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Abstract: This paper deals with the propagation of the gravitational waves in the
Poincaré patch of the 5-dimensional Anti-de Sitter universe. We construct a large family
of unitary dynamics with respect to some high order energies that are conserved and
positive. These dynamics are associated with asymptotic conditions on the conformal
time-like boundary of the universe. This result does not contradict the statement of
Breitenlohner-Freedman that the hamiltonian is essentially self-adjoint in L? and thus
accordingly the dynamics is uniquely determined. The key point is the introduction
of a new Hilbert functional framework that contains the massless graviton which is not
normalizable in L2. Then the hamiltonian is not essentially self-adjoint in this new space
and possesses a lot of different positive self-adjoint extensions. These dynamics satisfy
a holographic principle: there exists a renormalized boundary value which completely
characterizes the whole field in the bulk.

1. Introduction

The 5-dimensional Anti-de Sitter space-time AdS> plays a fundamental role in string
cosmology and has givenrise to a lot of works (see e.g. [8, 14]). An important geometrical
framework is the Poincaré patch P of AdS>, defined by

1
P =Ry x RIx]0, ool gudx''dx® = — (di? — dx? - d2?).
Z
‘P is a lorentzian manifold and the crucial point is that it is not globally hyperbolic : the
conformal boundary R, x Ry x {z = 0} is time-like and the question arises to determine
the possible boundary conditions on this horizon, satisfied by the gravitational waves
propagating in the bulk P. These fields obey the D’ Alembert equation

Ogu =0, Ogui=1g[72 0, (1817 " 0u). (L.1)
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Ifweput® =: z~ Su Eq. (1.1) in P takes the very simple form of the free wave equation
on the 1+4-dimensional half Minkowski space-time R; x Ri x]0, oo[;, perturbed by a

singular cartesian potential %:
2 2 15 . 3
o; _AX_82+4_2 ® =0, in R, x Ryx]0, ool;. (1.2)
' Z

Unlike the Randal-Sundrum R S$2-model investigated in [3], for which this equation is
considered only for z > 1, we have to take account of the singularity at z = 0, and
we are mainly interested in the role of the conformal boundary. More precisely, in this
work, we address three questions:

(1) Since P is not globally hyperbolic, the dynamics is not a priori well defined with-
out some boundary condition imposed on the time-like horizon {z = 0}. The usual
opinion is that such a supplement constraint is not necessary because the Breiten-
lohner-Freedman condition is satisfied for the gravitational waves ([6,10,19] and
App. of [2]), and so the hamiltonian —Ay — 83 + % is essentially self-adjoint

on C(?O(Rix]o, oo[,) in the Hilbert space H chosen to be L2(R,3(x]0, oo[;). As
a consequence there exists a unique dynamics in the functional framework of the
fields with finite energy ([1,4,10]):

© 15
E(D) ::/ / | Vix:P(t, X, 2) |2 +— | D (1, x, 2) |2 dxdz < oo. (1.3)
R3 Jo 4Z

In fact this constraint implies an implicit Dirichlet condition on the boundary of
the universe,

P(t,x,0) =0, (1.4)

and these gravitational waves are called Friedrichs solutions. Nevertheless this
result of uniqueness is not the end of the story because it depends deeply on the
choice of the Hilbert space H (or the choice of the energy E(®)). In this paper
we show that we can perform a rich variety of different unitary dynamics for the
gravitational waves by changing the choice of the conserved energy. We construct

a Hilbert space H such that —Ayx — 8? + % is not essentially self-adjoint on

C° (Ri %10, oo[;) and admits many self-adjoint extensions associated with differ-
ent boundary conditions at z = 0 of asymptotic type.
(ii)) Another belief is that this cosmological model with a time-like horizon is not

physically realistic since the massless graviton s (7, X, z) 1= z’%qs(t, x), where
8t2¢ — Ax¢ = 0, is not normalizable (in the sense of the L? norm). Otherwise, the
interest of such non normalizable fields has been emphasized in [15]. In this paper
we prove there exists an infinity of pairwise different unitary dynamics for which
this graviton is normalizable (in the sense of the new Hilbert space that contains
all the fields with the same singularity). Moreover these dynamics are not trivial,
i.e any field localized far from z = 0 at time # = 0, interacts with the massless
graviton: when the field hits the boundary z = 0, a part of the scattered field is
given by the graviton. Furthermore, many of these dynamics are stable in the sense
that there is no growing mode and the conserved energy is positive.
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(iii)) We know that in the context of the Gauge Theory/String Theory dualities, the radial
coordinate r = 1 in AdS? is identified with the energy scale in the dual theory
gauge which is localized at the conformal boundary r = oo (see e.g. [5]). The
ADS/CFT conjecture deals with some one-to-one correspondence between the
theory in the bulk and the dynamics on the boundary (a form of the “Holographic
Principle”). The framework of our paper is obviously much more elementary:
there is neither string nor quantum field, just a scalar field defined on the Poincaré
patch, a solution of the linear hyperbolic equation (1.2). Then the issue of the Holo-
graphic Principle takes simply the following form: can we define a boundary value
¢» of @ on the conformal boundary z = 0, such that the operator I' : & +— ¢»
is one to one, i.e. ¢, completely characterizes @ ? This question would have a
trivial positive answer if the partial differential equation was elliptic, but since
(1.2) is hyperbolic, this question is very unusual and a positive answer is rather
unexpected. For instance, it fails in the case of the Friedrichs solutions since in
this case the dynamics preserves the Dirichlet condition (1.4) and so ' = 0. An
interesting feature of our new dynamics is that we can perform a renormalization

on the boundary by putting I'(®) := lim,_,¢ z% @, and this operator is one-to one.
In this sense, we have constructed dynamics that satisfy the Holographic Principle.

The main result of this paper is Theorem 4.1 which provides answers to these issues.
Now we describe the very simple idea of the construction of these new dynamics. We

can see that @ is a solution of (1.2) iff W (¢, x, Z):=|Z |_% (1, x,|Z]) is a solution of
(af—AX—Az)\p=o, in R,xRix(R%\{Z:O}), (1.5)

and we have proved in [4] that ® satisfies (1.3) iff W is a solution of the free wave
equation in the whole Minkowski space-time R; x Rg,z As a consequence, to obtain
new dynamics for (1.2), it is sufficient to construct solutions of (1.5) that are not free
waves in R; x Ri’ 7~ Therefore we look for some self-adjoint extensions of the Laplace
operator Ay + Az defined on C§° (Ri X (R6Z \{Z = O})). Since this operator is essen-

tially self-adjoint in L?(R?), we must consider another Hilbert space and try to give
sense to a perturbation localized on Ri x {Z = 0}. It turns out that there has been recent
progress on this question, in particular P. Kurasov in 2009 has studied the super-singular
perturbations of the Laplacian [11]. Taking advantage of these novel advances in spectral
analysis, we construct some new dynamics for (1.2) by considering the formal equation

(af—AX—AZ +080(Z))\Il=0, in R, x RS x RS, (1.6)

If @ is the sum of a field @ satisfying (1.3), and of a graviton-like singular field

Z*%(j)(z, X), then W (¢, x, Z) =|Z|*% Do(t,x, |Z]) + P (2, x) |Z|’4 and the meaning of
the super singular perturbation c§p(Z) is

cSo(Z2)V = —473p (1, X)80(Z).

A partial Fourier transform with respect to x allows to reduce the study of (1.6) to the
investigation of the super-singular perturbations of the Klein-Gordon equation

(af — Ay +m? +c80(Z)) u=0, in R xRS,

that we perform in the next section.
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Finally we summarize our main result stated in Theorem 4.1. We look for the gravi-
tational waves solutions of (1.2) that have an expansion of the following form:

O(t,x,2)=,(t, X, z)z% +¢_1(t, x)x(z)z% + ¢o(t, x)x(z)z% log z
+1 (1. X)X (2)22 + o (1, X)2 2, (1.7)

where x € C°(R), x(z) = 1 in a neighborhood of 0 and ®, (¢, x, 0) = 0. The term

3. . . .
¢ (t,X)z™ 2 is the part of the wave in the sector of the massless graviton. The behaviour
of the field on the boundary of the universe is assumed to be for some («g, o1, ®2) € R3:

d_1(t,X) + aopo(t, X) + 011 (1, X) + 2o (t,x) =0, t e R, xe R (1.8

For a large family of «;, we are able to construct a Hilbert functional framework for
which the Cauchy problem associated with (1.2) is well-posed. At each time, the bound-
ary constraint (1.8) is satisfied and the graviton part ¢, is non zero even if the initial
data are compactly supported far from the boundary of the universe: hence these waves
are not Friedrichs solutions. In fact we establish a kind of holographic principle: the
operator Iy, associating ¢, in (1.7), to any solution @ of (1.2) and (1.8),

Ty: @ ¢a(r,%) = lim 22 (1, x, 2),
z—0

is one-to-one. Therefore the renormalized field on the conformal boundary completely
characterizes the whole field in the bulk. Graphically, ¢; is the hologram of ®.

Moreover there exists a conserved energy. This complicated energy involves the
derivatives of third order of the fields. An interesting fact is that this energy is positive
for a continuous set of « ;, more precisely when

1 3 1 1 1
ar =0, 0<a, —5—510g2<a0+§10got1 <Z—§log2—y,

where y is the Euler’s constant. In this important case, the massless graviton
3 . .
O (1, Xx,z) := 7~ 2¢(t, x) satisfies the constraint (1.8). To see that, we note that &g

has the form (1.7) if one sets ®,, ¢_1, ¢, ¢1 to zero, and ¢ = Z%CDG. Then (1.8) is
trivially satisfied with oy = 0. Moreover the energy of the massless graviton is just the
usual energy

E(dg) = ¢ / IV,.x¢ (1, X)|*dx.
R}

Furthermore, the positivity of the conserved energy assures that there is no growing
mode: we can consider that these new possible dynamics of the gravitational fluctua-
tions are stable.

As afinal remark, we want to emphazise that this paper deals only with the exact Anti-
de Sitter metric that allows to perform explicit computations involving special functions,
useful to our spectral method. It would be very interesting to extend these results to the
more realistic case of the asymptotically Anti-de Sitter spaces studied by A. Vasy in
[19]. The situation should be much more complicated, and we can think that the delicate
techniques developed in [19] are necessary to the investigation of these universes.
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2. Super-singular Perturbation of The Wave Equation on R1*¢

Since the theory of the super-singular perturbation plays a crucial role in our work,
it is convenient to begin this section by a brief presentation of the elegant approach
exposed by P. Kurasov in [11]. Let A be a non negative selfadjoint operator on a
Hilbert space H = Hp. We introduce the scale of the Hilbert spaces H,,, m € Z. For

m € N, H,, = Dom ((A + 1)%) endowed with the norm [[ul|3;, = (A + 1)2u| g,

and for negative m, H,, is the completion of H for the norm ||u|#,, := [|[(A + 1)%14 || &.
A super-singular perturbation is an element ¢ € (H,) =~ H_, for some n > 3,
such that ¢ € H_, \ H_;+1. The aim consists in providing a rigourous meaning to
the expression A(.) + ap()p,a € R, as some self-adjoint operator Ay on a suit-
able Hilbert space. We define the minimal operator A,,;, as the restriction of A to
Dom (Apin) = {u € Hy; ¢(u) =0}. Ayin is essentially self-adjoint on Hy, and is
symmetric on H,_» with deficiency indices (1, 1). We look for some self-adjoint exten-
sions of this minimal operator. The construction of Kurasov is the following. We choose
n — 1 arbitrary pairwise different real numbers u; < 0,j =0,...,n —2,andn — 2
arbitrary positive numbers y; > 0, j = 1, ..., n — 2. We introduce the Hilbert space H

spanned by H,_> and ¢; := (A — ,uj)fl 9o €H 2, j=1,...n—2. Anyu € Hy
is uniquely expressed by u = U, + Z;’j ujp; with U, € H,, 2,u; € C, and Hy

is a Hilbert space for the norm ||u||1%10 = ”Ur”%in + Z, 1Vl uj | The desired
extensions Ay are constructed as follows. We put
n—2
Op = H(A—/Lj) ®, j:—H(pLj i) 1, j=1,..,n—-2.
j=0 i, i#]j

For any 0 € [0, i), the operator Ay is defined by the domain
n—2
Dom (Ag) := Ju = U, +uod>o+2uj(pj, Ur€eHp, uj €C, Bo(u) =074,
j=1

associated with the “boundary condition”

n—2
Bo (1) := ¢(U,) sin6 + ugcosf — sin ijyjuj,
j=1
and its action is given by
n—2
Agu = A(U,) + noug®g + Z(Mjuj +bjup)g;.
j=1

Then Ag is a self-adjoint operator on Hy. We shall use these techniques in the case
H = L2(R6), A =—A,¢p = 8p,n =4, in order to give a sense to —Au + L(u)d¢ for
the linear form L on Hj defined by L(#) = —u; — ua. We now return to our problem.

We want to investigate the wave equation on the Minkowski space-time R; x R%
with a supersingular perturbation localized at Z = 0. More precisely, given m > 0, we
shall consider the abstract Klein-Gordon equation

8t2u+Au+m2u =0, 2.1
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where A is a densely defined selfadjoint operator on a Hilbert space Hy of distributions
on R®, such that

ce° (R6 \ {0}) C Dom(h), Vg e C (R6 \ {0}) . Ag = —Ag.

In fact, we choose a very simple point-like interaction at the origin, so for all u €
Dom(A), Au has the form

Au = —Au + L(u)so, (2.2)

where L is a continuous linear form on the space Hy defined below by (2.3), equal to
zero on C° (]R6 \ {O}). This constraint yields a character very singular to the perturba-
tion and the Cauchy problem cannot be solved as usual in a scale of Sobolev spaces: if
u € NZ_oC (R;; H7¥(RY)) is solution of (2.1) and (2.2) with L(u) # 0, thens < —1
since §g € H ”(R6) iff o < —3. Hence a contradiction appears since Cé’o (R6 \ {0}
is dense in H¥(R®),s < 3, and as a consequence L(u) = 0. Therefore we have to
introduce some functional spaces, in which C§° (R®\ {0}) is not dense. We want also to
m® K> (m|Z|)
2|Z2
when m > 0, where K> is the classical modified Bessel function (see below), that are
solutions of (2.1) and (2.2) with L(ug4) = —473. On the other hand we know (see
Lemma 2.2) that
m2K>(m |Z)) 1 m? m*
212 =7ZF 11Z2F 16 log |Z] +0O(1), Z — 0.

All these properties suggest to consider Hilbert spaces of distributions, spanned by
|Z|™*,1Z|72,log | Z| and some usual Sobolev spaces. In fact it is just the spaces of
the abstract setting of [11]. More precisely we take x € C§° (Rﬁz) satisfying for some
p >0, x(Z) =1 when |Z| < p. We introduce the spaces

x(Z) . x(Z)
RV
x(Z) . x(Z)
z> TPz
k=12, 2.4)

recover the static solutions w4 (t, Z) = |Z|_4 form = 0,and ug o (t, Z) =

Hy = [u = v+ v € H2(RY), vj e (C] , k=—1,0,(2.3)

Hy := [u = V,+vox(Z) log(|Z]) +v; V. e H*2(RS), v; e (C] :

where H” (R) are the usual Sobolev spaces of functions v € L? such that (—A+1) Tve
L?. The link with the space Hy introduced in [11], as previously described, will be
explained by Lemma 2.2. It is clear that these spaces do not depend on the choice of
function y, and given u, the coordinates v;, 0 < j <2, and V;(0) when k = 2, are also

independent of x. We easily check that in the sense of the distributions on R% we have

Az log(|Z)) 4 A : 4 A 1 47380(2)
Y = 5 T =~ p— = — N .
708 z7 7 \izp zr 7z o
(2.5)
Since for any € > 0, §y € H37¢(R% \ H3(R®), we have

x(2) x(Z)
|Z}* |2
x(Z)log(1Z]) € H>¢(R%) \ H3(R®).

c H*l*G(R6) \ H*l(RG)’ c H]*E(R6) \ Hl(Rﬁ),
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We deduce that H, ¢ Hy € Hy € H_; C L}OC(R6). Now we take two real wy, u2,
such that

wj <0, pi# p, (2.6)
and we choose on H2(IR®) the norm given by:
1 1
lorll g2 i= I(=A = w2 (=A = u2)2vrfl 2

The other spaces H™ are endowed with the norm ||v, || gm:=||(—A + 1)% V|l 2. If we
put

Bl —

2
luelleg, = [ IorllFee + D 07| . k=-1.0, 2.7)
j=1
1
2 2
lulleg, = [ IVell G + D 07| . k=1.2, (2.8)
j=0
we can see that ||.||Hj is a norm on H; and (Hj, | . ||Hj) is a Hilbert space, and Hi;

is dense in H; for j < i. Since H¥*(R%) c C%(R®), V,(0) is well defined for any
u € Hy. Then given a linear form g on C*, we introduce the closed subspace of Hp,

D(q) :={u € Hp; ¢q(V,(0), vy, vy, v2) = 0}.

Cce (R®\ {0} is a subspace of D(g). We denote D’ (R;; D(g;)) the space of the D(q;)-
valued vector distributions on R;. Finally we have to choose the linear form L on Hy.
Since we want that Au given by (2.2) belongs to L}OC (R®), we note that (2.5) imposes
to take:

L(u) = —473vs. (2.9)

We emphasize that u — L(u)dq is a local perturbation since when # = 0 in a neigh-
borhood of 0, then v = 0, and so L(u)dp = 0. The Cauchy problem is solved by the
following theorem.

Theorem 2.1. Forall ju1, o satisfying (2.6), there exists a continuous family (g.) ; cr3 of
linear forms on C* such that D(q,.) is dense in Hy, and foranym > 0, f € Hy, g € Hy,
there exists a unique u;, satisfying

w, € C*R; Hop) N CH (R Ho) N CO R HD ND' (Ris D)), (2.10)

82us — Azuy +m?u; + L(uy)8p = 0, 2.11)

u(0,2) = f(2), 0uy (0, Z2) =g(2). (2.12)

The solution depends continuously on the initial data: there exists C, K > 0, depend-
ing on A but independent of m, such that

202 @) g, +m (L0 Iy + 1 8w (Ol
)
< C(f Ny +m 1 f Nl + 18 llgy) =), (2.13)
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where x; = x when x > 0 and xy = 0 when x <0, and for all ® € C(‘)’O(Rt) we have:

|| / O (s (1)t |11,

< C(IIfllm, +mll £ g, + lglle) / (10@)] + 10" ()]) e K41 gr. (2.14)

There exists a conserved energy, i.e. a non-trivial, continuous quadratic form &)
defined on H| @ Hy, that satisfies:

Vi € R, & (1), uxn(0) = Ef, 8)- (2.15)

This energy is not positive definite but &) is given on C° (R®\ {0}) ® Ccse (R®\ {0}) by:

E(f.8) = IV Sl +m* 1 £ 15 + gl - (2.16)
When f € D(qy), g € Hj, then uy,_is a strong solution in the sense that:
u;. € C* (Re; Ho) N C! (R H) N C° (Re: D) (2.17)
and there exists C, K > 0, depending on A but independent of m, such that

et ()11, +m Ml ()], + 119s 20 (O,
< C (If ey +m 11 fllgz, +lgler, ) e )11, (2.18)

We prove in the next theorem that these linear forms ¢, are pairwise different. This
large family is described below by (2.55) and Theorem 2.5. The terrific expression of
the high order energy is given by (2.45) and (2.46). The strategy of the proof consists in
introducing a suitable hermitian product <, >q on Hy such that A endowed with D(g)
as domain, is a densely defined self-adjoint operator. Then the energy is simply

E(f ) = gl + (AFf, o +m*IfI3.

Proof of Theorem 2.1. It will be convenient to use an alternative definition of the spaces
Hi;. We take a third real number 1o and we assume that

pmo <0, wo # (1, po # U2 (2.19)
We introduce the distributions

Do = (—A — 1) (=A = p)TH=A = u2) '8 € HITERE) \ H3(RS),
gj = (=A—pup) '8 e H'TR)\ H'(R®).

By the elliptic regularity, all these functions belong to C* (]R6 \ {0}), and an explicit
calculation give the structure near Z = 0. Hence we can recover the Hilbert spaces
introduced in [11]:
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Lemma 2.2. ¢ and ¢; belong to L' (R®) and can be written as

2
o x@D (1 wji oMK ‘
1
Po(Z) = 32—3X(Z) log(1Z]) + Go(2), (2.21)
s

where F; and G are functions of H 4(R), satisfying

2
Hj
Fj(O):W(4log2+3—4y—Zlog D), (2.22)
4log2+3 -4y

Go®) = 12873

_ 1i(u2 — po) log |pil +43 (ko — 1) log |pal +45 (11— p2) log |usol
64773 (10 — 1) (11 — p2) (2 — o)

3

(2.23)

where y is the Euler’s constant.
As a consequence, we have the following characterization of spaces Hy.:

Hk:{u:u,+u1g01(Z)+u2<p2(Z), uy € H¥2(RS), u;j e C}, k=—1,0, (2.24)

By = {u=U,+u0®0(2) + 1191(2) + u202(2), U, e K2R, wjeCl, k=1.2,
(2.25)

where the coordinates ug, u1, uy do not depend on the choice of |y, and the norms

1
2

2
ule = [ e+ > jl* ) . k==1.0. (2.26)
j=1
1
2 2
ule = [N+ il | k=1.2, (2.27)
j=0

are equivalent to the ||. ||, -norms (2.7), (2.8).

The proof of lemma is based on explicit calculations of integrals involving special
functions, that are detailled in the Appendix.
Now we take two real numbers y; > 0 and for u € Hp we put

1

2

2
lallo:= [ lerlize + D v lujl* ] (2.28)
j=1

that is clearly equivalent to the ||.||p,-norm. We choose 6 € [0, 7| and we put

A= (Ao, A1, A2) = (cot@, log y1,logyn) €] —o00,00] x R x R.
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We introduce the operator A defined by:

uo uo
Au = — AU, + pouo®o + (M1u1 + —) @1+ (Mzuz + —) ©2
wl — p2 n2 — w1

This operator is a continuous linear map from Hj to Hj_» for k = 1, 2. Now we define
A, as its restriction to the domain Dom (A,) defined by

in 0
Dom(A,) = [u e Hy; U,(0)sinf +ugcos6 — (yiu; — yrus) e = 0] .
M1 — 2
(2.29)

We consider the Cauchy problem associated to (2.12) and
32uy + Ajuy, +m?u; = 0. (2.30)

We show that this equation is just (2.11). We have (—A — p0)®o = (—A — 1) Loy =

P1—¢2
T Hence we get

Au = —Au — (u1 + uy)do. (2.31)
Since (5.6) implies
uy +up = 4730, = —L(u), (2.32)
Egs. (2.30) and (2.11) are equivalent to
82u — Au+m’u+ L(u)dy = 0. (2.33)

The Cauchy problem for this equation has to be completed by the “boundary condition
at Z = 0” specified by the domain of A, :
. sin 0
U (0)sin@ + ugcosf — (y1uy — yaup) — = 0. (2.34)
H1— K2

Thanks to (5.6), this constraint can be associated with a linear form g, (V,(0), vg, vy, v2)
defined on C* and D(g;) = Dom(Ay). Therefore to prove the theorem, it is sufficient
to investigate the Cauchy problem (2.12), (2.30).

The case 6 = 0 that corresponds to ug = 0 or 16vg +4 (w1 +u2)vy — mipav2 = 0,1s
rather peculiar since Dom (4A) is not dense in Hj. It corresponds simply to the operator
defined on H*(R%) @ C¢; @ Cys by

VU, € H*(R®), AgU, := —AU,, Aog; =pnp;, j=1,2. (2.35)

In this case the dynamics is uncoupled between the regular and singular parts of the field:

given f = F, + fig1 + fr¢2, 8 = G, + 8191 + 8202, Fr, G, € H*(R®), f,g; € C, the
Cauchy problem is easily solved by

w (t,2) = Uy (t, Z2) + fi()e1(Z) + L) e2(2),

where U, is the solution of the free Klein-Gordon equation 8,2 U — AU, + m2U, =0
with U,(0) = F;, 9,U,(0) = G,, and f;(¢) is a solution of the harmonic oscillator

fj+m?+ ;) fj =0, with £;(0) = fj, £;(0) = g;.
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In the sequel, we consider the case 6 # 0, 1.e. A € R3 and the family of linear forms
is given by

A A2

e

e
). (Vr(0), vo, v1, v2) := U, (0) + Aoug — py

uy — ur.  (2.36)
— K2 U2 — j4]

The crucial point is the selfadjointness of the operator A, and some energy estimates.

Lemma 2.3. (A;, Dom(A))) is a densely defined selfadjoint operator on (Hy, || . |o)
and Dom(A,) is dense in H|. Moreover A, is bounded from below and there exists
M, a > 0,c(X) > 0 such that for all u € Dom(A)) we have

(Anu, u)o + My, ullg > e Jlullgy, (2.37)

1
lullm, < @A+ M) ullw, < mllullﬂz- (2.38)

Proof of Lemma 2.3. Thanks to Lemma 2.2 our Hilbert spaces Hj coincide with the
the spaces introduced by Kurasov and it was proved in [11] that (A;, Dom(A))) is a
selfadjoint operator on (Hy, || . ||o). First we prove that Dom (4,) is dense in H;. Given
u="U+uo®o+uip+urpy € Hy, we pick a sequence " € C(‘)"’(]R6 \ {0}) converging
to U, in H3(R®), and a sequence x, € C8°(R6 \ {0}) converging to x in H3(R%). We
put U := ¢, + (% — up cot@) (X — xn)- Then u™ := U" +uo®o+u191 +urp2
belongs to Dom (A, ) and tends to u in H; as n tends to infinity.

Now we investigate the quadratic form associated with the operator A;. We use the

fact that ((—A — o) Uy, o) 2 = U, (0) = % — ug cot 8 to evaluate:

uoi| —
H1—[®2 H1— M2
+ VU732 + (A= 10)Ur, uo@0) 2 +2110% (Ur, uo®0) g2

(Axte, u)g=po |90l luol* + iy lur|* +pays lual® +

= (10 [|Poll3,2 — cot ) luol* + iy lu1l* +pays uaf?

__Yiui1—ya2u2
+2m(uom) + VU3, = 200 1UA%2 + 210 10 +10Pol1%,2 -

(2.39)

We see that u — (A, u, u)q is a continuous sesquilinear form on Dom(A,) endowed
with the Hj-norm. Moreover for any M > 0 we have
(Aru, u)o + M |ullg
> (—po [@oll3; —cotd — 1+ M) Jug|?

Y1 V2
7 (m - M) url? +s (,uz - M) 2
(m1 — p2) (n1 — p2)

+ IVUA32 =200 U132 +Quo + M) Uy +uo®oll3,» - (2.40)

We deduce that for M = M, large enough, there exists « > 0 such that for all
u € Dom(A,), Equation (2.37) holds. We conclude that A is bounded from below,

1 . . . .
I(A; + M))2 ullo is a norm equivalent to the H; norm, the domain of the sesquilinear
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form is just Hy, and (A + MX)_% is a continuous linear map from Hy to H;. Equation
(2.37) implies also that

o llullp, < (AL + M) wllw,,

hence

2

Dyl < Kl (A + My) ullm,-
j=0

‘We have also
1Urll g+ < CI(=A+ M) Ur || 2 < C (II(Ax + My) i+ lugeol ol g2) -

Therefore we conclude that there exists c¢(A) > 0 such that for all u € Dom(A)) we
have (2.38). O

Then it is well-known that for f € Dom(A,), g € Hj, the Cauchy problem (2.12),
(2.30) has a unique solution u;, € C2(R,; Hy) N C'(R,; Hy) N COR,; Dom(A)) and
this solution depends continuously on the initial data (see e.g. Theorem 7.8, p. 114in [9]).
Nevertheless, since we need to carefully control the constants with respect to the mass

m, we present some details. If m? > M,, we have simply u, () = cos (t\/AA + m2) f+
Sin(l«/Ax+m2)

/e g, hence (2.37) and (2.38) imply:
A tm

18725, (Ol + Nlwr O, < € (1 I, + gll), k=0,1. (2.41)

When m? < M;,, we can construct u;_ by solving the following integral equation thanks
to Picard’s iterates:

u; (t) = cos (l‘\/A)L + MA) f + Sln%#g
A A
My —m )/ sin (t_S)«/A)L-'—M“u,\(s)ds.

A)L+1W)L

The Gronwall lemma gives

a2
s (Ol + 1305, NIy < CO) (1f lm, + gl €M), (2.42)

and by applying A, + M, to the integral equation, using (2.38) and the Gronwall lemma
again, we get

2
llua () e, + 185, (O N, < C) (I f Nl + Ngllm,) €=, (2.43)

Now we have to control m ||u; (¢)|m,, k = 0, 1. We start by noting that the following
energy is conserved:

13¢5, (NIF + (Asues (1), s (£))g +m? |l (1)1
=|lgll3 + (A5 £, o +m> IIfI3 = E(f 9, (2.44)
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hence (2.37) and (2.42) imply (2.13) with K := M, + 1 when m? > K. Furthermore,
we get its expression with (2.39): given f = F,. + fo®o + fig1 + fopo € Hy, g =
g + 8191+ 8292 € Ho, Fr € H3(RS), g, € H*(R®), £}, g; € C, we have:

2
) = D e [y +md) 115 P+ 18 2]+ (=m0 19012 —20) | fol?
j=1

Al A2

—eM fi—efa 1 1

+20 (f()f—) + [[(—A — u1)2(—A — M2)28r||%2
M1 — 42

1 1
+(m* +20) [(=A = u)2 (= A = 12) 2 (F, + fo®o) 172
1 1 1 1
+ IVEA—p) I A=) 2 Frll7 — 240 |CA— 1) 2EA — u2) 2 Frl13,

2
= > b [y +md) 1P+l Pl (0n2 4 10 110013 —20) 1o
j=1

Al A2

—eM fi—et2 o 1 1

+20 (fof—) + (A =pp2(=A - ,U«Z)Zgr“iz
M1 — M2

+20n% + 2000 (Fo(=A = 110) ™' F(0))

1 1 1 1
+ I V(=A = D)2 (—A—p2) 2 Fel|7 o+ m? [CA—111) 2 (CA—u2) 2 Fy13,

(2.45)
where we can compute
1 00 /05
b0l = / dp
H2 78 Jo (p2 — 1) (02 — 12) (02 — po)?
1 12 log(—p1) 13 log(—p2)
16 \ (n2 — ) (i — o)>  (u1 — p2) (w2 — 1o)?
+(M1MS + Hamg — 2pom1 o) log(—po) 1o
(w1 — mo)*(p2 — po)? (w1 — o) (2 — po) |

(2.46)

When fy = fi = f» = g1 = g = 0, in particular when f, g € CS°(R® \ {0}),
then &, (f, g) is given by (2.16). To prove (2.18) when m? > M, + 1, we consider for
h # 0, vp(t) := h~uy(t+h) —u; (¢)] that tends to 8,uy () in CO(R,; H)NCH(R,; Hy)
as h — 0. We apply estimate (2.44) to v, and we get

2 Lo? 2 2

10rn O13 + | s+ M2 vn |+ 0 = M) s 013
_ ‘ URORT] N PR (m(h)—f)
|, h

and taking the limit as 4 tends to zero we obtain

2 2
+(m*>—M)

0

2

u,(h)y—f
h

’

0

[ M2y 3 0+ 0% 30 0|+ 1100 0|+ 0m> =M 0013

2.2 P 2 2
= |anremir |+ ctn v a0t g +on?—m1gi}.
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We deduce from this equality and with (2.13) and (2.38), that (2.18) is satisfied with
K = M, +1 when m? > M, + 1. It remains to study the case 0 < m? < M, +1. We
simply use (2.42) and (2.43) to write

2
< ') (1f g, + lgllm, ) &=

Now (2.13) and (2.18) are straight consequences of this estimate and (2.42) and (2.43).

To solve the Cauchy problem when (f, g) € H; &Hp, we pick asequence (f", g") €
Dom(A,) @ H, that tends to (f, g) in H; & Hy as n — oo. Estimation (2.13) assures
that the solution #” € C%(R;; Ho) N C'(R;; H;) N CO(R;; Dom(Ay)) of the Cauchy
problem with initial data (f", g") tends to a function u € C'(R;; Hp) N CO(R;; Hy)
that is a solution of (2.12), (2.30) and satisfies (2.44). Since A is continuous from
H; to H_1, the equation gives u € CZ(R,; H_1). To prove that u is a distribution of
D' (R;; Dom(Ay)), we take © € Ci°(R;) and we consider F := Ju@®)®@)dr € Hy
and F" := [u"(t)O(t)dt € Dom(A;). By the previous argument F" tends to F
in H; as n — oo. Moreover A, F" = — [u"(1)(®" (1) + m?@(1))dt that converges
to — fu(t)(@”(t) + m2®(t))dt in H;. We conclude with (2.38) and (2.13) that F €
Dom(A,), i.e. u is a Dom (A, )-valued distribution on R, and (2.14) is established.

To prove the uniqueness, we consider a solution u satisfying (2.10), (2.30) and (2.12)
with f = g = 0. We take a test function ® € C(‘)’O(Rt), 0<0O, f@(r)dr =1, and we
define

t
sup  mllup ()|, < K (”f”]l—]lk + /0 19145, (s) I, ds

m2<Mj+1

u'(t) = n/@(ns)u(t +5)ds. (2.47)

u" tends to u in C'(R,; Ho) N CO(R,; H;) as n — oo, hence we have llu" (O)|m, — O,
10" (0)|l, — 0. Moreover u” is a strong solution satisfying (2.17) and (2.13). There-
fore u” tend to 0 in C1(R,; Hy) N CO(R,; H,), and finallyu = 0. O

We now describe some important properties of these new dynamics.
Theorem 2.4. The propagation is causal, i.e.

supp(uy(t,.)) C{Z; |ZI =<t} + [supp(f) Usupp(g)]. (2.48)

The dynamics is non-trivial: for all f € Hy, g € Hy, if f and g are spherically sym-
metric, then L(u) (t)) # O for some time t, exceptif f = g = 0.

If A # ) the dynamics are different: given two spherically symmetric functions f, g
in C(‘)’O(R() \ {0}]), (f, &) # (0,0), the solutions u) and u,s of (2.10), (2.11), (2.12) are
different.

Forallm > 0,m # /=1, m # /—ua, there exists a smooth surface X (m) C R3
such that for any A € X(m), the static solutions u(t,Z) =|Z|™* for m = 0, and
u(t,Z) =| Z|_2 Ko(m | Z|) when m > 0, belong to D(q;). For all m > 0 and all

m

AreX0),us(t,Z2):= % is a time periodic strong solution of (2.11), (2.17).

We remark that the map

(f, ) € Hy x Hy —> vy = —#L (uy) € C*(R)) (2.49)
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is linear and continuous. Its kernel contains the odd Cauchy data. The interesting point is
that, if RH, denotes the spherically symmetric elements of Hy, this map is one-to-one on
RH; x RHy. Then the leading term vy (¢) |Z|~* characterizes the spherically symmetric
solutions u;. We shall see in the last section, that this property yields a holographic
principle for the new dynamics in AdS>.

Proof of Theorem 2.4. To prove that the propagation is causal, we write u;, = W+w,
where W is a solution of the free Klein-Gordon equation (E)t2 —A+ m2) W =0 with W (0)
=u,(0), 9, W(0) =0;u, (0). Then (8,2 — A+m?)w=—L(u3)8p with w(0) = d,w(0) =0.
We have supp(W (1, .)) C{Z; |Z| < t]} + [supp(f) U supp(g)], supp(w(z,.)) C{Z;
|Z| <|t|}. When O € supp(f) U supp(g), supp(w(t,.)) C supp(W(t,.)) and (2.48)
is established. When O ¢ supp(f) U supp(g), we consider firstly the case (f, g) €
Dom (A, )@®H;. Thennecessarily uy(0) =10 (0) =u(0) =1 (0) =u2(0) =u, =0, hence
(f, g) € H*(R® x H3(R®). We denote t > 0 the distance between 0 and supp(f) U
supp(g). For |t|< 7, W (¢) satisfies trivially the boundary constraint ¢, (W (¢)) =0, hence
W (t) =u;(t). As a consequence L(u(t)) =0 for |t | < 7, and for all ¢, supp(w(t)) C
{Z; |Z]| <|t] —1}.Since O € {Z; |Z| <|t|} + [supp(f) U supp(g)], we conclude that
(2.48) is satisfied again. When (f, g) € H3R® @ H*(R® and 0 ¢ supp(f)Usupp(g),
we choose a sequence (f”, g") € H*(R®) x H3(R®) that tends to (f, g) in H>(R®) @
H2(R%), and supp(f™) Usupp(g") C{Z; |Z| <1} + [supp(f) U supp(g)]. The pre-
vious result assures that supp (u} (¢, .)) C {Z; |Z| <|t| + %} + [supp(f) Usupp(g)],
where 4 is the strong solution with initial data (f", g"). Now (2.48) follows from the
convergence of uﬁ to u, in CO(R,; H;) asn — oo.

To show that the dynamics is not trivial and involves a singular part in | Z|~* even
for smooth initial data, we first consider a strong solution u = U, +ug®o +u1¢1 +urp>
with Cauchy data f € H, g € H;. Since u € CZ(R,; Hyp), we have u, := U, +ug®g €
C2(R;; H*(R®)), uj ur € C3(R). From u € C'(R,; H;) we deduce that ug € C}(R)
and U, € C'(R;; H3(R®)). Finally u € CO(R;; D(gy)) implies U, € CO(R;; H*(R®)).
Furthermore (2.11) implies that

atzu, +i1pr +lirpr — AU, + poupo®o +m2ur

(v emure 20 Yo (e e 00
+\mwiuy +muy + ———— ) o1 + | pous +muy + ——— J 2 =0,
1 — 42 M2 — [

where ii ; denotes the second derivative in time. By examining the regularity of each
term, we obtain:

8,214, — AU, + pouo®o +m2ur =0,

. 2 uo _
i+ (U +m )u1+—M1 s =0, (2.50)
. 2 uo
o+ (U +m9)up + ——— =0,
W2 — 41
and the boundary condition at Z = 0:
e)»] @AZ
U,(t,0) + Aoup(t) — ———u1(t) — ———ur(t) = 0. (2.51)
M1 — M2 M2 — U1

If we assume that L(u(t)) = O for any time ¢, then u; + up = 0 and with the two
last equations of (2.50) we successively get wiuy + puour = 0,u; = up = 0, and
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finally ug = 0. We conclude that u = U, is a solution of the free Klein-Gordon equa-
tion 3’u — Au +m’u = 0 with f € H*(R®), g € H3(R®), and (2.51) assures that
u(t,0) = 0. Moreover when the Cauchy data are spherically symmetric, the Fourier
transform of u is given by the classical formula

Fu)t,£) = > VI 4, (g, (1+7°)2AL() € LARE, rdr).

+

Then u(z, 0) = 0 implies that for any ¢ € R,

/OO eitr (A+(M)l[m’oo[(r)+A_(m)l]_oo’_m](}’)) (}"2 — mz)zrdr:()-

o0

We conclude that A+ = 0 and finally f = g = 0. In the general case where f € H;
and g € Hy, we use the regularized solution (2.47). L(u) = 0 implies L(u") = 0 and
we have u” = 0 by the previous result. Since u" strongly tends to u as n — 00, we
conclude that u = 0.

Now we show that different A yield different dynamics. We assume that u = U, +
uo®g + u1@; + ure; is a solution of (2.11), (2.12), (2.17) for some A and A’ in R3 with
spherically symmetric initial data f,g € C3° RO\ {0)), (f. &) # (0,0). u satisfies
system (2.50) that has to be completed by the initial data

Ur(O)=f, uo(0)=u1(0)=u2(0) =0, 9,U,(0) =g, 1o(0) =u1(0) =1u2(0) =0,

and the two boundary conditions at Z = 0:

eM M2
U (t,0) + douo(t) — ———u1(t) — ———uz(t)
1 — K2 H2 — (1

, o i
=U,(t,0) + Aguo(t) — ———u1(t) — ————ua(t) = 0.
M1 — K2 “2 — 11

We get from both these constraints that

, e — et 2 e
(ko — Agup(t) = ———u1(t) + ———uz(1). (2.52)
11 — i 1o — i1
First we assume that Ao # A{. Then ug = :?:j:‘; ([e)" — M uy — [ — eNZ]uz),

hence

Ao — AL / /
i+ (g +m2)u1 + 207 %0 ([e)‘1 — e)‘l]u1 — [ekz — eAZ]uz =0,

)2
(1 Mz/) (2.53)
P 2 A — Ao A Iy A A
lio + (U2 +m )uz——z([e L—eMup —[e? —e 2]142) =0.
(n1 — p2)

Since the initial data for u ; are zero, we deduce that u; (t) = up(t) = O forall 7, thatis a
contradiction with the fact that u1 +u» is not identically zero. We conclude that Ag = )LE).
As a consequence of (2.52), we get

(e)“ — e)‘/l) ui(t) = (e)‘2 - e)‘/Z) us(1).
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We assume that A # A’l, hence we can express u1 in terms of u;. Since (2.50) shows
that ii| +iip + (1 + muy + (o + mz)uz = 0, we deduce that u5 is solution of

A }»/2 Ao A/z
(L+l)il2+((ul +mH " (s +m2))u2=0, 12(0) = 12(0) = 0.

oM — M M —eM
Ay _ . . ..
If e;—ei # —1, then uy(¢) = 0 for all 7, hence u is also zero, that is a contradiction
el —e”l
. Lo .
as previous. If "’AZ eﬂz = —1, then (u1 — u2)uz(t) = 0 for all ¢, hence u; is also zero,

el —e”l
that is a contradiction again. We conclude that 2| = 1. We can prove by the same way
that Ap = A%, and finally A = /.
We now want to determine for which A, the static solutions belong to Dom(A,).
Such a solution is given by ug,, := (—A +m2)_150 which is equal to #Kz (m|Z))
when m # 0 and —m for m = 0, since L(ugq) = —1. If we write ugqr =

Uy + upg®o + uipr + urp2, we deduce from (2.20) and (2.21) that us:,; € Hp, and its
coordinates are given by:

m? + o m? + m* +m?(y + ) + o
U= ——=, up=———, up=— ,
M2 — [ M1 — M2 2
m4 m4
U, 0) = =] logm + 871_3F(0) —upGo(0) —u1 F1(0) — u F2(0),

where F(0), Go(0) and F;(0) are given by (2.22), (2.23) and (5.3). Since u; # —m?,
then ug # 0. Therefore ug,, € Dom(4A,) iff

1 Al A2
A€ X(m) = [A€R3; Aoz—( ¢ up+ ¢ uz—Ur(O))}.
up \M1 — M2 M2 — M1

At last it is clear that the time periodic solution ™ | Z |=% is in Dom(A;) iff
A e X0). O

The previous construction heavily depends on the choice of the different parameters
o, 11, 42,6, v1, 2. We now want to make more clear the role of these parameters.
First we note that the changing of 1 into ué, does not affect ug, u;, up and it reduces
to replace A9 by 1o+ G(,(0) — G((0), where G(,(0) is defined by (2.23) with s, i1, f12.
Therefore, the set of all the linear forms

4, (V(0), vo, v1, v2) = AV, (0) + apvo + jv1 +a2v2, A, € R

is obtained by varying 11, o, 1 # m2, uj < 0,0 € R, y1, 2 > 0.

As we have noticed, the case & = 0 in (2.34) is not very interesting since in this case,
the dynamics is trivial for the initial data f, g in C3° (R®\ {0}): the solution u satisfies
L(u) = 0and 8t2u — Au = 0. It corresponds to the condition uoy = 0 that becomes by
(5.6) with /,L’/. =u;/4,

A =0, vo+ (u)+prv —pijprv =0,



740 A. Bachelot

where ,u’j = /4 are any real numbers such that u/] < 0, ) # w,. If we put
oy = py+ph, 00 = —p i, then u/] are solutions of the polynomial 1> —orju—aa = 0.
This equation has two negative distinct solutions if and only if the coefficients o ; satisfy

ay=1, a1 <0, —ai <4ap <0. (2.54)

For 8 # 0, we describe in terms of the coordinates (V- (0), vo, v1, v2), all the families of
the linear forms that we have constructed. If we normalize by taking A = 1, (5.6) and
(2.36) show that:

ag = 3277 (Ao — Go(0))
3 log2 3 vy
a) = (1 + pu2) |:87T (Ao — Go(0)) — 7 16 + Z:|
, Hlog(mD — p3loglmal) | 5 yi+y
811 — 112) (11 — 112)?’ (2.55)
log2 3 y

= =273 (ho — Go(0) + —— + — — =
a M1M2|: 7 (Ao 0(0) + 6 +64 T

i log(l pr ) — palog(] o I)} 4L H2Y
32(u1 — u2) (w1 — pu2)?’

where Go(0) can be explicitly expressed by the formula (2.23) involving the Euler’s
constant y, and uo, (1, U2-

Conversely, we want to determine for which « := (g, @1, @2), V- (0) +agvo+av) +
av; is a linear form g;, associated with some p; < 0, 1 # u2, and y; > 0.

Theorem 2.5. The whole family of the linear forms
q,(V;(0), vo, v1, v2) = V. (0) + agup + vy + vz, aj € R

of Theorem 2.1 obtained with all the values of 11, u2 < 0, 1 # a2, A € R3, is given
by the set A of a € R satisfying firstly

o (6%) 1 2 3
oo + - 2+§10g0t1+ aj —4as <Z—y,
2
ap +Jay — 4 (al +,/a]2—4a2)
(2.56)
and secondly
ar < 0,
or
oy =0, a1 >0,
or
2.57
O<a1,0<4a2<a%, ( )
oo + L - == +Llogla — Ja? —day| > 3 —y.
ay—/a?—da; (al— T—zxaz)z 2 1 Z
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If (a0, a1, a2) # (o), @), &h), the dynamics are different: given two spherically sym-
metric functions f, g in CgO(R6 \ {OD), (f, &) # (0, 0), the solutions u and u’ of (2.10),
(2.11), (2.12) are different.

Given m > 0, the static solution u(Z) = Kz(mlzl)belongs to D(q) iff

1z
2 4log2+3—4
aeX(m) =1{acA, moz()+ﬂ—2—m2 M—logm ,
2 m? 32
(2.58)
and for m > 0, the time-periodic solutions < i Z|4 belong to D(q) iff
1 1 log2
o€ X0) = {(xg, x1,2); a2 =0, a1 >0, a0+210ga1 < 12 -y
(2.59)
Proof of Theorem 2.5. With (5.4) we can check that we have
4. (Vr(0, vo, v1, v2) = Ur(0) + Aoup — LA E—
w1 — 2 M2 — i1
iff
@0
A= Go(0) + — 33 (2.60)
ap a
= — — F1(0 2.61
(1 ,uz)[64n3,u1 16713“1 yrc 1( )] (2.61)
= (up — )[ﬂ 2 %1 a__F(O)] (2.62)
V2 M2 M1 647T3 I'LZ 167'[3 M2 — 4 3 2 .

Equation (2.60) yields no constraint on «; since Ag is an arbitrary real number. In oppo-
site, (2.61) and (2.62) show thata = (g, o1, @2) defines a linear form of the families g;,
if and only if we can find @, uo < 0, 1 # w2, v1, y2 > 0 solutions of these equations
that we can write as:

L ) M2 =M1 o
Y= TﬂlGa(Ml), V2 = WﬂzGa(lm), (2.63)
where
) o 4oy 1 log2 3 vy
G - -l L R
o(p) = PR + - log(|ul) 2 TR

We note that the conditions y; > 0 in (2.63) are equivalent to the constraint
i,y i < pj <0, Go(ui) <0< Go(uj).
An elementary study of the function G, shows that this case occurs iff

s <0, Gol(ie) =0, Gllus) > 0. (2.64)

Since G, (1) = u_3(%u2 + a1+ 8an), we look for « such that

1
s <0, Gglus) =0, gui + o g + 8 < 0. (2.65)
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Ifpuy =4 (—oq =+, /a% — 40(2) , an obvious equivalent condition is

af > 4oy, i € |p—, [N = 00,00, Galps) = 0.

Therefore, taking account of the asymptotic behaviour of G (p) as u — 07, we have
to determine the set of « such that G, (u—) < 0, and G, (w+) > 0 when 4y < 0. The
constraints (2.56), (2.57) easily follow.

Now we prove that different « yield to different dynamics. We can see that

x(Z) x(Z)

u(t, Z) = V(2. Z) + vo() x(2) log(1Z]) + vi (N % ZP +2(1) Z1

is solution of (2.11) iff

_ 2 2 =
0=0;V, — AV, +m”V, — (volog(lZl) +—s |Z|2 + W) Ax

vo Al
(2 _4l g Z.Vy + (i + log(|Z
( |Z|2 |Z|4 |Z|6) X (v() m UO)X Og(' |)

+ (V3 +m? v —4vg) —= +(v2+m v +4v))—

|z |2 1z |4

When u € C>(R;; Hp), we have V, + vox log(|Z|) € C?>(R;; H*(R®)), vi, vy €
C*(R). u € C'(R; H;) implies that vg € C'(R) and V, € C(R,; H*>(R®)). Finally
u e CORy; D(g,)) yields V, € Co%R,; H*(R®)). Now we consider a strong solution
u of which the initial data are two spherically symmetric functions f, g in C§° (RS \
{OD(f, &) # (0,0). We know that there exists 7 such that vo(T) # 0. Taking account
of the regularity of each term in the previous equation, we get that

2 ) V1 %)
0=07V, — AV, +m>V, — (volog(IZI) tzet W) Ax

- (2% - 4% - 4;'6) Z.Vy + (i + m*ve) x log(1Z]),  (2.66)
0 = i +m?v; — 4vy, (2.67)
0 = iy + m%vy + 4v;. (2.68)
We assume that u is solution associated with two linear forms with (ag, 1, o) and
(ay, o, ). Then we have
(a0 — ap)vo (1) + (@1 — )i (1) + (@2 — @y)va(t) = 0.

Ifoag # oz(’) we can express vg in terms of v; and v; in (2.67) and with (2.68) and the initial
data v;(0) = v;(0) = 0 we obtain v (t) = v2(t) = 0 for all ¢, that is a contradiction

with v2(T') # 0. We deduce that g = ). Now if oy % ], we express vy by —ZT“? v

vy
in (2.68) and we obtain v = 0 again, hence oy = &} and (a2 — a))v2 = 0. Finally
since v2(T) # 0 we conclude that oy = o).

Finally to determine X (m) we use (5.2) to get the components of the static solution
12172 Kam |Z]) : va = 25,01 = =%, v = —m?, V,(0) = —m? logm + m*F (0), and
the result follows from (5.3). To characterize % (0), we note that V,(0) = vg = v; =0
and vy = €™ for the time periodic solution u (¢, Z) =|Z|~* e*™" Hence u(t, .) € D(q)
iff oy = 0, and we conclude with (2.56) and (2.57).
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3. Super-Singular Perturbations of The 1 + 1D-Klein-Gordon equation

In this section we investigate the Cauchy problem for some super-singular perturbations
of the Klein-Gordon equation on the half line with a Bessel potential and a mass m > 0:

2 2 15 2. _
[aﬂ/f—az:w@lpﬂnw_o, teR, z>0, G
¥(0,2) = f(2), 9v¥(0,2)=g() z>0.
We recall some basic facts (see e.g. [4] p. 532). The Bessel operator
P = @ + 15 (3.2)

with domain Cg°(]0, ool) is essentially self-adjoint in L?(0, co) since 15/4 > 3/2 and
its unique self-adjoint extension is the Friedrichs extension A r of which the domain is

or = [ € 120,000 Py € 12} = [y € 120,00 Py, v/ My e 1)

As a consequence, the Cauchy problem is well-posed for f € HO1 10, 00[), g €
L2(0, o) and the solution Ve CO(R,; HO1 (10, co) N c! (Ry; L2(0, 00)) is given by the
standard formula
sin (t\/AF + mz)

VAF+ m?

These solutions are called “Friedrichs solutions” of (3.1) and they satisfy the conserva-
tion of the natural energy

W (1) = cos (t\/AF + m2) f+

o0 15
EW) :=/0 By (1, )12 + 10,9 (2, 2)|* + (m2+ 4—2) W (t, 2)|dz,

4

and the Dirichlet condition at the origin:

W(t,0) = 0.

We want to construct other solutions of (3.1) associated with other energies and other
constraints at z = 0. We could use the recent spectral results on the singular perturba-
tions of the Bessel operators in [12] but an easier way consists in using the link of P,

and the Laplace operator in R®,
1 5
P, — Z_2 Ags ) z2.

In this way, we can apply the results of the previous section. Then the super-singular
perturbations of Az restricted to the spherically symmetric functions, yield to hypersin-
gular perturbations of P in the spaces of the trace of the radial distributions (see [17]
for an extensive study of these spaces).

Now we perform the suitable functional framework. We introduce the differential
operators

i

—Ay =7~

P =-— -, ]')>|< =-— - 33
! 2z ! dz 2z -3)
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and, for 1 < k < 4, we define the Hilbert spaces h* as the closure of C°(0, oof) for
the following norms:

k=1,2, Wl = 1172 + 1P 172, Wl =017 + 1P Pall7. (34)

Given x € Cgo (R) such that x(z) = 1 in a neighborhood of z = 0, we introduce the
spaces

k=-1,0, bi:= {I/f(z) =Y, (2) + 1 x(@)27 +vax ()72, Y, € W2, vj € (C},

(3.5)
1 = {2 = ¥ (@) + v0x 23 logz + vix(2)2?
tux (@)1, Y ehd v e C}, (3.6)
2 = {2 = ¥, @) + v1x(@23 +vox ()23 logz
+01x ()22 +1ax (@) 2, Y €ht, v; € c} , 3.7)

and if X a space of distributions on R%,, we introduce the subspace RX of the spherically
symmetric distributions of X:

RX :={ueX; Zidzu—Zjdzu=0 1<i<j=<6}.
Given u € RLZ(]R6Z) we associate ¥, defined on ]0, oo[ by
5
Yu(1Z]) == 212 u(2). (3.9)

Lemma 3.1. Given y € L*(0, 00), ¥ belongs to h* ifand only ifuy(Z):= |Z|’% v (Z))
belongs to H k (R6Z) and uy (0) = 0 for k = 4. As a consequence, we have

h* ch® ch®> ch!,
yehl [Y@|<Cz2, ¢ eh? ) <Czl, (3.9)

v el W@ =3 Vogzl. v eb, lim 2 iy@ =0, (.10)
—

—1=k=2 br={Yu; ue RH}. (3.11)
The coefficients v do not depend on the choice of the function x and v_1 = V,(0) when

Y ebranduy =V, +vox log |Z] +vix |Z|72 +vax |Z|~*. The spaces by are Hilbert
spaces for the norms

11, = 1 lpgen + D 017 - (3.12)
J
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Proof of Lemma 3.1. We remark that for u € RC3° (R%\{0}) we have
o
/ W) dzZ = 7 / W ()1 dz, / Vzu(Z)]* dZ
RO 0 RO

= ,,3/ [, (2) — im(z)l2 dz, (3.13)
0 2z

o0 15
/ |Azu(Z)]* dZ = 7° / W (2) — 5 ¥ () dz.
RS 0 4z

We deduce thatu +— -3 Yy is anisometry from RC{° (R®\{0}) endowed with a suitable
H*(R%)-norm, into RCS°(]0, oo[) endowed with the hg-norm. Since RC®(R® \ {0}) is
dense in H W(Ré) for m < 3, we conclude that

k==1,0,1, bz = {vui ue RHZ@D), b= (v ue REL) G.14)

and (3.12) defines a norm |[v ||y, ~ |lullm,, for which by is a Hilbert space.

On the other hand, the Sobolev embedding H 4R c COUR®) implies that the closure
of RCS° (RS \ {0}) in RH*(R®) is the set of functions u € RH* that are zero at Z = 0,

and RH*(R®) = RC{° (RO \ {0}) ® Cx (|Z]). We conclude that lim,_.q+ 739z =0
when ¢ € hy and

he = [vis we REYERY), u©) =0}, hy@ Cx @2} = v w e REFRO)],
hZ = {%: ue RHZ}

The decay near the origin (3.9), (3.10) for k = 1,2, 3 are consequences of Theo-
rems 13 and 14 of [17]. To achieve the proof of the lemma, we remark that x (z)z% ¢
h, X(z)z% logz € hy \ ha, x(z)zg € h3 \ hy. Then the coefficients v; only depend on
Y and since V. (Z) = |Z|_% Y-(1Z]) = +v_1x(1Z]), we have v_; = V,(0). Finally

since |lu|l g4+ ~ |¥rlln,+ | v—1 | foru e RH*(R®), we have llullm, ~ llvully, and it is
clear that (3.12) defines a norm for which b, is a Hilbert space.

We now introduce the “boundary conditions”. Given & = (o, &1, ®2) € R3, we
consider the Hilbert subspace

0y :={¥ € b2y v_1+aovo+aiv) + vy =0}, (3.15)

and we denote A, the differential operator P, endowed with 9, as domain. The existence
of super-singular perturbations of the Bessel operator P, is stated by the following:

Proposition 3.2. For all « = (ag, a1, a2) € R> satisfying the constraints (2.56) and
(2.57), there exists a hermitian product on b, equivalent to the initial | .||, -scalar prod-
uct, for which Ay, is a semi-bounded from below, self-adjoint operator on by. Its essential
spectrum is [0, ool. Its point spectrum is a set of 0, 1, 2 or 3 non positive eigenvalues

—A%, associated with eigenfunctions ¥ ;(z) = ﬁKz(ka) ifr; > 0,v;(2) = z*% if
Aj = 0. Moreover )\3 > 0 are the roots of the equation:
8 32

logx +2a0 + — — = =0, (3.16)
X X
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and 0 is eigenvalue iff a belongs to ¥(0) defined by (2.59). In particular, the point
spectrum is empty for all a such that

oy o2

o 2
2
ap+,/af — 4w (a1+,/otf—4a2)
1 3
+5 log (051 +yJad — 4052) <177 (3.17)

and 0 is the unique eigenvalue when

ar <0, —log2 < ap+

1 3 1 1 1
o =0 < «ay, -5~ ElogZ <o+ Elogal < i ElogZ -, (3.18)
Proof of Proposition 3.2. The previous lemma assures that the map ¥ — uy defined
by

vr(I1ZD) o x(Z]) o x(Z])
1Z|3 1|2 |1Z|*

V(@)= (@) 401 X ()22 +ax ()22 —> 1y (Z) =

(3.19)

is an isometry from ho onto RHj, where H) is the space (2.3) endowed with the equiv-
alent norm
1

2

2
-3 2 2 2
772 vl ge + 1AV 2 ey + D 105l
Jj=l1

Moreover we have for any ¢ € h!
upyy = —Auy — 47[3v280(Z).

Now we consider w1, uy < 0, w1 # u2, o € R, y1, y» > 0 associated with « by The-
orem 2.5, and we endow Hj with the norm ||.||p given by (2.28) for which A, defined
by (2.29) and (2.31) is semi-bounded from below, self-adjoint. We remark that

(Zidj — Z;9;) (—Az + L(w)do) = —Az = (—Az + L(w)do) (Z;d; — Z;9;)

hence the restriction of A, to RHy with the domain RDom(A,) is a densely defined
self-adjoint operator that we denote RA,; . Since

0 ={¥u; u € RDom(Ay)}, Ayuy =up,y,
we conclude that if b is endowed with the equivalent norm

¥ llo == lluy llo (3.20)

where ||uy ||o is defined by (2.28), then A, is unitarily equivalent to RA,; . Therefore it is
semi-bounded from below, and self-adjoint on hy. We introduce the operator A defined
as the differential operator P, provided with

00 := {Y; u € RHy, ug =0}
= Vi u=Ur+101012) +1202(2), U, € RE*RS), uj e Tl
(3.21)
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Then Ay is unitarily equivalent to RAg where A is given by (2.35). Since the essen-
tial spectrum of the Laplacien considered as an operator on R H?(R®) endowed with
its natural domain R H*(R®) is [0, oo[, and (Ag +i)~! — (Ag +i)~ ! is finite rank, we
conclude by the Weyl theorem that o, (Ay) = [0, col.

Now given A > 0, the solutions of P,y = A% are given by ¥ (z) = A/zJ2(Az) +

B./zY2(1z). Since ¥ (z) ~ —\/g [Acos(z — %)+ Bsin(z — Z)], ¥ does not belong
to ho when (A, B) # (0, 0). We conclude that the eigenvalues of P, are non positive.
On the other hand, the solutions of Py = —Azw are given by ¥ (z) = A/zh(Az) +

B./7K>(Xz). Since I(z) ~ \/zlﬂ—zez as z — 00, and taking account of (5.2), the eigen-

function in g is

)\2
V(2) = VK2 002) = 222 G222 log(hz) + 2223 F(322) — (§ log x) 2

A% s I 2 _3

s logz — 73+ ae
Then v_; = —%log)\,vo = —%,vl = %,vz = )%2 satisfy v_1 + aovo +
ajv] + avs = 0 iff A2 is a strictly positive solution of (3.16). To determine
the number of these roots, we study the function h(x) := logx + 2ap + Sjcﬂ —
%. When ap < 0, or when o = 0 and «; > 0, is decreasing from +oo

to infh = 2{ap+ el — L5 + Mog(ay + /a? — day) +log?2
(0 a1+\/otf74a2 (a1+\/a%74a2)2 2 g( ! ) &

when x €]0,4(a; + ,/a%—4a2)], and from infh to +oo for x € [4(x; +

‘/a% — 4ay), oo[. We deduce that there exists 0, 1 or 2 roots according to inf 72 >

0,infA = 0,infh < 0. Then (3.17) and (3.18) follow from (2.56) and (2.59).
Finally when 0 < 4oy < oz% and 0 < «j,h is increasing from —oo to

M oan + o) _ @ + Y og(a _\/m +1log2 | when x €
( 0 al_\/alz_4a2 (‘11—\/0!12_40‘2)2 2 g( 1 1 2) g
10, 4(ee; — \/M)], decreasing for x €]4(a; — \/om% 4o +\/°m)]’

and increasing to +oo for x > 4(oey + ,/ oef + 4ap). We conclude that in this case there
exists 1, 2 or 3 strictly negative eigenvalues. O

Now we consider the Cauchy problem (3.1). We look for the weak solutions with the
Ansatz

V(. 2) = Yr(t. 2) + 00D x ()23 logz + 01 (DX ()22 + (D22, (3.22)

Vi, ¢2 € C2R), (1, 2) +v0()x ()27 logz € C2(R;: h') N C (R, h?),
vo € C'(R), ¥, € CO(R,; ),

and we want to construct the strong solutions that satisfy

Ur(t.2) = YR(1. 2) + v (DX ()23, v_; € COR), Yg € CO(R,: h%),
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and the boundary condition
v_1(t) + aguo(t) + aqv1 () + oppa(t) =0, t € R.
We can state the main result of this part:

Theorem 3.3. Let o = (g, &1, a2) be in R3 satisfying the constraints (2.56) and (2.57).
Then for allm > 0 and any f € b1, g € bo, the Cauchy problem (3.1) has a unique
solution

Va € CORiBDNC! R b)) NC* R h-)ND' (Ride),  (3.23)
moreover there exists C, K > 0 independent of m > 0 such that
10: Ve (Nl gy + Ve (D) 1, +ml Ve (),
< C (gl + 1f 1y, +ml £ llpy) K=, (3.24)
and for all ® € C°(R;) we have:

[ / O )Y (1)dt |y,
< C (gl +l £ llp, +mll £1g,) / (1) |+]10" (1) ]) eK—m)+lgr. (3.25)

There exists a conserved energy, i.e. a non-trivial, continuous quadratic form &, defined
on b1 & bo, that satisfies:

vt € R, ga (llfa(l), at‘/fa(t)) = ga(fv g)- (326)

This energy is not positive definite in general but &, is equivalent to || f||,2)1 + ||g||%)0 on
C5°0, oo]) @ C5°(J0, ool) and given for f, g € C3°(J0, oo[) by
Ea(fo8) = IPVP2f 32 — (1 + )| P2 f 125 + a2l PrLF 2
4 (1P f 132 = o+ 1) 1P IR + a1
+P2gllfz = (ui+ )1 Prglizs + mealigllz (3.27)

for some 1| < oy < 0. When « satisfies (3.17) or (3.18), &y is positive on h1 @ ho.
The propagation is causal, i.e.

supp(Ya(t,.)) C{z; lz| < [t} + [supp(f) Usupp(g)]. (3.28)

For all (f,g) € b1 x bo, (f, g) # (0,0), we have ¢o # 0. In particular, when
f, g€ Cgo (10, oo, (f, &) # (0, 0), then Yy is not the Friedrichs solution.

If f,8 € C§°(10, 00l), (f. g) # (0,0), then Yo, # Yo if ¢ # &'
When f € 0y, g € b1 then ,, satisfies:

Yo € CO(Ry;04) N CH(Ry; 1) N C? (Ry; ho) (3.29)

19:Wa Ollg, + 1Wa O, +mlve®lly, < C (llglly, + £ 5, +m ] £llg,) e K11,
(3.30)
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It is interesting to remark that the leading term ¢»(¢)z~ 2 completely characterizes
the whole solution ¥, since the continuous linear map

(f, 8) € b1 x ho —> ¢ € C2(R) (3.31)
is one-to-one.

Proof of Theorem 3.3. We consider u1, up < 0, w1 # pp and A € R3 that are associ-
ated with o by Theorem 2.5. We introduce u, (¢, Z) := |Z|% V(| Z]). Then Lemma
3.1 assures that u; € C™(R;; Hy) iff v, € C™(Ry; br) and uy € D' (Rs; D(g;) iff
Yo € D'(Ry; 04). Moreover since A, is unitarily equivalent to RA;, we can see that v/,
is the wanted solution iff u,,_ is the solution of (2.10) and (2.11) with the corresponding
initial data. Therefore Theorem 2.1 gives the existence, the uniqueness, the estimates
of the solution of the Cauchy problem (3.1). Theorem 2.4 provides the finite velocity
result (3.28) and the fact thatif ( f, g) # (0, 0), then v, is not a Friedrichs solution since
the dynamics for u; is not trivial. Moreover Theorem 2.5 implies that different « yield
to different solutions when f, g € C3°(10, oc[), (f, g) # (0, 0). Finally the energy is
given for the strong solutions by

EaWa, Va) = (Aa¥as Yado +m> |1Vl + 19 e llf = 73E (us, duz), (3.32)

where the norm ||.||o is defined by (3.20), and this energy is positive when « satisfies
(3.17) or (3.18) since the spectrum of A is [0, co[ in this case by Proposition 3.2. At
last, the expression (3.27) is obtained by a direct computation by using the facts that
PP| = P, and for u;, € C8°(]R6 \ {0}) we have:
lurll e = 7 (P2 — )W (P2 = 12) V) 12(0,00) -
IVZzusl?, =707 (PL(Py — ) Vas PPy — 112)Va) 12(0.00) -

O

We end this part by some remarks. Firstly, we note that when « satisfies (3.17) or
(3.18), the operator A, is a positive self-adjoint operator in (o, ||.||o). Then, in this case,
the solution is just given by the spectral functional calculus:

sin (t\/Aa + m2)

and we can solve the Cauchy problem in the scale of the Hilbert spaces associated with
the powers of A,. More precisely, when m > 0 or when « satisfies (3.17), the Cauchy

,8 € [Dom ((Aa +m2)%)] ,
where [Dom(B)] denotes the completion of Dom(B) for the norm || B.||o. Secondly,

Vql(t,.) = cos (z‘m) f+

s+l

problem is well-posed for f € [Dom ((Aa +m?) 2 )i|

when « satisfies (3.18), the kernel of A, is (Cz_% and the time-periodic solutions
eFimt z’% belong to CY (R;; d,). We can express ¥, in terms of the graviton part sup-
ported by z_% :

Vol 2) = S + 95 (2. (v 2iz7E) =0, (3.33)
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where the amplitude of the graviton is given by

sin(mt)

Yo (1) = IIZ% s (COS(mt) < f; 77 >0+ <& 73 >o), (3.34)

and we have to replace Sm’(n—’"t) by t when m = 0. Finally, if we could establish the
absence of singular continuous spectrum of A, in b, then ¥ (¢, .) would tend weakly
to zero as | ¢ |— 00. As a consequence, if we expand wj (t,.) as

Vi (t,2) == (1, 0 + i O x @2} logz +vf (DX ()22 + ¢ ()27,

we have

v (1) = 0, vi(r) =0, ¢5(1) = 0 as|t|— oco. (3.35)
An interesting consequence would be

$2(t) —Y2(t) — 0, |t]— oo, (3.36)

i.e. the more singular part in the expansion (3.22) would be asymptotically given by the
graviton.
4. New Dynamics in Ad S°

In this section we construct new unitary dynamics for the gravitational waves in the
Anti-de Sitter universe. We consider the Cauchy problem

15
(af—Ax—a§+@)q>=o, teR, xeR z€l0, 00, (4.1)
(0, x,2) = Po(x,2), 3P(0,x,2) =Pi(x,2). 4.2)

We look for the solutions that have an expansion of the following form
5 5 S
Q(t,x,2) = O, (1, X,2)22 + 911, X) x(2)22 + Po (¢, X) x (2)22 log
1 3
+P1(1,X) x (2)22 + (1, %)z 2, (4.3)
where x € Cg°(R), x(z) = 1in a neighborhood of 0 and

®,(,x,0) = 0. 4.4)

3 . . .
The term ¢ (¢, x)z~ 2 is the part of the wave in the sector of the massless graviton.
The behaviour of the field on the boundary of the universe is assumed to be for some
(a0, a1, 02) € R3:

G_1(t,X) + aodo(t, X) + 11 (1, X) + 2o (t,x) =0, teR, xeR3. (4.5)
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We introduce the following Hilbert spaces endowed with the natural norms (fo being
provided with the norm (3.20)):

90:= L7 (R o) = {®(x.2) = (. 2 + $1 01 D)2 + 200277,
¢ € LXR3 h?), ¢; e Lz(Ri)} : (4.6)
f = {q> c L2 (Ri; b1) VD e .‘730}
= {ox 0= 6% )+ po0x @27 logz + 31 WX (@)2F + a0z,
¢r € L* R h%), ¢o € LA(RY), ¢1, 0 € H'(RY),
Vi ( + g0xz logz) € L2®: b))} 7
) = {CD e1? (Rﬁ; bz) L VD e 51} . (4.8)
In particular, ® € ), iff
DX, 2) =D, (X, 2)27 +¢_1 (X)X ()22 +0(X)x (2)22 log z + ¢1 (X) x ()27 + $o(X)z 7
4.9)
with
¢ 1 € L2R3), ¢o € H'(RD), 1, € HAR3), ®,(x,2)z3 € L2(R3; h),
Vi (@, 0x, 227 + 100 ()23 ) € LARE ), (4.10)
v2 (cb,(x, D22 +¢_1(X) % (2)23 + do(X) x ()22 log z) e L2(R3; h?).

For convenience and to make more clear the role of the massless graviton, we have omit-
ted the cut-off function x (z) in front of ¢ (x)z’% . Itis clear that this minor change does
not affect the definition of the spaces since (1 — x (z))qﬁz(x)z_% belongs to H™ (Ri; h*)
when ¢, € H™ (Ri).

To take account of the constraint (4.5), we introduce the subspace:

Do :={P € H; ¢-1(X) + 2o (X) + 2191 (X) + @2¢2(x) = 0}. (4.11)
The main result of this paper is the following:

Theorem 4.1. Let & = (g, a1, o) be in R3 satisfying the constraints (2.56) and (2.57).
Then for any ®¢ € 91, ®1 € 9o, the Cauchy problem (4.1), (4.2) has a unique solution

®g € C” (Ri; H1) N CH (Ry; $0) ND' (R D) - (4.12)
Moreover there exists C, k > 0 independent of ®; such that:
1 D (Dl g3y + [ Pa (D)5, < C (D115 + Dol 5, ) €1, (4.13)
and for all © € C;°(R,) we have:

II/@)(I)%(t)dlllsaQSC(||<D1||s§0+||d>o||f)l)/(|®(t)|+|®"(t)|)ek‘t'dt- (4.14)
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When &g, ®; € Cf)’o (Rix]O, oo[), (Dg, ©1) # (0,0), then ¢p2 # 0 hence ®, is not
the Friedrichs solution. Moreover the map

Ty @ (Do, D) €N X Ho —> ¢ € C° (Rt; H' (Ri))mcl (IR{t; 12 (Rf;)) (4.15)

is linear continuous and one-to-one.

For any ®o, | € C{° (Rix]o, oo[), (®g, ®1) # (0,0), we have ©, # Dy if
a#ad

There exists a conserved energy, i.e. a non-trivial, continuous quadratic form E,

defined on $H1 ® 9o, that satisfies:
Vit € R, Ey (Pg(t), 0Py (1)) = Eu(Po, P1). (4.16)

This energy is not positive definite in general but E, is equivalent to || QOII%I + || P ||§50
on C(R3x10, 0o[;) & C3° (R} x]0, ool) and given for do, @1 € C§°(R3x]0, ool.)
by
Eo(®0, @1) = || PLPa@0ll7, — (11 + )| P2®oll 5 + prpal Prboll7
+| Ve P2 @017 — (i1 +142) | Vx P Dol 2 + 11 2] Vx Dol 7 2
HI Py @172 — (i + p2) | PL@1 (172 + | 113 2 (4.17)

for some 11 < py < 0. When « satisfies (3.17) or (3.18), Eq is positive on 1 @ $o.
When &g € Dy, ®1 € 91 then O, satisfies:
Dy € CO(Ry; Do) N C! (Ry; H1) N C* (Ry; Ho) » (4.18)
19: e ()l 5, + 1P (DI, < C (IRl gy, + 1 Dol 5,) €. (4.19)

There exists M > 0 such that if&)j &,2) =0forall | € |< M, then we can take k =0
in the estimates (4.13), (4.14) and (4.19) and Ey (®q, @) > 0.
When the equation

8y 320
logx +2cp + — —
X

2 = 0, (4.20)
has a solutionx = m?*, m >0, then Orm(t, X)Z% K> (mz), where ¢p) € CORy; Hz(Ri))ﬁ
CY(R,: H! (Ri)) is a solution 0f8,2¢[m| — Ax@{m] — m2¢>[m] = 0, is a solution that sat-
isfies (4.18).

When o satisfies (3.18), the massless graviton ®¢(t, X, 2) = ¢p0)(t, X)Z_% where,
Po] € CO(R;; H2(]R,3()) is solution of 83¢>[0] — Ax¢ro) = 0, is a solution of (4.1) that
satisfies (4.18), and its energy is given by

3
Ey(®g, 8 P6) = Iz 2|13 /]R Vixdion, x)|2dx. 4.21)

Proof of Theorem 4.1. We shall use the partial Fourier transform with respect to x that
is denoted Fx. Let @, be a solution of (4.1), (4.2), (4.18). Given T > 0, &, € H'
(FT. T 91) C LR H'(FT, T ). Then Fx @y € LA(RE: H' (T, T b)) C

L>(R3; CO([-T, T1; b1)). We have also 8,®, € H'(]—T,T[; H0) C L*(R}; H!
(I-T. T[; ho)). Then 8, Fx®q € L*(Rg: H'(1-T. T[: ho)) C L*(Rg: CO(I-T, T1: ho)).
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Moreover ®, € L*>(]—T,T[;Dy) C L*(R}; L?>(1—T, T[;0y)). Then Fy®, €
L2RY: L*(J—T, T[; 0a)).

We deduce that for almost all & € R3, Fx Py (2, &, 2) is the unique solution g,
satisfying (3.23), of (3.1) with

m=|&], f(2)=FPo(.2). k) =FPi1& 2). (4.22)

Hence we conclude that
Do (1, %,2) = F ' (Y (1, 2) (0, (4.23)

and we get the uniqueness of the solution.

More generally, when @, is a solution of (4.1), (4.2), (4.12), we take 6 € CSO(R) such
that0 < 6, [ 6(r)dt = 1, and we consider D , (7, X, 2) = n [0 (nt —ns)Py (s, X, 2)ds.
We can easily prove that @, , tends to ®, in COR;; H1)HNCL (Ry; Ho)NC2 (R,; H-1)N
D' (Ry; Dy) asn — 00, and @y, is a solution of (4.1), (4.18). The previous result shows
that

G n(t,%,2) = Fy ' (Venlt, 2) (),

where g , is solution of (3.1) with m = [&|, f(z) = FxPen(0,€,2),8() =
Fx0:r Py n(0, &, z) satistying (3.23). Since Py, , (0, X, z) and 9; Py, (0, X, z) tend respec-
tively to ®o and ®¢ in H; and Ho, then Fx Py ,(0,§, z) and Fx9; Py (0, &, z) tend
respectively to Fx®o (€, z) and Fx®; (€, z) in L2(R3; b1) and L2(R3; ho). We deduce
by (3.24) that ¥ , tends in LZ(RS; L>([=T, T1; hy) to the solution ¢ of (3.1), (3.24)
with the data (3.24). We conclude that (4.23) is true again and the proof of the uniqueness
is complete.

To establish the existence of the solution, it is sufficient to solve the Cauchy problem
and to get estimates (4.13), (4.13), (4.19) for a dense subspace of initial data. Hence we
consider the case where there exists R > 0 such that 7x®;(§, z) = O for any |§|> R.
Then we get by the Lebesgue theorems, the Parseval equality and Theorem 3.3, that

Bt x, 2) = / e (1, 2)dE
|EI<R

(2m)?
is the wanted solution, moreover estimates (4.13), (4.14), (4.19) directly follow from
the integration of (3.24), (3.25), (3.30) with respect to £, and we can take x = 0 when
®; (&, z) = Oforall [f|< M where M = VK.

The continuity of I, is deduced from (4.6), (4.7) and (4.12). To prove the injectivity,
we suppose that ¢ = 0 for some ®g € H1, | € $Ho, then we have Fx¢po = 0 and The-
orem 3.3 implies that ¥¢ (¢, z) = 0. We conclude that @y = ®1 = 0. Now if &y = P,
then Fy®, = Fx P, and this theorem assures that o = «’.

The properties of the energy are obtained by the same way from (3.26) and (3.27)
with the Parseval equality and the formula

Eqy (@g(1), 0Py (1)) = /5a (Ve (1), 0re (1)) dE.
We also have with (3.32):

Eq (00, ®1) = / (AaFx®o(E. ): Fx®o(E. D)o dE + [VxPol%, + 1011,
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that proves (4.21). Finally, since Proposition 3.2 assures that for m > 0, ¥,,(2) =

Z%Kz(mz), and for m = 0 Yo(z2) := z’%, satisfy (P> + mz)wm = 0, and belong to ?,
when x = m? > 0 is a solution of (4.20), or « satisfies (3.18) for m = 0. We conclude
that @ (¢, X, 2) = @[ (¢, X) ¥, (2) are solutions of (4.1) satisfying (4.18). O

We conclude this paper with some comments. If we expand the strong solution as

o (1,%,2) = b (1%, 2) + o1, 0 x ()22 log 2 + d1 (1, ) x ()22 + a8, %0272,
(4.24)
then we can see with (4.9) and (4.10) that Eq. (4.1) is equivalent to a system of coupled
PDEs (we denote [] := 8,2 — Ay):
Oy +4¢; =0, (4.25)
U1 —4¢o = 0, (4.26)

15
[D - 3? + @} (¢r + X(z)z% log(z)¢o)

1 1 1 3
= —4x(2)z2 ¢ + (x”(z)zf +x' (@772 +4(1 - x(z))sz) ¢, (427)
supplemented by the boundary constraint at the time-like horizon:

lim (1%, 2) + 0o (t. X) + a1y (1. X) + (6, X) = 0. (4.28)

The leading term of &, in (4.24) is ¢ (z, X)Z_%, and ¢, has to be considered as the
regularized boundary value of the field,

92(1.%) := lim 22 D (1, X, 2). (4.29)
—>

This renormalization can be expressed by the operator I'y, defined by (4.15), which asso-
ciates the field ¢» on the conformal boundary, to the field into the bulk. In the context of
the AdS/CFT conjecture, the fundamental question of the injectivity of this operator
arises. Our crucial result states that I', is one-to-one, therefore we have established the
validity of a kind of holographic principle: the boundary value ¢, entirely characterizes
the whole field in the bulk, and consequently we may regard ¢, as the hologram of ®,.

As regards the asymptotic dynamics on the boundary, we note by (4.25) that ¢; is not
a free wave in the Minkowski space-time (see below for a link with the massless grav-

iton), and ®r := ¢, + X(z)z% log(z)¢o is a Friedrichs solution of the inhomogeneous
wave equation of the gravitational fluctuations, i.e. ® satisfies (1.3). The part of the
field given by ¢ (7, X) x (z)z% is rather peculiar and specific to our functional framework:
it satisfies the Dirichlet condition on the boundary without being a Friedrichs field since
its H'-norm is infinite.

A particularly significant family of constraints on the boundary of the Anti-de Sitter
universe is given by the condition (3.18) that corresponds to

$_1(t,X) +appo(t,x) +a1p1(t,x) =0
with

1 3 1 1 1
0 <oy, —E—zlog2<ao+§10ga1 < Z_EIng_y'
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In this case the energy is positive and /E, (Pg, ®1) is a norm on $H1 x §o. Hence we
can consider the Hilbert space &1 x ) defined as the completion of this space for this
norm. We remark that §); # K since

_3 _3
le@z72 1%, = 17213 /]R Vs Pdx,

30 -3.2 -3.2 2
lp)z72 1%, = oz 2 1%, + 272, /R |6 (x)|*dx.

Then the Cauchy problem is well posed in £ x $) and the solution is given by a unitary
group. Finally (3.33), (3.34) and (4.23) allow to split the solution &, into a massless
graviton ® ¢ and an orthogonal part &, solutions of (4.1) satisfying:

3
Dy = O + D, OG(t, %, 2) = Pioj(t, X)z 2,

where
37 pro1 — Axdror = 0, oy(0,%) = Iz~ > <<1>o(x, BE z‘%>0,
091010, %) = 177 5 (@1 x. )3 27
and for all 7 € R and almost x € R?,
<CI>J‘(I, X, ); z‘%>0 —0.
If we expand ® as

(1, x,7) = ¢,l(t, X, 7) +¢0l(t, x)x(z)zg logz + ¢1L(t, x)x(z)z% +¢j‘(t, x)z_%,

we conjecture in the spirit of (3.35) and (3.36), that

IVixg (6 2@y [Vixdi @ ) 2@y [Vixds (¢ )l 2@y — 0. |t |— o0,

hence

Jim V001t ) = Veada (0 iy =0, (4.30)

that is to say, the more singular part of the gravitational wave is asymptotically given
by the massless graviton. Taking account of (4.27), we also expect that ¢f‘ is asymp-
totically equal to Friedrichs solutions ¢ri of the homogenous equation as t — =+o0.
To summarize, we conjecture that the field in the AdS> bulk could be asymptotically
split into a massless graviton localized near the conformal boundary, and a Friedrichs
solution, that is equal to zero on this boundary:

B (1, %, 2) ~ io)(1,X)27 2 +¢E (1, %, 2), t — +00, ¢F(1,x,0) = 0.

The proof of this result will need a sharp analysis of the spectral properties of the ham-
iltonian, mainly we would have to establish that its singular continuous spectrum is
empty. Then it would be tempting to develop a complete scattering theory based on the
sequence of operators

(6101 ¢, ) —> Po —> (B101. ¢)) -
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A related issue is the characterization of the range of the holographic operator I',,. We
know that this space contains all the massless gravitons, and we have conjectured with
(4.30) that it is contained in a set of fields that are asympotically free waves. A precise
characterization will provide a complete description of the dynamics on the conformal
boundary.

Last but not least, we leave open the deep question on the privileged constraints on
the boundary on the Anti-de Sitter universe, among the large family of the boundary
conditions that we have introduced in this work. From the mathematical point of view,
these boundary conditions should yield an empty singular continuous spectrum, and
a range of the holographic operator as large as possible, and accurately characterized.
Another challenging question is the choice of the Hilbert space. It would be interesting
to investigate alternative choices of hilbertian structures, nay to use Pontryagin spaces,
that lead to other boundary conditions. For instance we could use the “cascade model”
introduced in [7]. For the physical point of view, since 1 has to be considered as an
energy scale E, our boundary constraints intertwine the behaviours of the field at sev-
eral energy scales as E — 0o. Our physical framework is very poor since we deal just
with one linear scalar classical field. We could expect that a rigorous asymptotic analysis
of a more complete model involving N gauge quantum fields, would make more clear
the link between these different scales and bring out a privileged condition.

5. Appendix

This Appendix is devoted to the proof of Lemma 2.2. We use the Bessel formula that
gives the Fourier transform f of a spherically symmetric function f € L' (RV),

N
A - (27‘[)7 0 N
fo=[ e ’X'ff(X)dX=|C|N_1/O Ty (el NECIr Edr, FOXD)= FX),
2
to get:
1 00 2
Dy(Z) = —/ D (z 1Z)) dz.
873 1Z12 Jo (22 — no) (2% — u1) (2% — w2)
We write
1 2
2—pu 22/ e Mj)t%tjdfja
~u )
to obtain

1 R A HOIg+HLL I+t
‘ZI)()(Z)zﬁ eMoly i 2
w2 ZI7 Jo Jo Jo

* — 22 (12 +12+12) 3
X / Jo(z |Z))e ¥ 0T 22 d 7 ) 191 thdiodt diy.
0

We recall formula (10.22.51) of [16]:

o0 _223
/ Lz |Z)e ¥ P Pdz = —
0
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and by replacing it in the previous expression, we deduce that

00 o2 Rpuni——ZE fotit
do(Z2) = 3 / / / Aty )—3dt()dl‘1dt2.
8 G +1 +13)

We use the spherical coordinates of R3, tp = pcosesind,t; = psingsind, n =
pcosf to get

D0 (2)

1 "00 &3 3 20 . ) ) \2\2 dp
= oy / / / Ep sin ILOCOS (729 sin? 4 cosqosm (/Jd(p euzp cos? Sln 0cos0do e 47 &P
87> Jo 0 0 p

1 © 3 210 sin? 011 cos? 0) 2y sin? 0+ 2 0) X 7% dp
— 37 [ep L0 S 42 COS _ eﬂ s 42 COS } cos 9 sin Ode e 4p 73
167> (o — 1) Jo 0 P

1 it ‘Z‘ dP 1 uzpzfﬁ dp
- ¢ ap
3273 (o — ) (1 — u2) Jo 05 " 30 — ) (aa — o) Jo ra
1 o lioﬂz*%dip

+ 3 =
3277 (2 — po) (o — p1) Jo P

We can express the modified Bessel function K> by formula (10.32.10) of [16] to get
S |Z\ d 8
I o i
/0 G — k(i 120,

therefore we obtain the expression of ®:

1 K1
do(Z) = — Kor(/— Z
o2 =" zpe [(Mo—m)(ul—m) 2(v/ =1 |2)

12 Ko(v/=1t2 |Z1)

+
(1 — m2) (2 — wo)

ol Ka(W=h0 |Z|>} .

+
(2 — o) (o — 1)

We directly obtain the expression of ¢; with a change of variable in formula (II, 3 ; 20)
of [18]:

0j(2) =~ 3|Z|2K2(*/ s 1Z). 5.1

‘We know that K> (z) is an analytic function on the surface of the logarithm, and forz > 0
we have the following asymptotics (see [16], formulae (10.25.3):

T 2
K> (z) ~ ,/z—ze*Z, z— 00, Ka(z)~ 2 i 0*.

We deduce that @ and ¢; are in L' (R®). To derive the asymptotic forms near zero, we
use formula (10.31.1) of [16] that allows to establish that for z > 0:

2 1 2
K2(@) =5 = 5 = g logz +22FE) +2*G () logz, (5.2)
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where F and G are entire and if y denotes Euler’s constant, we have:

4log2+3 —4y
F(0) = g3—2. (5.3)

Equation (2.20) follows from (5.1) and (5.2) with

Fi(Z) = (1 - x(2))¢;(2)

1 1"
+x(Z)( 28 5 log(— u,)+ 3 F (- i1z

_ 8 T G( 1j 1ZI%) log(—u; |Z|))

Since (1 — x)p; € H®(R®) by elliptic regularity and |Z|? log(|Z|) € H} .(R®) we

conclude that F; € H 4(R®), and (5.3) gives (2.22). Finally we have

loc

®p =2 ( @1 N %) . %o ) ’
(o — p) (1 — p2) (1 — p2) (2 — po) (2 — o) (o — (1)
hence (2.21) follows from (2.20) with

( F P Fy )
Go=2 + + ,
(o — ) (1 — pm2) (1 — p2) (2 — o) (u2 — po) (o — K1)

and with this expression of Gy, (2.23) follows from (2.22). At last the link between
Uy, ug, uy, up) and (V,, vg, vy, vp) is easily deduced from (2.20) and (2.21) via some
tedious computations:

1 1
vy = Frtu), v = g (i + pou),
1
vg = P — Qug — ]u] %uz), Vi, =U, +ugGo+u1 F1 +ur I, 5.4)
1673y, — 473 U202 16730 — 4713/“1)2
uy = , Uy = B
M1 — M2 M2 — 1
ug = 3273 vg + 873 (11 + wa)vi — 273 i pava,
4vy (1 +p2) — V2 i1 2 1673 v — 473 povy
Uy, = vy x(Z)log(|Z])— Fy
16 H1—H2
16730 =473 v
_ 1 "1 2F2, (5.5)
M2 — K1
U=V, — (327131)0 + 873 (1 + p2) vy — 2ﬂ3M1M2v2) Go
16730, — 4713M2v2 1673 — 4713/“1)2
_ F1 — F.
M1 — K2 M2 — K1

These expressions show that the coordinates u1, us, ug depend on u, 1, £z, but are
independent of the choice of . Furthermore, since x (Z)log(|Z|) € H 3=€¢(R%) and
Fi, Gy € H*(R®), we see that the |-l -norms and the |.|¢-norms are equivalent.
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