_ ” Einouy (40, 1) HHl(]RK) + ” Einouy (0, 1) HHl(RK)’ (3.131)
| lx,.in @nd | - || x,.out @re two equivalent norms for whicky is a Hilbert space, invariant

under the action of the grou@ (¢), and there exist§ > 0 such that for all(ug, u1) € X1
we have

| o, uv)| < €0, un) |y, incoun: (3.132)
Moreover we have
HINE Ry x L>NE (R,) C X1. (3.133)
Proof. Since we have,
1 Pauti
+ out(in) 4+
Ein(out) = _=F ESEuKin) T F Eout(in)’ (3.134)

out(in) out(in)
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Lemma 2.5 assures that there exiSts- 0 such that

HEi:rI:(out)(”O’ u1) ” HIR) S C(HEz;rut(in)(uo’ u1) ” Hi®Ry T H E im0, 1) HHl(R,())‘
(3.135)

On the other hand (3.103), (3.104) and (3.17) imply:

luoll gaes) + lusll 2z, < Col|| Ef (wo. un) | ya e, + | Eduo. un) | 1 g, ) (3.136)
This proves (3.132) and, by (3.138).|/ x,.in and|| - || x,,out are two equivalent norms. Now
given (ug, uf)»en @ Cauchy sequence i, (3.132) yields thatug, u).en converges in
X to some(ug, u1). ThenEiﬂ;(out)(ug, u?) tends toEiﬁ(out)(uo, u1) in L2(R,) asn — oo,

and sinceEiﬂ;(out) (up, u) are Cauchy sequencesHt(R,) we conclude thatug, u’)nen
converges tduo, 1) in X1. To show thaiG (¢) leavesX1 invariant, we remark that

(o, u1) X1 = w0 € HL(Ry), (3.137)

and by (3.107), (3.108), we have for afiyc R:

Winouy G(T) = Tr Winouy s (3.138)

where7r is the translation operator
Tr(wt ), u= () =W s+T)u (s+T1)). (3.139)

SinceHll(RS) is invariant under th& -translation, we conclude that(7) X1 = X1. At last
(3.28) gives (3.133). O

We introduce the Hilbert spaces:

K*i={ue HRo; w' € BRI} Nullfer = lullfpe,, + 101355 . (3140)
K™ :={ue H'Ro); i +aue LERy)},
2 2 it 2
lullie— = ey, + N+ aull o - (3.141)

The scattering theory, in the absence of modes, is described by the following:

Theorem 3.15. We assume,; = o, = #. Then(u*,u™) € HY(R) x HY(R) belongs to
Yin(ou iff,
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. 1 1
(out) - - - :
ug = ‘1)t;rut(in)(TJr « F(u )) + ®out(in)<l_7-7:(”+)> € Hi(Ry),

out(in) out(in)(K (3'142)
inout) , _ & i Fu D K Fut L2 R
iy = Coutim)\ =F ™))+ outimy\ —= (u™) ) € LI(Ry),
Tout(in)(’c 1—OUt(in)(K
(3.143)
and in this case we have
Wincoup (g %, 1 ) = ut, u™). (3.144)
Moreover we have
Hi(R) x HE(R) C Yinouy C KT x K™, (3.145)

and Winouy are continuous, one-to-one, operators, frofn onto Hll(R) X Hll(R), and
from X onto Yinouy endowed with the norm &€+ x K. The scattering operator is a
continuous, one-to-one operator frof(R) x Hi(R) onto HL(R) x HL(R), and from
Yin ONto Yout WhereYinouy are endowed with the norm &+ x K —, or HY{(R) x H1(R).
This operator has the form
+ +
S=F1500)F, Sw) = <R_(K) T_(K)> . (3.146)
T~ (k) R (k)

The scattering matrixs (k) is meromorphic orw := {k € C; |Jk| < «/2} andk € w is
a pole of S iff k belongs to the set of resonanc®&s Furthermore the scattering is
superradiant for the frequencies in the Klein zone

-~ o -1
ke©a) = 1<|REO][SC6]sco |(56) o (3:147)
We make some comments on these results.
(1) We can easily see that
H{(R) x Hi(R) C Yinoup G K x K™ (3.148)

when A(x) = V(x) = 0 for x > 0. If Yinouw = Hi x Hi, thenX = X1 and the
Banach theorem implies that the norfng|x and|| - || x, are equivalent. TheWinout
is continuous fromx to H(R) x H}(R). We choosef € C3°(Ja,b[), 0 <a < b,
[ f(x)dx =1. Forn € N, let u,(r, x) be the solution of (3.1) with,(0,x) =0,
0;u, (0, x) = f(x —n). We have:

[ (0 (0), Bun(®) | x ~n, n— oo.
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But sinceA(x) = V(x) =0 for x > 0, we also havéu, (t,x)| =1 for |¢t| > (b +n)/2,
[t] <x < |t|+a+n. Hence

[ Winoun (1 (0). 10 () | 2,2 > Cn¥2, 0 — o0,

and we get a contradiction. Now ¥inouy = K+ x K, the open mapping theorem
assures th"’wiﬁ%out) is bounded fronK* x K~ to X. Then foru™ € C§°(]0, oo[), we
have:

[ Wi @™, 0y < Cut g + @ 2)-
On the other hand, we ha\Wi;]l(qu, 0)=(ut, ™)), hence
[Wigt @™, 0l = et 2.
and we get using the previous inequality:
||u+||H11 <SC'(lu N+ | (u+)/||L§)~

To see that we have obtained a contradiction again, we chapée) := f(x/n),
f € €50, 00D \ {0}, and we easily estimatenzu,anll ~ n¥2, | g ~ nt2,
1G5 Wl 2 ~ n2.

(2) WhenA =0 andV is compactly supported, the Lax—Phillips theory assuresSthais
a meromorphic continuation df, and solution a has an asymptotic expansion:

m(k)
u(t, x) ~ Z Z Clk,n, )&, t > +o0. (3.149)
keR n=0

Several analogous results are known wiieis a compactly supported, or short range

potential, with an analytic continuation on a conic neighbourhodgl,ofe.qg., [4,34]).

We conjecture a similar expansion for the charged fields considered in this paper.
Proof of Theorem 3.15. Given(u$, u;,) = Win(uo, u1) € Yin, we get (3.142) and (3.143),
from (3.103), (3.104) and (3.106). Conversely, (at,u~) be in H1(R) x H(R),
satisfying (3.142) and (3.143) with exponent in. We shall prove (3.144) to show that
(u™,u") e Yin. We introduce:

1 1
u(t) := Ggut<ﬁf(u)> @) + Gout<—)}'(u+)> @). (3.150)

out Tout(k

We have:
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Pout(k)

1
u(t) = out( Fu )+ f(u*))(t)+G$(F(u+))(t)
Tout(k) K)

Tout(k

_ 1 Paut(k )
+G - +y 4 Foutt®’
°“t(ro‘ut(x) ) ()

(u))(t) +Gip(F@))@®.  (3.151)

Then Lemma 3.2 and Theorem 3.11 imply that

1
Flukd 00 = o Fu) o0 + P28 2,2 o),

Tout(k Tout K)

and we deduce with (3.106) thaf, = u*.

We now prove thatd] x Hi C Yin. Given (u*,u™) € H} x H we pick a sequence
(u;f,uy) € CPR) x C°(R) tending to(ut,u™) in Hi x HY, asn — oco. According
to Proposition 3.13, there exist8o,,, u1.,) = Rin(u;’, n) (3 18) and (3.142), (3.143)
assure that(uon,u1,,) converges to soméug,u1) in X. Then Win(uogn, u1,) =
(), u;) — Win(uo, u1) in H x HY. We conclude thatu™, u™) = Win(uo, u1) € Yin.
Furthermored| (1o, u1) | x, is equivalent ta| Winout (1o, ”1)”Hlle111’ thereforeWinouy is
an isomorphism fronX onto H1(R) x H1(R).

(3.102), (3.26) and (3.27) show th#houy C KT x K~ and Wipouy is continuous
from X onto Yincouy endowed with the norm ok x K.

(3.146) is a consequence of 186), and Lemma 2.6 assures tBat continuous with
respect to the norm&* x H!, H! x Hi andK* x K~. SincelR"R~ —T*T~| =1, the
same is true foB~1. Finally (2.58) implies (3.147). O

Since the asymptotic dynamics afg—ia)?— 92 asx — —oo andd? — 32 asx — +oo,
itis natural to study the scattering in the Hilbspaces associated with the energy for these
wave equations. Givene R, we introduce the Beppo Levi type spacm%) (R) defined
as the closure of 3°(R) in the norm:

feCr @), I lgez, == lif +cfle. (3.152)

These spaces are not spaces of distribution® and the solutions of the wave equations
have to be interpreted in the sense of the spectral calculus.

Corollary 3.16. The operatorsWinouy can be extended into a bounded operator from
HYR) x L%(R) to BL(lo)(]R) X BL(la)(R)' S can be extended into an isomorphism on
BL(lo) (R) x BL(a)(IR{) and denoting by} - || the norm ofL‘,(BL(O) (R) x BL(Q)(R)), we have

1< [ISlle. IS7He- (3.153)

We emphasize that this extended scattering operator is of an unusual type: we do not
know if the inverse wave operatowm(out), which are defined fronXinouy ONto X, can

be extended fronBL(lo) (R) x BL(Q)(R) to HYX(R) x L2(R). This situation has already
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X1 L <|ISlle, IS~ e X
o VX
S S

1 1 1 1 Yjph ———————— = Y,
H1 X H1 _> Hl X H1 in out

Fig. 2. Scattering whea, = 055 = 0.

been encountered in the cadespace-times with causality vialion [3]. The root of this
phenomenon is the same: the conserved energy is not definite positive.

Proof of Corollary 3.16. (2.73) assures that

|| e — a)(K)flEiJrﬁ(out)(uo, un) |2+ ||K<K)71Eiﬁ(out)(uo, u1) |2 < C(lluoll g + lluallz2).-

Therefore (3.102) show thatVinouy can be extended into a bounded operator from

HYR) x L2(R) to BL{, (R) x BL,,(R). Now using (3.146), we write:

T (k)

K —da

K]-'(ugut) (k)=R™" (K)[K}"(um(lc)] + (K )[(K — a)f(ui?])(ic)],

-
(k — @) F (ugy) (k) = R™ () [(k — a) F (u;p) ()] + ((K - a)%) [ F (i) (0]

Since Lemma 2.6 assures that

+ —
T -yl W oy,

)
K—a K

RE (), k

the continuity of S on BL{ (R) x BL, (R) is established. Finally (3.147) gives
(3.153). O

The scattering theory can be summarized by Fig. 2 where the arrows denote the one-to-
one and onto continuous operators.

4. An application in general relativity

The asymptotic behaviours of classical feeloh several important curved space-times
of general relativity, have been the subject of numerous studies. We can mention the works
on the scalar equations by the author [1,3], D. Hafner [12,13], J.-P. Nicolas [29], and
on the Dirac system by the author [2], D. Hafner and J.-P. Nicolas [14], L.J. Mason and
J.-P. Nicolas [23,24], F. Melnyk [25,26], J.-P. Nicolas [28,30]. As regards the propagation
of the energy, there exists a deep difference between the bosons and the fermiads: the
norm of a field with half-integral spin, is conserved, while the conserved energy of the
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Klein—Gordon field on a curved background is not necessarily positive. In such cases of
indefinite conserved energy, the field is allowed to extract energy from a particular region
of space-time, for instance the ergosphera d¢ferr black-hole, or the dyadosphere of a
charged black-hole. This phenomenon has been described, for the first time, by R. Penrose
who proved that a classical particle can enter the ergosphere of a rotating black hole,
and come out again with more energy than it originally had. The corresponding effect
for integral spin fields is called superradiance [11,32]. To our knowledge, a rigorous
mathematical analysis is missing, and the present study is a first step in this direction since
we can apply the results of the previous sections to the superradiant scattering of charged
Klein—Gordon fields by a charged black-hole in an expanding universe.

The spin 0O field with masa: > 0, and charge € R, on a Lorentzian manifoldM, g)
endowed with an electromagnetic potentla) dx*, obeys the Klein—Gordon equation:

(Vy —ieA,)(VF —ieAM)® +m?® + ERP =0, (4.1)

whereR = g"'R,,, is the scalar curvature, ar§de R is a numerical factor. This equation
has the more explicit form:

181720, (1517269, @) —ie[a, (8" Av®) + Aulgl 20, (1Y) 5" @
+ Aug" (3,@ —ieA,®)] +m’® +ERD =0. (4.2)
We are concerned with th€3 + 1)-dimensional, spherically symmetric space-time

R, x I, x S2, I being a real open interval, that describes a black hole in an expanding
universe. In this case the metric can be written as:

guv dxtdx” = F(r) dr? — [F(r)]ildr2 — r2de?, 4.3)
whereF € C%([ro, r+]), 0<rg <ry < o0, is called the lapse function, and satisfies:
Fro)=F(@1)=0rp<r<ry = 0<F(), 0<F'(rg), F'(ry) <O. (4.4)

ro is the radius of the Horizon of the Black-Hole, is the radius of the Cosmological
Horizon. The Ricci scalar is given by:

4 2
R=F"4+-F 4+ =(F-1).
r r2

We assume that the electromagnetic potential is electrostatic and also spherically
symmetric:

Aydxt =A;(r)dr, Are Cl([ro, "+]), Ai(ro) # A (re). (4.5)
These hypotheses are satisfied, for a suitable choice of the physical parameters, in the

important case of a charged black-hole in an expanding universe, for which the DeSitter—
Reissner—Nordstrgm metric, and the Maxwell connection, are given by:
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2M 2 A
F(ry=1- ="+ Q—2 -2 A= Q (4.6)
r r 3 r
Here O< M and Q € R are the mass and the charge of the black-hdle; 0 is the
cosmological constant (see, e.g., [2,25]).
Itis convenientto push the horizons away to infinity by means of the tortoise coordinate:

x= ! {|n|r—ro|—/[ 1 —F/(rO):|dr}. 4.7)
F’(ro) r—ro  F(r)

ro

Thenu = r @ is solution of
(3 — iA(x))Zu —3%u—B(X)Aqu+Cx)u=0, reR, xeR, weS? (4.8)

with

1
A(x) =eA(r), B(x) =5 Fr),

4 +1

C(x) = (gF”(r) + ="—ZF'(r)+ 2—§F(r) - 2—§ +m2>F(r). (4.9)
r r r

The conserved energy is given by:

E(u) :=ff(|8tu(t,x,a))|2+ |8xu(t,x,a))|2+B(x)|Va,u(t,x,a))|2
R §2

+[C(x) — A20)]|utt, x, )[?) dx do. (4.10)

Thedyadospher®, ,, is defined as the region outside the black hole horizon where the
electrostatic energy, associated with the charge the field, exceeds the gravitational
interacting energy associated with the massf the field:

Do i=|x e R; A%(x) > C(x)} x S2. (4.11)

We remark that, because of the existenc¢hef cosmological horizon, unlike the case of
the asymptotically flaspace-time for whict¥ (r) — 1 asr - +o0, D, ,, iS never empty,
whatever the mass of the field and the gauge transform.dfurthermore, ife| is large
enough, we can havB, ,, =R, x S2.

Taking advantage of the spherical symmetry, we expa@dx,-) on the basis of
spherical harmonic¥; ,, of L?(S2):

00 l

ut, x.0)=>_ > urm(t. x)Ym). (4.12)

=0 m=—I
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Finally u; ,, is solution of the gyroscopic Klein—-Gordon equation:
(8 —1AC)) tttm — 02ts i+ V(X)urm =0, 1R, xR, (4.13)
with
V(x)=1(+ 1)B(x) + C(x). (4.14)
SinceA andV satisfy:

|A(x) — eAi(ro)| + |A'(0)| + [V (1) < Ce” 0, x - —o0,
A) — eA,rp)| + |A @]+ V)| < ce" D% x - +oo,
| D+ [A @[+ [V @)

we may apply the results of the preceding sections to Eq. (4.13). In particular,
Theorem 3.11 gives a rigorous explanation of the superradiance of charged black-holes,
in terms of scattering of spin-0 charged fields [11,31]. We leave open the problem of the
nature ofoys ando, for the DeSitter—Reissner—Nordstrgm metric (4.6). Several numerical
experiments suggest that these sets are empty, hence we conjecture that there is no
hyperradiance in this case.
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