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Abstract: We investigate the global solutions of the Dirac equation on the Anti-
de-Sitter Universe. Since this space is not globally hyperbolic, the Cauchy problem is
not, a priori, well-posed. Nevertheless we can prove that there exists unitary dynamics,
but its uniqueness crucially depends on the ratio beween the mass M of the field and
the cosmological constant A > 0: it appears a critical value, A /12, which plays a role
similar to the Breitenlohner-Freedman bound for the scalar fields. When M2 > A /12
there exists a unique unitary dynamics. On the contrary, for the light fermions satisfying
M? < A/12, we construct several asymptotic conditions at infinity, such that the pro-
blem becomes well-posed. In all the cases, the spectrum of the hamiltonian is discrete.
We also prove a result of equipartition of the energy.

I. Introduction

There has been much recent interest in the field theory in the covering space of the
Anti-de-Sitter space-time C AdS, that appears as the ground state of the gauged su-
pergravity group [15]. This lorentzian manifold is the maximally symmetric solution
of the Einstein equations with cosmological constant —A < 0 included. Its topology
is R, x R}, but its causality is non-trivial because it is non-globally hyperbolic: the
Cauchy data on {t = 0} x R?® determines the evolution of the fields only in a region D,
bounded by a null hypersurface, called a Cauchy horizon. More precisely D is defined

by |t |< \/g (% — arctan (\/g | X |)) Thus we can think that to specify the physics

apart from D, we have to impose some asymptotic constraint at infinity as | X |— oo.
Since the conformal boundary of C AdS is timelike, this condition can be considered
as a boundary condition. It is exactly the case for the massless, conformally coupled
scalar fields that are conformally invariant in C Ad S, and these fields have been studied
in this spirit by Avis, Isham and Storey in [1]. For the massive fields the situation is dif-
ferent because the gravitational potential relative to any origin increases at large spatial
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distances from the origin. It causes confinement of massive particles and prevents them
from escaping to infinity. In fact, the situation is rather subtle and depends on the ratio
between the mass from the field and the cosmological constant. This phenomenon has
been discovered by Breitenlohner and Freedman [7,8], who have showed the existence
of two critical values, the B-F bounds, for the scalar fields; the first one assures the
positivity of the energy, and the second one assures the uniqueness of the dynamics. In
this paper, we establish a similar result for the Dirac fields.! The square of the mass
of the spinors is compared with a unique B-F bound that is equal to A/12. We shall
see that the physics of the heavy fermions (M? > A/12) is uniquely determined, but
there exists a lot of possible dynamics for the light fermions (M? < A/12), involving
the asymptotic forms, at the C AdS infinity, of classical boundary conditions, local or
non-local: MIT-bag, Chiral, APS conditions, etc. From the mathematical point of view,
the solutions of the initial value problem are given in D by the Leray-Hadamard theorem
for the hyperbolic equations d; ¥ = H(X, dx)W, and on the whole space-time, we solve
the Cauchy problem by a spectral approach, i.e. we look for the solutions formally given
by W(r) = € Hyy (0). Therefore we have to construct self-adjoint extensions of the Dirac
hamiltonian H(X, dx). This method was used by A. Ishibashi and R.M. Wald [21,22],
for the integer spin fields.

The paper is organized as follows. In Part II, we briefly describe the Anti-de-Sitter
manifold, mainly the different systems of coordinates and the properties of the null and
time-like geodesics. The explicit forms of the Dirac equation on C Ad S are described in
Sect. III, and we state the main result, Theorem III.4. We perform the spinoidal spherical
harmonics decomposition in the following part. The asymptotic conditions and the self-
adjoint extensions are discussed in the final section. In a short appendix, we present a
new proof of the B-F bounds for the Klein-Gordon equation.

We end this introduction with some bibliographic information. Above all, we have to
mention the works treating the scalar fields on C Ad S, [1,7,8,22]. We refer to [15,19,29]
for a presentation of the Anti-de-Sitter universe. There are many mathematical works
on the one-half spin field on curved space-time, in particular [4,17,18,25-28]. The gra-
vitational potential plays the role of a variable mass that tends to the infinity at the space
infinity; the rather similar Dirac equation on Minkowski space with increasing potential
has been considered in [23,34,38]. The literature on the boundary value problems for
the Dirac system is huge ; among important contributions, we can cite [5,6,9,10,16,20].
There are few papers concerning the deep problem of the global existence of fields on
the non-globally hyperbolic lorentzian manifolds, in particular [2,11,13,21,32,37] .

I1. The Anti-de-Sitter Space Time

Given A > 0, the anti-de-Sitter space AdS is defined as the quadric

XYY+ XD+ (XU - V2= _%

embedded in the flat 5-dimensional space R with the metric
ds®> =dU? +dV? — dX"? — dX*)? — (dX>)*.

! The author thanks the anonymous referee for his valuable comments on the B-F bounds.
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AdS is the maximally symmetric solution of Einstein’s equations with an attractive
cosmological constant —A < 0. To describe Ad S it is convenient to set

/A . [ A
U=Rcos( ET)’ V:Rsm( ?T)’

then we can see that

AdS = S} x R?XI’XZ’X%,

A
dsigs = §R2dT2 +dR* — (dX"H)? — dXx*? — dXx>)?,

R = \/(Xl)z +(X2)2+ (X% + %

For constant 7', the slice {T'} x R? is exactly the 3-dimensional hyperbolic space H?
that is the upper sheet of the hyperboloid XH2+ (XH24+(XH2-w? = —% in the

Minkowski space R‘(‘X1 X2.X3.W) with the metric (dX")2 + (dX2)? + (dX)? —dW2. 1t

is useful to use the spherical coordinates

1
r=vXH2+(X)2+(X3)2 e [0,00[, and if 0<r, w=—(X", X% X°) e S,
r

for which the hyperbolic metric becomes
A\
dsﬂz_]p = (1 + grz) dr? + r’de?,

where dw? is the euclidean metric on the unit two-sphere s2
do? = do* +sin’0dg*, 0<6 <m, 0<¢ <2n.

We shall use the nice picture of the hyperbolic space, the so called Poincaré ball. We
introduce

1<j<3, x/ ,/A : X/
_]_ , X7 = -  —— 3
31+,/1+%r2
N e [0, 1
0=\ 7 —7—=c¢l01[
31+,/1+%r2

then H? can be seen as the unit ball
B={x:=x"x2x)eR} >=u"H?+uH*+}H? <1}
endowed with the metric

3

2 2 2 2
Xm(dg +Qda)), 0§Q<1, w e S”°.

dS%[:,\ =
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We note that the time coordinate 7 is periodic, and this property implies the existence
of closed timelike curves. To avoid this unpleasant fact, we replace T € S' by 7 € R, i.e.
we change the topology, and we consider in this paper the Universal Covering Space of
the anti-de-Sitter space-time, that is the lorentzian manifold C AdS := (M, g) defined
by

M=R; X Ryi 42 v5) =Ry x By1 12 13y,

with the metric,

A A\
guvdxtdx" = (1 + grz) dr* — (1 + ?rz) dr’ = r’do?, 0<r <oo, we S,

1+0%\’ 3 4
=(i25) ¢t g (s @) 0z <1 wes
-0 -0

It will be useful to introduce a third radial coordinate,

[A
X = arctan( gr) = 2 arctan g. (IL.1)

Then the Anti-de-Sitter manifold can be described by:

(t,x,0,0) € R x [0, %[X[O,n] x [0, 271,

guvdxtdx’ = (1 + tan? x) guvdxtdx",
where g is given by
3
Guvdxl'dx’ =dr® - (dx2 + sin® xd6? + sin® x sin2 edwz) .

Therefore, if the 3-sphere 3 s parametrized by (x, 0, ¢) € [0, 7] x [0, 7] x [0, 27|,
and Si is the upper hemisphere [0, %[x x[0, ]y x [0, 27 [y, CAdS can be considered

as conformally equivalent to the submanifold M =R, x Si of the Einstein cylinder

(€&, 8,
E:=R, x 3, (1L.2)

and the crucial point is that the boundary dM = R, x {x =2} x S}, is time-like.
Nevertheless, we should note that, unlike the black-hole horizon of the ’éﬂchwarzschild
metric (that is a characteristic submanifold of the Kruskal space-time), the time-like
infinity of C Ad S, like the cosmological horizon of the De Sitter universe, (or a rainbow)
is seen in the same way by any observer: since C Ad S is frame-homogeneous (i.e. any
Lorentz frame on C Ad S can be carried to any other by the differential map of an isometry
of CAdS), no point is privileged.

Finally we recall that the null geodesics of Ad S are straight lines in R

(X',X2,X3,U,V)
and the timelike geodesics are ellipses, intersection of AdS with the 2-planes of R’
passing through the origin 0. As a consequence, C AdS is geodesically complete, and
time oriented by the Killing vector field 9;, but its causality is not at all trivial: (1)
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given a point P on the slice t = 0, the future-pointing null geodesics starting from P
form a curving cone of which the boundary approaches but does not reach the slice

t=7% %, hence C AdS is not globally hyperbolic; (2) the future-pointing timelike

geodesics on C Ad S starting from P, all meet a conjugate point Q atr = rr\/% , P and
Q project on antipodal points of AdS. Therefore the time-like geodesics on C Ad S can
be parametrized by (¢, X(¢));cRr, where the function ¢ +— X(#) is ¢-periodic, with period
27 \/g . These unusual properties yield important consequences for the propagation of

the fields: (1) suggests that we could have to add some condition at the “infinity” $* = 9B
to solve an initial value problem, at least for the massless fermions; nevertheless, since the
massive particles propagate along the time-like geodesics, (2) seems to imply that such a
condition is not necessary for the massive fields. In fact, the situation is rather subtle and
depends on the ratio between the square of the mass of the fermion, and the cosmological
constant. We shall see that no asymptotic constraint at infinity is necessary for the heavy
spinors, but there are many possible physical constraints for the light masses. In all the
cases, the spectrum of the hamiltonian of the massive fields is discrete.

III. The Dirac Equation on C Ad S

We consider the Dirac equation with mass M € R on a 3+1 dimensional lorentzian
manifold (M, g):

iy(‘;)vm/f — My =0. (I11.1)

The notations are the following. V,, are the covariant derivatives, y(‘;), 0<u=<3,
are the Dirac matrices, unique up to a unitary transform, satisfying:

0« _ .0 Jx _ . 72 VR A S TAY
Vo) =Ygy Vg = Vigy LST =30 VigVig tVipViy =28 1. (L2

Here A* denotes the conjugate transpose of any complex matrix A. We make the fol-
lowing choices for the Dirac matrices on the Minkowski space time R!*3: y* are the
4 x 4 matrices of the Pauli-Dirac representation given for u = 0, 1, 2, 3 by:

0 __ I 0 Jj_ 0 O'j

oo (00) = (27,
(10 (10 I A! 3 (0 —i
1=(o1)- o =(0%) = (1) = (05)

We also introduce another Dirac matrix that plays an important role in the boundary
problems:

where

. 01
y? = —iylyly?y’ = (1 0) : (IIL3)

that satisfies

Pyl +yhy’ =0, 0<p<3.
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We know that when the metric is spherically symmetric,
1
guvdxtdx’ = F(rydt> — ——dr?> —r? (d92 +sin? 9d<p2) ,
F(r)
then, if we choose the local orthonormal Lorentz frame {e, a = 0, 1, 2, 3} defined by

l . .
ea“:|g““|2, if w=a, e'=0if nu#a,

the Dirac equation has the following form in (¢, r, 6, ¢) coordinates (see e.g. [26-28]):

1l o0 1 (0 1 F i o0 1
{lF 2y —+iF2y | —+—-+—=)+-v =+
at ar r 4F r a0 2tan6

)

3

+ -——M} —0.
rsin@y dp v

For the Anti-de-Sitter manifold we have

Firy=|(1 A
r)—(+§r),

and it is convenient to make a first change of spinor ; we use the radial coordinate (IL.1),
and we put

A L\¢
O(t,x,0,¢p):=r (1 + gr ) Y(t,r,6,p). (I1IL.4)

Then we obtain the Dirac equation on the Anti-de-Sitter universe with the coordinates
teR,xel0,3[,0€l0,m], ¢ €l0,2n[:

(30 g, 000, L[ oafd 1\, 1 o507,
Aot VY o Tsinx |7V 56 T 2tane ) Tsine” Y b

M| =y"d =0. (1IL.5)

Since the part of this differential operator involving 9;, d, is with constant coefficients,
the form of this equation is convenient to make a separation of variables by using the
generalized spin spherical harmonics. But this decomposition has an inconvenience:
since the one-half spin harmonics are not smooth functions on $2, the functional fra-
mework involves spaces that are different from the usual Sobolev spaces on S? as we
shall see in the following part. It will also be useful to write the Dirac equation with the
coordinates (¢, 0,0, ¢) € R x [0, 1[x[0, 7] x [0, 27 [. We put

D(t,0,0,¢0) =0, x,0, ),

and the Dirac equation becomes:

39 1+02
—— o+ @ yo
Aot~ 2

a1 ,(8 1 1 48 2M [3
Xy —+—-y{—+ +—y —+ —|®=0.
do o 90  2tané osinf’ 3¢ 1—0p2VA|~
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In the part involving y!, 2, ¥3, we recognize the usual Dirac operator in spherical
coordinates on R? with the euclidean metric. This is a nice way to get the Dirac operator

on C AdS in cartesian coordinates. Adapting an approach of [33], we introduce

1
a:=> (1 —yly? =yl - J/3y1),

SO, ) =373V g,
We easily check that

aa* =1, SS* =1,

via=ay? y*a=ay? yla=ayl.

We put

1
v, 0) =y, v*0,0) :=—-y* y0,0) = —
~ ~ 0 ~ osinf

)71(Q, 0, ¢) :==cos ¢ sin9yl +sing sin@y2 +c059y3,

1
)72(Q, 0, ¢) =— (cosgocos 97/1 + sin<pcos6’y2 — sin 6)/3) ,
o

-3 1
70,0, ¢) i=—

osind (— sin <py1 + cos (pyz) .

Tedious calculations give:

1<j<3 50,9760 =70¢50, ).

The cartesian coordinates x := (x!, x2, x3) on B being
1_ . 2 : 3 _
X' =pcospsinf, x°=psingpsinf, x’ = pcosH,

we define the spinors W, ® on B by the relations
1 .2 .3 e 1
W', x?% x7) =@, 0,9) = ES(G,so)@(Q,GJp),

and the Dirac operators

0 0 0
D:=yp!' — +y2 43—,
v ax! v 9x2 v ax3
~ .1 0 5 0 2 0
Di=yp'—+7>—+7°—,
ao a6 g

0 d 1
D;=y1—+y2 —+t—)+Yy .
~ T L 50 % 80 2tane ) T L Bg

We omit the direct calculus that gives the links between these operators:

Y,

(I1L.6)

(I1L.7)
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Lemma IIL1.
~ o 1
OW) (', 4% %) = (D) (0.6, 9) = =56, 9) (D2) (2. 0. 9).
0
We denote S the operator that relates the spinors in cartesian and spherical coordinates:

1
S:d>SO=V, Ui 2= t—S(@, P)D(x, 0, ¢). (111.8)

an (3)

Then, if ®(¢, .) is a solution of (II1.5), the Dirac equation satisfied by W (¢, .) := S®(z, .)
forr € R, x = (x!, x2, x3) € B has the form:

[3 00 g (LE@Y[ 12 20 50 2iM [31, oo
TN 2 )|V T e g TV |

Since the charge of the spinor is the formally conserved L? norm, it is natural to
introduce the Hilbert space:

4

2. |2 2

L= (L {B, dx , (III.10)
1+02

and given Wy € L? we want to solve the initial problem, i.e. to find a unique

U e CYR,; L?) (IIL11)
solution of (II1.9) satisfying:
(it =0,.)=W¥o(), (II1.12)
and the conservation law:
VieR, [WQ®) 2=l Yo ll2 - (II1.13)

Moreover, since % is a Killing vector field on C AdS, it is natural to assume that
teR+— (Vg (1)), (II1.14)

is a group acting on L?. Therefore we look for strongly continuous unitary groups U (f)
on L? that solve (II1.5). According to the Stone theorem, the problem consists in finding
self-adjoint realizations on L? of the differential operator

e i (EL) 0| 12 s y2 s M 3 s
= — — —_— ., i
M 2 )V Y o T e T e T T2V A

with domain

DHy) = {\IJ el HyV e Lz}, (IIL16)

by adding suitable constraints at the CAdS infinity o = 1. The answer crucially depends
on the mass of the spinor.

First we discuss the massless case. When M = 0, the Dirac system is conformal
invariant, and it is equivalent to solving the Cauchy problem in the half of the Einstein
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cylinder, R, x S3. Therefore we can extend the initial data from the hemisphere S3 to the
whole sphere S3, and solve the Cauchy problem on the Einstein cylinder R, x S3. This is
tantamount to solving Eq. (II.9) on R; x ]Ri, instead of R; x Byx. This approach was used
by S.J. Avis, C.J. Isham, D. Storey [ 1] for the scalar field, and later, by Y. Choquet-Bruhat
for the Yang-Mills-Higgs equations [11]. By this way, we impose no boundary condition
at the C Ad S infinity, or, in other words, a “perfectly transparent” boundary condition,
and we easily obtain global solutions on C Ad S. We have to remark that since there exists
a lot of ways to extend the initial data, such a solution is not uniquely determined by the
Cauchy data on S;i. Moreover the effect of this “perfectly transparent” condition is to
recirculate the energy: the conserved charge is the L?-norm on S° while the Z?-norm on
Si is changing in time, and so (III.13) is not satisfied. In order to assure the conservation
(II1.13), we can take another route, and impose some “reflecting” boundary conditions
on {x = 7} x $2.In [1], several conditions are discussed for the scalar massless field.
For the Dirac equation, we note that when M = 0, Eq. (II.9) has smooth coefficients
up to the boundary | x |= 1. Therefore, in the massless case, we deal with a classical
mixed hyperbolic problem, and different boundary conditions for the Dirac system with
regular potential are well known (see e.g. [5,6,9,10,16,20]). We recall an important
local boundary condition for the Dirac spinors defined on some open domain €2 of the
space-time, the so called generalized MIT-bag condition:

. / 5
nuy“lll(t,xl,xz,x3) =i W@, x' x5, @, x! x5 e o,

where n* is the outgoing normal quadrivector at 32 and @ € R is the chiral angle.
When « = 0 this is the MIT-bag condition for the hadrons and when « = 7 this is
the Chiral condition. Another fundamental boundary condition is the non-local APS
condition introduced by M.F. Atiyah, V. K. Patodi, and I. M. Singer (see e.g. [6]) and
defined by

1)0,00[ (Dy@) ¥ =0 on 99,

where Djq, is the Dirac operator on 9€2. More recently, O. Hijazi, S. Montiel, A. Roldan
[20] have introduced the mAPS condition:

Lo,00f (Ds@) (Id —nyuy") W =0 on 9.

For Q = R, x B, these boundary conditions become

BY(r,w) =0, (r,w)€R x S, (IIL.17)
where
MIT — bag condition : Byyr = 7' +ild, (I1.18)
Chiral condition : Bewy = 7' —ild, (II1.19)
APS condition :  Baps = 1j,00[ (Ds2) (I11.20)

mAPS condition : Byaps = 10,00 (Ds2) (;71 + Id) : (I1L.21)
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where Dy is the intrinsic Dirac operator on the two-sphere:

— 0 0 ~

DoV =iy? (?725 + ;73%) P.
We conclude that there exists many unitary dynamics for the massless spin—% field on
C AdS, that we can easily construct by solving (II.9) with M = 0, (III.12), (II1.17), by
invoking the classical theorems on the mixed hyperbolic problems. In consequence, our
work is mainly concerned with the massive field, and in the sequel, we consider only
this case.

When M # 0 the situation is very different because the potential blows up as o — 1.
The analogous situation of the infinite mass at the infinity of the Minkowski space has
been investigated in [23,34]. In our case, the key result is the asymptotic behaviour, near
the boundary, of the spinors of D(Hjs). We note that it is sufficient to consider only the
case of the positive mass, because the chiral transform

U — W
changes M into —M since we have
y Hyy =H_y.

We remark that the MIT-bag and the Chiral conditions are exchanged by the chiral
transform, and the APS condition is chiral invariant.

Theorem IIL2. Let W be in D (Hyp)with M € R*. Then

0 Lo2\T
v e [C (]0, 1y: Hf(Sa,)] , (111.22)
! 2 2
| 190 B ode < Buw I (11.23)
When M?* > % we have
| ¥(ew) l2s3=0 (VI—e). e~ L. (111.24)
When M? = % we have
| Wew) 2= 0 (Ve-Din(=0). o— 1. (I1.25)

4
When 0 < M? < % we put m = M % and there exists V_ € [H%(Sz)] ,
W, e [L2(SD]" and v € [CO (10, 11p; L2(S2))]" satisfying

W(ow) = (1—0) " W_(0) + (1 — 0)" Wi () + Y (ow), (I11.26)
o +iv_ =0, plu, —iv, =0, (I11.27)
I ¥ (0w) ll1252)= 0 (w/l - Q) Lo L. (I11.28)

4 4
Conversely, for any V_ € [H%Jr’"(Sz)] , U, € [H%_’"(SZ)] satisfying (I11.27), there
exists W € D(Hyy) satisfying (I11.26) and (111.28).
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Remark I11.3. We shall see that (III.24) can be improved and when M 2 A the el-

liptic estimate below (II1.32) implies that fo | Wow) |? —— < 00. When

L2(S2) (1— Q)
M? > ﬁ, then ¥ e [CO(]O, o; LZ(SZ))] , but the trace of ¥ on 9B does not exist for
M? < % Moreover we see with (II1.23) that when M # 0, Hy W = 0 implies ¥ =

4
0.The situation is different when M = 0: we have ¥ € [CO (]O, o: H’% (Sf))] for
W € D(Hyp), and this result is optimal: there exists W € L2, W # 0, with HyW = 0 and

V(o) € [H—%(Sg))]4 Uy [H 2]

‘We note that when M 22 3 the elements of the domain of H,, satisfy the homogeneous
Dirichlet Condition on dB. We shall see that Hy, is self-adjoint. On the contrary, when

0<M~<,/ %, the trace of W on 9B is not defined, the leading term (1 — o) ™™ W_ satis-
fies the MIT-bag Condition and the next term (1 — o)™ W, satisfies the Chiral Condition

(and the converse for —,/ % < M < 0). We introduce natural generalizations of the

classic boundary conditions in terms of asymptotic behaviours near S:

| BY (0w) Il 252)= 0 (,/1 - g) , (I11.29)

and we consider the operators Hg, B = By, Beui, Baps, Bunaps, defined as the
differential operator Hy; endowed with the domain

D (lg) = {¥ € DHw): || BY (o) l2szy=0 (VI —e)].
We remark that (I11.26), (IT11.27) and (I11.28) imply:

D(HBMIT):Z{‘I'ED(HM)§ W, =0 if M>0, V_=0 if M <0},
D (Hpe,,) :={¥ € DHy); W_ =0 if M >0, W, =0 if M <0},

D (Hp,,s) =D (HB,,ps) ={¥ € DHM); 1,00 (Ds2) Wi =1j0,00 (Ds2) ¥-=0}.

We now construct a large family of asymptotic conditions, generalizing the previous
one, by imposing a linear relation between W_ and W,. If we denote Wi

=" (YL, v, ¢3, ¥1), the constraints of polarization (I1.27) allow to express wi’4
by using I/fj:’21

3
wiwn) L (wi(w)) =S wol
pil = .0 2 , W.0O = w’' o’ .
(I/f (w) Vi(w) N

We consider two densely defined self-adjoint operators (A%, D(A*)) on L%(S?)
x L*(S?), satisfying

D(A*) = L2(8?) x L2(S?), D(A™) > H3(S%) x H2 (5%, (I11.30)

At (c°°(s2) x c°°(52)) C H*m(§2) x H3*"(82). (I1.31)
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. . 1
As an example, we can choose A~ any hermitian matrix of H 2 (S; C?*?), and A* any

hermitian matrix of H2*" N L>®(S8%; C**?). We define the operators (Ha+, D(Hy+)),
(Hs-, D(H,-)), where

1 1
D (Hyps) == [w € D(Hy): (ﬁ) = A* (E)} :
:F

For A~ = A" = 0, we obviously have Hp+ = Hp,,,,, Hax = Hp_,, if £ M > 0.
Furthermore, the chiral transform ¥ — y5 W leads to the exchanges M — —M,
HByir = WBey HBey = HByyrs BB, ps = HB, g HBAi — Hp

woAtwo

We now state the main theorem of this paper.
Theorem II1.4 (Main result). Given M € R*, we consider the massive Dirac hamilto-
nian Hyy defined by (I11.15), (I11.16). When M?* > % H),, is essentially self-adjoint on

[C®)]", and if M? > &, then D (Hy) = [H.B)]*, and for all ¥ € D (Hy), we
have the following elliptic estimate:

A A
vz 1 Hu Y ez (I M| — E) I VxW L2 - (I11.32)

When M?* < 1A—2
= HB, 4ps-

The resolvent of any self-adjoint realization of Hy;, M € R*, is compact on L?, and
so, the spectrum of these operators is discrete.

Ha+, Ha-, Hp, s Hp,

aps are self-adjoint on L2, and HpB,ps

We see that % is an important critical value. It plays exactly the same role that
the bounds that Breitenlohner and Freedman have discovered for the scalar massive
fields [7,8]. We recall that these authors have considered the Klein-Gordon equation

| g |_% o (I g I% g’“’avu) — a%u = 0, for which o = 2 corresponds to the massless

case. By a sharp analysis of the modes, they have established, among other results, that:
(i) the natural energy is positive when o < 9/4 , in particular for the light tachyons
associated with 2 < o < 9/4; (ii) the dynamics is unique when o < 5/4 ; (iii) there
exists a lot of unitary dynamics when 5/4 < o < 9/4. For the sake of completeness we
give in the one-page Appendix, a new and very simple proof of these results, based on
a Hardy estimate and on the Kato-Rellich theorem. For the spin—% field with real mass,
the most important conserved quantity is the L?-norm that is always positive, hence
one bound will suffice to distinguish the different cases: it is 1A_2 We have to emphasize
that this value was already presented in the discussion of the massive O Sp(1, 4) scalar
multiplet in [7,8]. This multiplet consists of a Dirac spinor with mass M, and two
Klein-Gordon fields for which o = 2 + M/3/A — 3M?/A. We can easily check that
o <9/4forany M € R, and o < 5/4 iff M? > A /12. Therefore our own result is
coherent with this particular model of Anti-de Sitter supersymmetry: the constraints for
the uniqueness of the dynamics are simultaneously satisfied for the spin field and the
scalar fields. The case o« > 9/4 describes the heavy tachyons in C Ad S, and corresponds
to the case of an imaginary mass for the Dirac field. This regime seems to be unphysical
since the energy of a scalar tachyon is not positive, and the L?-norm of a spin-% field with
an imaginary mass is not conserved. Of the mathematical point of view, it is doubtful
that the global Cauchy problem with these parameters is well posed, and of the physical
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point of view, we could suspect that the AdS background is not stable with respect to
the fluctuations of such fields. We do not address this situation in this paper.
We now turn over to the Cauchy problem.

Theorem IIL.5. Given W, € L2, there exist solutions of (11I1.9), (II.11), (II1.12), and all
the solutions are equal for

t.x) eRxB, |1]< 4> (” 2 arctan ) (IIL.33)
[l ’ A 2 Q M *

When M?* > 12, the Cauchy problem (111.9), (I1I1.11), (I11.12) has a unique solution. This
solution sansﬁes (111.13).

We achieve this part with a result of equipartition of the energy. We know, [3], that
the solutions ¥ € CO(R;; LZ(R3; C*)) of the massive Dirac equation on the Minkowski
space-time, satisfy

lim Wy 05w (1, x)dx = 0.
[t|—>o00 JR3

Since the spectrum of the possible hamiltonians for the massive fermions on C Ad S is
discrete, we cannot expect such an asymptotic behaviour. Nevertheless, we establish the
existence of a similar limit, in the weaker sense of Cesaro:

A
Theorem IIL6. Let W € CO(R,; L?) be a solution of (11L.9), given by W (t):elt\/; By (0),
where H is a self-adjoint realization of Hy;, M € R*. Then we have:

lim — / / W93 W (s, x)dxdt = 0. (I11.34)

The proofs of these results are presented in Parts V and VI. They are made much
easier by the use of the spherical coordinates. Operator S, defined by (IIL.8), that relates
the spinors within the two systems of coordinates, is an isometry from

4
2= [L2 ([o, %[xx[o, 7y x [0,27[,, sin dedOd(p)] , (I1.35)

onto L2, and satisfies the intertwining relation
HyS =SH,, (111.36)

where H,, is the differential operator
a i a 1 1 a
H:='01_+_ 02_+— +_03_
m= Y dx sinx |:7/ v 00 2tané sinQy v ap

m. 3
_ v, m=M, —. (IIL.37)
COS X A

The problem essentially consists in finding self-adjoint realizations of Hy, in £2. The
difficulty comes from the blow-up of the gravitational interaction on the boundary. We
see that Hy is just the Dirac operator on the 3-sphere $3 < [0, 7], x [0, g x [0, 27 [o
restricted to the upper hemisphere Sf <~ [0, %[X x[0, ]y x [0, 27 [,. The key result,
Theorem V.1, deals with the asymptotic behaviour of ® € D(H,,) at the equatorial
2-sphere §? = 8Sﬁ,asx — 7. Thetool is a careful analysis based on the diagonalization

of Dg> by the spinoidal spherical harmonics.
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IV. The Spinoidal Spherical Harmonics

We start by introducing several tools based on the spinor representation of the rotation
group (see [14,26,35]). It is well known that there exists two Hilbert bases of L2(S2),

given by: (Tf ®, 90)) , (Tl (0, (0)) )
" amer \ "2 (tmel

1 1
:[UmﬁleN+§,neZ+? P|nmN]

1
(l,n);leN+§, n:—l,—l+1,...,l], av.y

1 __ _—ing pl
Ti%)n(eﬂp)—e Pi%’n(cosé),
where Pil , can be expressed in terms of generalized Jacobi functions:
bR

1-2n dl_n l¥l l:i:l
1+Xfﬁ*dxlnk1— X) 41+X)z],

i i +1-2)
Pi%’n(X)zAi’n(l—X 3
and the constant

(—1)/F1imFe
1
ER]

o
+.n —

D +n)t 2141
D —nV A4r
is chosen to normalize the basis functions (in comparison with the notations adopted in
the book [14], the functions P,’n,n are multiplied by +/(2/ + 1) /4m):

2
/ /zﬂ(ewﬂ (6, 9)sin0dOdg = 8 8, .
Therefore we can expand any function f € L?(S?) on both these bases bases

fO.9)= 30 e (NTL 6.9). ul, (/) €C.

(I,n)el

and by the Plancherel formula:

Lf 5= D> Lk, () P= D 1ul ()P

(,n)el (I,n)el

More generally, for s € R, we introduce the Hilbert spaces W defined as the closure
of the space

Wi = }:uinﬂ Uk, €C (IV.2)

finite



The Dirac System on the Anti-de Sitter Universe 141

for the norm
1 2s
2 ! 2
I W= D (1 + 5) Ll () 1.
(,nyel
We note that the basis functions are not smooth on S? since Ti‘ n(@, 2r) = _le:‘ )
2 2

(0, 0)#0. Hence W is not a classical Sobolev space on S2. We state some properties
of these spaces. Firstly it is easy to prove that for

sz0= Wi ={rer?(s?): I flwg< oo},
and the topological dual of W can be isometrically identified with W *:

seR, (W) =wi'

Secondly we show that W3 contains the test functions on ]0, 7 [¢ %10, 27 [,,. To see
that, we recall the differential equations satisfied by the basis functions:

o, 1 \p + " g 1+ 1) 7 (IV.3)
— =*— —1 - , .
30 2tanf ) E3.n sinf £5n 2] Fin
9 = —inT! (IV.4)
A :I:%,n - :I:%,n' '

If f e C§P(0, m[px]0, 27 [y,) then (dy + % coth F #%)f € C5°(0, m[px]0, 27 [y)
and for any integer N, the differential equation (IV.3) assures that

Il o (f) = (=DVu! I G 2Nf e I*(I)
> Uy (J)= “En\ |50 2tan9:FSin93§0 -

We conclude that any test function belongs to W for any real s, and the series X uli "

Ti 1€ W4 converges in the sense of the distributions on ]0, [¢ x]0, 27 [,, in parti-
77

cular for all s < 0. We deduce that (dg + %cot@ F ﬁaw), acting in the sense of the
distributions, is an isometry from W3 onto W;_l. But we have to be careful since the
set of the test functions is not dense in general in Wi, s > 0: we cannot identify W—*
with a subspace of distributions, and there can exist f € W,* \ {0} which is null in the
sense of the distributions on 0, 7 [¢ x]0, 27 [,. For instance, since (sin 0)’% € L2(S2),
we have

1 l 1 l —1
fe= (l+5) ule (m) Ty, € Wil I fa llyp=2r,
(I,n)el

but its restriction on the test functions is the null distribution because

o 1 P9 1
00 =7 | — —+ _—
JEicga0.xts 0271, = [ae 2tnd | sind ago] ( sing)
—0 in D0, [x]0, 27]).
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Finally we investigate the links between W3 and W*. We know that

l
P%J

=P11 s
n —5,—

n

and

P,

1
— _1 n:FZ Pl
+3.n (=D :I:%,n’

hence

Wy, (f) = (=1 F3ul (P,
and we have
seR, feWieFeWs, | flw=I7llw: .
We warn that in general W} # W?. Indeed, given f1 € Wj[, we have by (IV.3):

3 1 i 9 1
— + — = —i{1+=)d TL, € L*(5?).
(ae 2tan6 | sinf a¢) Je= 2] ’( 2) UenlfDT3y , € L7

(I,n)el

We deduce that

19
fewnw! = — _—felL*s?.
sinf d¢

1 3 Y 0
T (0,9)=,/—e'2 —ew!
e

1
we see that ﬁi)(p T; . ¢ L?(5?), and we conclude that

Then if we consider

[N]

w! £ w!

Therefore it is convenient to introduce the isometry 7 on L%(S?) defined by

1 _ 7l
J (T+;,n) - T—%,n'

* / _ 7l
J (T—;,n) - T+%,n’

and 7 is an isometry from W} onto W*.
We now return to the Dirac field. In: the same way, we can expand any spinor defined
on 2, ®(0, ) € L*(S%; C*):

Then we have

wy, T'y (0, 9)
27
1 1
“2’,1T+l n(e’ ®)

@(9’ (P)z Z / 12’ , I,tl. G(C.

Jn

(U.mel ”?,nTﬁ’n(G,qﬁ)
UgnTyy 0 9)
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The main interest of this expansion is the following: if we consider the angular part of
the hamiltonian H,,,

0 1 i
D:= + +—y 03—,
i’y (ae 2tan9) sing’ ¥ 99

an elementary but tedious computation shows that:
l l
u4,n T_%’n (o, <ﬂ)

l 1
1 u3,nT+l n(9,<P)

= — 2
DoE.¢) Z(”z) s, Ty (6.0)

(I,n)el
ul nTl (0.9)

IVv.s)

Hence it is natural to introduce the Hilbert spaces

W= W x Wi x W8 x W
endowed with the norm:

2s
0B S (z R ) P (V)
j=1,n)el

W is also the closure for this norm, of the subspace

Wypi= Wi x Wi x W, x WE.
As a differential operator D acts from W* to W*~! and D endowed w1th the domain

W! is self-adjoint on WP. We see that the spectrum of (D, W!)is {£ (1 +1), /e N},

its positive subspace L2 (Sz; (C4) is spanned by the eigenvectors (Tl . 0,0, Til n),
-7 2

(0, Til - T, ,0), (I,n) € I, and the negative subspace L* (S2; C*) is spanned
1ot

2N

by the eigenvectors (Tl . 0,0, —Tl1 ), (O, Tll ,—Tl . ,O), (I,n) € I. We can
—3.n +3.n +5.n

~Ln
characterize these spaces by using the operator J:

4

(o) =4[ L, | vrer ()
Ty

We easily obtain the orthogonal projectors K+ on Li (S 2, (C4):

1 0 0 +J
IL{ 0o 1 7% 0
2 0 £7 1 0

+7% 0 0 1

K. = V.7)
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K. can be extended into bounded operators on W*, s € R. These operators are used
to define the global boundary conditions of M.F. Atiyah, V. K. Patodi, and I. M. Singer

(see e.g. [6]):

Ki® =0, Iv.8)
and the boundary condition introduced by O. Hijazi, S. Montiel, A. Roldan [20],

K. (1d+y1) @ =0.
W is also invariant by the operator
By :=y' +iei“”5, aeR,

involved in the local MIT-bag boundary condition:

Bod =0,
and the chiral condition:

B,® =0.

If we consider the operator A := y%y2D as a positive, unbounded, selfadjoint ope-
rator on WO with domain W1, then for 0 < s < 1, W* is the domain of A®, that is to
say, these spaces are spaces of interpolation (see e.g. [24]):

WS:[W‘,WO] L 0<s<l.

1—s
The link between this space and the usual Sobolev spaces on S is given by the following:
Proposition IV.1. For any s € R, the linear map
D0, ¢) — W' 2% 6 = 56, 920, 9), (', x% ) €S,

defined from Wy to [L2 (Sz)]4, where S is given by (I11.6) and x/, 0, ¢ are related to
(IT.7), can be extended into a bounded isomorphism from YW* onto [H § (Sz)]4.

Proof of Proposition IV.1. A tedious but elementary calculation shows that:
S11 Si2
SO, p) = )
©.) (521 522)
where
1 (1+10) (e_i% cos % +el7 sin %) (1+10) (e’% cos % — ¢ gin %)

Sii=S8Sn=-
. Y e YT _je . )
2 (1—1)(—e 12 cos%+e’2 sm%) (1—1)(@’2 cos%+e ) sm%)

av.9)

00
51225212(00)-
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Following [36], p.337, formula (3) with n = 0, we have
+1 0
VI+TP "2, | (cost) = vI—m+1cos (5) P! ;(cos)
~1-1 ,

0
+V1 +m sin (E) P! o(cosd),

then since

P,;’n — (_1)m+n Pl

n,m>

wegetforle NmeZ, -l <m<I[+1:

e (% 1+ o l—m+1x3+1
e (3) 17000 = o e
_ I+mx! —ix?
+(=D" o TYL_I(H,@,

o 0 1+1 B I —m+1x!+ix?
¢7sin (5) T—%z,m—%(e"p):(_l)m ]V I+1 2 V(@)
B l+m1—x3
+H=1)" 1,/l+—1 > Y16, 9).

In the same way, with [36], p.337, formula (4) with n = 0, we have

! 6
[+1P"2 (cos®) = —/I—m + Lsin (5) PL, (cos )

0
++/1 +m cos (5) P,il_l’o(cos 0),

thenwe getforl e NmeZ, -l +1 <m <I:

: O\ . 1+d [l—m+1x"+ix?
iZ 2 _ o 1ym+l 1
e 2cos(§) T%’mi%(e,go)—( 1) ] 5 Y, @, ¢)
l+mx3+1
HD T T Y69,
. O\ . 1+d T—=m+11-x3
—iZ . 2 _ o 1ym+l 1
e ZSIH(E)Té,mﬁ(G’(’D)_( 1) T+l 2 Y, @, ¢)
I+mx! —ix?
HD" T T Y@ 0).

Since f +> x/ f is bounded on H*(5?%) and f belongs to H*(S?) iff

0o 1

f= Z Z Oll,me[,p ZZ2S |al,m |2< oo,

=0 m=—1 l,m

145
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we conclude that the linear map ® — S(0, ¢)® = W is bounded from WV, endowed
with the norm of W* to [H S(S2)]4, hence it can be extended into a continuous linear
map S : & — V¥ from W* to [HS(SZ)]4. Then S* is a bounded linear map from
[H‘“(Sz)]4 to WS for any s € R. Since S*W = $*(8, )W for ¥ ¢ [C(‘)’o(Sz)]4, and
S*(0, ¢) = S71(6, @), we conclude that SS* = Idys, S*S = Idyys. O

V. Asymptotic Behaviour at the Boundary

In this part we investigate the properties of the spinors that belong to the natural domain
of the hamiltonian, especially the asymptotic behaviours near the boundary. We begin
with its form in spherical coordinates, H,, given by (II1.37), and

D (Hy) := {q> €L H,® e 52} . (V.1)
Theorem V.1. For any ® € D (H,,) we have
e (10, SLsW?). (V2)
| ®(x,.) ”W%: (0] (ﬁ) , x =0, (V.3)
and when 0 < m we have
7 dx
D(x,.) 120 —— <[l Hy® ||%, . V.4
/0 I PCx,.) Iy P <l Hn® |2 (V.4)
When % < m, we have
b3 b
[ ®(x,.) l2(s2y= O ( ) —x), x — 7 (V.5)

When m = % we have:

I DCx, ) ll2is2)= 0 (\/( - %) In (% —x)), x— % (V.6)

1 1
When 0 < m < % there exists Yy_ € W2, x_ € W2, ¥y, x4+ € LZ(SZ), and
¢ € CO ([0, Z1,: L2(S%; C%)) satisfying

I/f—(gﬂp))

_ z . —-m X*( %

D(x,0,¢9) = (2 X) —iy_(0, ¢)
ix—(0,9)
V40, ¢)

T " x+(0, 9)
+(5_x) iy (0,9 | TP 0.0, (V.7)

—ix+(0, )
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I ox,.) ||L2(s2)=0(,/%—x), X — % (V.8)

1 1 1_ 1
Conversely, for any _ € w2, X— € W+2+m, Ve € W2 xo € W2 there exists
® € D(H),) satisfying (V.7) and (V.8).
When m = 0, then

e (¢ %]x; wt). (V.9)

Remark V.2. Equation (V.4) shows that when m > 0, H, ® = 0 implies & = 0. On
the contrary, when m = 0, the left member of (V.4) can be infinite even if Hy® = 0.

1
Furthermore the space VW™ 2 is optimal for the traces on x = %: there exists ® € D(Hy)
such that @(%) gU._ 1 W*. As an example, we consider a sequence (C;yn) ccC
such that

1 —1 1\*
> (l+§) Cial’ <00, —1<s= > (l+§) ICr? = oo,

(l,n)el (I,n)el

(I,n)el

we can take for instance C; ,, = , and we put

1

Vlog(I+1)
I

T, ,©.9)

X l+% —lTl 9,
O@.0.9)= > Ciptan(3) 1,09
(I,n)el

SO =

Then we easily check that

3
® e L Hyd=0, 0<s:>/0 | ®(x,.) 1}y dx = o0,

d)(%,.) eWz \Up W,

Remark V.3. For 0 < m < %, the leading terms of & satisfy the MIT-bag or the Chiral
boundary condition since:

w+
Boo() =2 (T —x)" | 5 | +Bogcx).
—LX+
v
B, ®(x) = —2i (%—x)fm _)l.(gf_ + B (x).

ix—
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Proof of Theorem V.1. We expand any spinor ®(x, 6, ¢) in the previous way:

ullyn(x)Ti%’n(G, 9)

1 l

u2n(x)T (9,<0)
q> 795 = ’
c00= 2. ot 0.9

u4n(x)Tl (0.9)

and we have:

| ® ||22=i >

j=1(nel

l 2
uj,n ||L2(0,%) .

Furthermore, for ® € D(H,,), (IV.5) gives:

fl,,(x)Tl (6.9
fzan’ (6.9
fg,n(x)Tﬂ%’n(é’, ¢)

>

qu)(xv 97 (p) =

(Lin)el
1 l
x)T 0
f4’n( ) +%,n( > 0)
with
Ly, () m_ !
l (M3,n) * snx Yan T cosxUin = fl,n’
’ I+4
: ) ( 2) 1 m
! (u4,n) * sinx U3~ Cosx 2 n f2 n’
/ I+1 ’
- (.1 ( 2) 1 m_ 1 _ rl
! (uln) + sinx 42.n + cosx 430 = f3,n’
Y I+
(o Y ) _
—i (”2,n) * “snx uy * cosx U ,n f4n’
and

| Hy ®||£2—Z 2 I fin iz -

j=1,n)el

For1 < h,k <4, we put

L+ _ .l _ .l . .l
Upon = U £ iU, fhkn S £ ifin-
We have
rol+ 1 j
(Ml,i ) == 2 I+ lmo I,F
12,n sin x 12,n cos 34.n ~ “J34.n°
rol+t j
(ul‘i) - 2,L% tm ] x IF
34,n sin x 34.n COS X 12,n — “J12,n"

(V.10)



The Dirac System on the Anti-de Sitter Universe 149

Given wi IS L2(0, Z), any solution vl+ of

1
d [+ 5 T
—uvh — zvizwi, 0<x < —,
dx sin x 2

belongs to loc(]O, 7D C c?qo, Z1) and v can be written:

P 1+
Loy — ol (% X\\H Hfan(5))
v, (x) = v+(5) (tan (5)) —/x (tan B wi(y)dy. (V.11)

On the one hand, by integrating we get:

T
| 04(5) P CA+ Dl v g2 + 1wl 117)- (V.12)

On the other hand, we easily show that for 0 < x < %

/x’é (tan (%))_21_1 dy < 211 (tan (%))_Zl (1 B (tan (%))21) |

therefore since tan(x/2) < x on [0, %], we obtain that:

i ot (Z) (m <%)>z+% 2 <1l wh 12 3, (1 ~ (tan (%))21)

and we conclude that

b
W(3) = 0= 11 vi(0) =l x [l wl Iz, - (V.13)

Now the solutions v' of

QU
|~
~
Nl —

T2 200 T
v =w_ €L (0,2), (V.14)

have the form

A\ I+
Iy X\ 2 tan (3)) °
Ly =C (tan (5)) +/O (tan ()_C)) wh (y)dy. (V.15)

Then, when v_ € L2(0, %) and [ > 0, we have C = 0. Since for0 < x < % we have

[ ()" v = s an (2))

we obtain that the L? solutions of (V.14) satisfy:

A+1) vl P<lx () wh |2, (V.16)
For any x € C§°([0, 5[), we apply the previous estimates to

! I+ 1 im .ol s
Uy = XU{r34).0° wy = +(— ) X 34(12)n le34(12),n X U234y 00
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From (V.13) and (V.16), we deduce

LYy |x<x>uhkn(x>|<C<x>|x|2||u,n||Lz+|| fin 32 (VA7)

hk=12,34 j=1

where C(x) > 0 depends only on x. We get (V.2) and (V.3) that are consequences of
(V.17). When m = 0, we can take

[ I+ [ _ .ol F
Vi = UGy e Wi = _lf34(12),n’

and we get from (V.12) and (V.16) that

(+nt > |uhkn(x>|<C|x|2||uj,,||Lz+||f,,,||L2. (V.18)

hk=12,34 j=I

This estimate yields (V.9).
Now we have

L+ Y m. o4 I,F l"‘% I+
u; ) F uys =L f53 +1i Ung
( 13,n COS X 13,n 13,n sin x 24.n

l:l:) m l+z I+
u :I:— =F i—=u
( 24.n COS X f24n sin x 13,n°

Givenm > 0, wfr € L2(0, %), any solution vi of

d ;, m

b4
v, = wy, 0<x<5,

dx coS x

belongs to loc([O 0 c cYo, 7[) and when

vk (0) =0,
vl can be written:
*(tan (2 — %) \"
v () = / (i—i) wh (y)dy. (V.19)
o \tan (3 —3)
Therefore the Cauchy-Schwarz estimate yields
1 / ! b4
S<m = v, () [= C |l wy 2 5 (V.20)
1 I / b4 b4
m== =l 1= C (E—x)ln(i—x), (V21)

1 ! I T m
0=m<3=lvI=Clul i (F-x)
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We make this last estimate precise for 0 < m < 5:

=2 (G =) [ fon (5= 5)] "o

I T m+2 / T
=C|Ilwy 2 (E_x) + [l wy “Lz(x,%) E_x ’

in particular we have

(V.22)

0<m— llm v+(x) =0. (V.23)

X—)

On the other hand the solutions v’ of

d m- i T
—v_ — v =w_, O<x < —,
dx CcoSs x 2

have the form

bid y m
1oy n a7 ftan (- 3) 1

v_(x) =GC [tan (4 2)] /x (—tan - 2) w_(y)dy, (V.24)

thus,

1 T X —m ! T
Nes e [tan (Z — 5)] <ol iz g) 5 = (V.25)
and
! b T 1

v e L~(0, E)’ 3 <m—C =0, (V.26)

0<m< % = C; =v_ (O)+/O” (tan (%—%))mwi(y)dy.

We pick x € C3°(10, 5] such that x (5) = 1, and we apply the previous estimates to

L (%) 1 LF(E) . 1, :(F) L+ (%) "u L F (%)
”i XU 308y 0 Wi = Wis0a) , =T (E)XS1308) 2+ )’ X 24(13),n — X ¥13024) 0"

From (V.23) we deduce that when m > 0:

. 1 . ] : l )
lim w) ,(x) —iuz,(x) = lim w; ,(x) +iuy,(x) =0,
xX—>7 X—>5

hence

tim  (u, ()b, () + @, ()i, (1)) = 0. (V.27)

x—>%
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Now multiplying (V.10) by u , and taking the real part we get:

| —

4
i\‘g(ll11”1211—'-(M3rz"t4n) Z|I/l
dx sin x ;

o, Iy 1
=N (fl,nu4,n + f2,nu3,n + f3,nu2,n + f4,nu1,n) ’

and thanks to (V.17) and (V.27) we obtain

T

/ sin x Z=:| J"(x) |2dx<Z|| fjl’l”LZv

that proves (V.4). We also see that:

Il wissi, 2= COO Z I N2 (V.28)
Jj=1

Therefore when m > %, (V.5) and (V.6) follow from (V.20), (V.21), (V.25) and (V.26).
On the other hand, when 0 < m < %, (V.22), (V.25) and (V.28) assure there exists

LE
‘913352(4) L, € CY([0, Z1) such that:

o= =) [ o (5= ) ot

+ ‘/’13(24) n )
m 3 T _—x a

L,+(=) _z_ N 2 Z_X L,+(=)
413 04),0 (%) = (2 x) /0 (tan (Z-3) tan (4 2)) Wi3 4y, (Y

+(—) T

+¢’13(24) n(X) 5%
2
LF(+
hm ‘¢13T2(4))n(x)‘ =

3 (l,n)el

We deduce that there exists ¥+, x+ € L2(S?) such that ® can be expressed according
to (V.7), (V.8). It remains to prove the regularity of ¥_ and x_. We consider

cosx \m 1
\If(x, 0, (p) = (m) (1 +iy )CI)

Equations (V.7), (V.8) assure that
v
) — | ] in W0 oas x> 2 (V.29)
—iy- 2
ix—
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We calculate

0 1
—\IJ(x,.):( cosx )m (1+iy‘)y0 Hp® — —D® ).
0 1+sinx sin x

Since ® € L? ([0, F[; W') by (V.4), we deduce that

we (1, %[x;wl),

%qj cr1? ([1, %[X;WO).

The theorem of the intermediate derivative ([24], p. 23) shows that

vec? ([1, %]x; [W‘, Wo]é).

1 1
Recalling that [W!, W], = W2, we conclude by (V.29) that yr_ € W2, x_ € W,Z.
2

1 1
Finally we consider ¥+ € w2t X+ € W+ﬁm, and we want to construct
® € D(H,,) satisfying (V.7) and (V.8). We choose f € C(‘)’o([O, 1[) such that f(0) = 1,
and we put

A v
<I>(x)=(%—x) " —)i(g_h, +(%—x)m l-)f/; +¢(x),
IX— —I X+
where
ul T
+n(X ) i n
p =(3-x)" (l%‘;][f (G0 i
iy Ty,
,n(m)'ﬂ
u n(X+)Tl
(G S (G-)-n|
+n(ml
We use the fact that

G- 1 = G ([ st ) s
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to get

I 117252, <

. 1(5-x) ) o
2(5—)6) Z(/o |f/(t)|'2mdt)

(el

2 () 1P L, o) )

1(3-)
+z(5—x) > (/0 RO dr)

(I,n)el

1+2m

P2l ) P L, O P

The dominated convergence theorem assures that ¢ satisfies (V.8), and so @ € £%. To
achieve the proof, we have to show that H,,® € £?. We calculate:

ul, (y— >Tl

o +,,<x )Tl
qub(x):m(%—x) ]( cosx ) Z f(l( )) —iul a(U- )Tl

(In)el I 21
tu+,,(x )T+§’,1

ul (T
B ., (xT!,
_(__x) (l%e]f/ (l( ))l —iul (Y- )Tl—,
lu+n(X )Tl j
+,,1()(—)T11,,,

—iu'_, (Y )T?1 .

+(5-) " sirllx > r(1(5-2) (”%) +,,(x i

(I,nyel —5.n
ul T
a n(x/f+)Tl
— +,1()<+>T’
- (% _x) | ( cos X ) (znz)ézf (l (__x)) (1!f+)Tl2
+,1(><+>T1

L ,,(%)T’
ul, n(xnrl

-G X G ,,(%)T’Z

(,n)el 3
ul, n(X+)Tl

l\J
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—iul , T

21

.y 1

1 1 iu_ (YT
G Z G ()|
2 sinx 4, 2 2 M+,,,()(+)T7%Y”
ul ,(YT!,

2

In this sum, the leading terms have the form
T +m T 1
g5 =(5-x) > n(1(F-x)) (l + 5) 800 9).
(.nyel
where h € C3°([0, 1[) and
1) 72 + 2 + I
> (l + 5) I g5 17252, < 00, / 8 (@8, (@)dw = 8118y
(.nyel S

Taking account of the support of 2, we evaluate

2 z
1 2
=t 2 + 2
| & ||L2(]0,7r[><52) = E (l + z) I 8i.n ”LZ(SZ) [Z
z_

(I,n)el

()

1 1 1F2m
5/ 2 h(r) | dt Z (l+ 5) I gffn ||i2(32)< 00.
0

(I,n)el

2
dx

]

Proof of Theorem I11.2. Since the map S given by (II1.8) satisfies (II1.36), (II1.22) and
(II1.23) follow from Proposition IV.1 and (V.2), and (V.4). Moreover, since % —x ~

%(1 — 0), (V.5) and (V.6) imply (I11.24) and (II1.25). Now, if we put

Y+ (0, @)

Fix+(0, 9)

(II1.26) and (II1.27) are consequences respectively of (V.7), and:

[Z3CHD)

(flq:ild)‘lfi(w)=S(9v§0)(y1:F”d) iﬁf@%) =0

Fix=+(©, )
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1 4 1 4
Finally, for any W_ € [Hz+m(s2)] W, e [HT’”(SQ)] we define @ (6, ¢)
= 5%, o)V (w) € W%p”. When W satisfy (II1.27), then @ have the form

V(0. ¢)

| xx0,9) L4m L4m
q)i(ea (p) - :l:il/f:t(e,(p) ) 1//— E W_ ) X_ E W+ 3

Fix+(0, )
1om

1_
YreW2 " xeew2 ",

and there exists ® € D(H,,) satisfying (V.7) and (V.8). We conclude that ¥ := S,
belongs to D (H,,) and satisfies (I11.26) and (I11.28). At last, Remark III.3 directly follows
from (V.9), Proposition IV.1 and Remark V.2. O

We end this part by an important result of compactness:

Proposition V.4. Let K be the set
Ki={®eDH, 1015+ k=1]. (V.30)

Then, when m > 0, K is a compact of L.

Proof of Proposition V.4. We consider a sequence (®"),cy in K. We write

[ Lyl
u] nT é” fl,nT,%’n
1 Lyl
v u2 nT f2,nT+l n
o = E H,®" = E 2
[UTZ ) m f[’v l )
(,n)el —1n (,n)el 3" —1n
l Lvmpl
M4nT f4 nT+ n

and we have:

4

IR
Z Z jn ||L2(0”)+|| fjn ”LZ(O”) <1
J=1Wn)el

The Banach-Alaoglu theorem assures that there exists ® € K and a sub-sequence
denoted (®"),n again, such that

ATl
Uy Iy
z,n
W Tl
P’ —~ &= ‘2 hn
- l Tl ’
(d,myel ? i
u4’”T+%,n
!
flﬁ" n
ol
f2 nT 1
H,®" — H,® = Z f’ 77’” in L% — %, v— oo.
(el | 73 nT n

f4”+n
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Since forany (I,n) € I, j = 1,...4,ul" —ul fiv — fl in L2(0, %) — x as
v — 00, we deduce from (V.11), (V.15), (V.19) and (V.24), that

i
Vx € [0, E]’ ulj”‘:l(x) —ul (x), sup sup | ulj’;l(x) |< oo.

Jsn
v xel0,3]

Therefore

lv

Il —ul 20,z 0. v — o0 (V31)

Moreove, since m > 0, (V.4) implies:

N,
sup > (1+§) Doy~ ||§2(0’%)< 0. (V.32)
j=I

Vo nel

ForleN+%weput

4 1
Ly ._ v _ 1 2
e = Z Z Il = uin N72007) -

j=1n=—1I
Equations (V.31) and (V.32) show that

1 1\*
VZEN+5, eV =0, v— oo, A = sup Z (l+§) Y < 0.

v 1
[eN+5

. -2 . . .
Sinceel’ < A (l + %) , the dominated convergence theorem implies that v 0,
as v — oo, that is to say, ®" strongly tends to ® in £2. O

VI. Self-Adjoint Extensions
When 0 < m < %, we define the linear map
{1/
T ®cD(Hy)— M@ =% |ews,

I/
X+

where {1 and x4 are given by (V.7), and we put I'(®) = 0 when % < m. We note that
Theorem V.1 assures that
L+m Lm !

1 1, 1,
Vm €]0, 5[, W2 x Wi x W2 7 x W " CT(D(Hp)). (VL1)

‘We introduce the matrix

00—1 0
0.5 _ 00 0 —1
Q==rv"=1100 0

010 0

The basic tool is a nice Green formula:
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Lemma VI.1. Given 0 < m, for any ®, e D(H,,) we have

<Hp® @ >p — < & Hy® >pm=2<[(d), OT(®) >0 . (VL2)

Proof of Lemma VI.1. Equation (V.4) assures that any & € D(H,) belongs to
L? ([0, 71 Wl), hence for any ¢ > 0, ® € H! (]8, 7 —el WO). Since (D, Wh)
is selfadjoint on WO, we evaluate

< H, P, d > — < P, Hmci) > 2= limO < iy0y1d>(% — &),
E—>

~ I . 0.1 ~

CD(E —&) >y — <iy y P(e), P(e) >y,
and taking account of (V.3), (V.5), (V.6), (V.7) and (V.8) we get (V1.2). O

We now investigate the self-adjoint extensions (H, D(H)) of H,, with

C5°0, ZLxx10, w10, 27 [; C* C D(H). The adjoint H* is just H,, with domain
D(H*) C D(H,,), and we have:

Y& € D(H), V® € D(H*), < T(®), QT'(®) >y0= 0.

When m > % we immediately obtain a first result of self-adjointness of H,, on £:

Proposition VI.2. When % <m, Hy, is essentially self-adjoint on [Cg<> (]O, %[XX]O, 7 [9X]
4
0,2r[y)]".

Proof of Proposition VI.2. Let H be the operator defined by the differential operator H,,
endowed with the domain D(H) = Cgo(]O, I x]10, w[x]0, 2 lo: (C4). On the one
hand, H is obviously symmetric, and on the other hand, its adjoint H* is just H,, with
domain D(H,,). Let any @ be in D(H,,) such that H*®4 +id4 = 0, satisfies

F2 | [ 7=< Hy®s, ®s >p2 — < Bu, Hy®s > 12,
and we conclude by (VI.2) that &+ =0. O

When 0 < m < %, the situation is much more interesting: there exists a lot of
self-adjoint realizations of H,,. First, we introduce the operators Hys;r and Hcgy
respectively associated with the MIT-bag and the Chiral boundary conditions. They are
defined as H,, endowed with the domains

D (Hpmir)
1 . T T
=1P e D(Hy); |y O, )+id(x,.) =0 E—x , X —> 70
(VL3)
D (Hcur)

- {@ e D(Hp); || y'®(x,.) —id(x,.) ||W0=0( /% —x), x> %]
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In fact these asymptotic conditions are reduced to linear constraints on the asymptotic
profiles @ : we check by (V.7) that

. Y+(0, @)
1 . A (T " x+(6, 9) 1,
Y1 ®(x.0, ¢) £id(x, 0, p) =£2i (E‘x) At (v i) px.0.0).
Fix+(0, )

Thus (V.8) implies that

D (Hymir) ={® € D(Hpn): ¥+ = x+ =0},

D (Hcur) ={® € D(Hy); v_ = x— =0}.
We now construct a large family of self-adjoint extensions that are non-local genera-

lizations of the MIT-bag and Chiral conditions. We consider densely defined self-adjoint
operators (A%, D(AT)) on L%(S?) x L2(S?), satisfying

W2 x Wé C D(A7), D(AY) = L*(5%) x L*(5?), (VL5)

1 1
A% (€200, 7[x10,27[: €?) € W2 w2, (VL6)

We introduce the operators H 4+ defined as H,, endowed with the domain

oo oemn (1) ()]

In particular, we have H4-— g = Hpyrr and Ha+—o = HcHI-
Proposition VI.3. When 0 < m < %, Ha+ and H - are self-adjoint on L.

Proof of Proposition VI.3. Since AT are self-adjoint, we have for ®, & € D(Hp+):

(1) () (e
< T(®), QT (D) >0 <(X¢)’()E:F AT . 0. (VL7)

Therefore H 4+ are symmetric. Moreover, given o e D(H;i), we have (VL.7) for any
® € D(Hy+) again. For all ¢4, x+ € C8°(]O, m[x]0, 27[), (VI.1) and (V1.6) assure
there exists ® € D(H 4+) such that

[(®) = (A+(¢+» X+), Y, X+) or (W—» X— A" (Y-, X—)) .

GG G =
x£ )\ X X+ /125202

We conclude that ® € D(H=). O

Therefore
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Finally we consider the operators Haps, Hnaps associated with the APS and mAPS
boundary conditions:

D (Haps) = [cb € D(Hy): [ Ki®(x,.) o = o( %—x), x— %}

D (Hmars)
= ’q; e D(Hy): | Ky (1d+y1) D(x,.) o = o( %—x), X %}

where K, is defined by (IV.7).
Proposition VI.4. When 0 < m < % we have

D (Haps) = D (Hmaps) = {® € D(Hy); Ki®y =K, ®_ =0},
and Haps = Hmaps is self-adjoint on L2

Proof of Proposition VI.4. By (V.7), we have
1

Kow=(5-x) " [ - +igeo
j*
1
(5" T =i + Ko,
j*
1
K (1a+y)or=a-n(5-)" [ T |w+izo
j*
1
) (3 =2)" [ | e —ige0
j*

+K, (1d+7") g0,

thus we deduce from (V.8) that

I K ®(x, ) o = o(,/% —x) & 1Ky (1d+7") D(x,.) llyo = o( %—x)

N
o Kb, =K, =0. (VL8)
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This equality assures that for @, deD (Haps), wehave < T'®, QI'® >0 = 0, i.e.
‘Haps is symmetric. Moreover, for any ® € D (Haps), ® € D (HZPS), we have

< X+, )’Z_ — lj*lﬁ_ >L2(S2) — < X-, )?+ + lj*'(ﬁ_;. >L2(SZ)= 0. (Vlg)
Since C°(10, 7 [x]0, 27 [) C W], forany x+ € C5°(0, w[x]0, 27[), J x+ belongs to
Wl and by (VI.1) there exists ® € D(H,,) such that
—iJ x—
X—
ro) = .
(P) iT v
X+
But such a @ satisfies (VI1.8), that means that ® is in the domain of H 4 ps. Since .+ are
arbitrary, (V1.9) implies
Xe£iT e =0,
that is equivalent to (VI.8). We conclude that ® e D (Haps). O
The remainder of the article is devoted to the demonstrations of the theorems of Part

3. As we have explained above, it is sufficient to consider only the case M > 0, since
the chiral transform changes the sign of the mass.

Proof of Theorem I11.4. We denote by H the operator Hy; endowed with the domain
D) = [CSO(IEB)F. Since Hy, = SH,,S™!, Proposition VI.2 assures that Hy; is

essentially self-adjoint on S (C§° (]0, 5[, x10, 7[6 %10, 27[,; C*)) when M >,/ 4.
Proposition I'V.1 and the Sobolev Imbedding Theorem imply that this set is included in

[C(‘)’o (IB%)]4. Since H is symmetric, we deduce that it is essentially self-adjoint.
To determine its domain and establish the elliptic estimate, we prove an inequality of
Hardy type. Given a real valued function f € C(l) (10, 10), an integration by part gives:

1
/ f%e) 2)2 do=— - / F2 Jade+ /0 (f(g)lf’gz)(gf%g))d@

1 ! 2 72
_2/ rog 2)2d9+§/0 o* (o),

hence by density we get that ﬁ\IJ € L? when ¥ € [HOl (IB%)]4, and we have the
following Hardy estimate:

VW € Hl(B), /B|lIJ(x) |2ﬁ /|V\I!(x)| dx. (VL10)

Thus we see that [HO1 (IB%)]4 C D(H),) and the graph norm of Hj, is bounded by the HO1

norm. Conversely, for ¥ € [CgO (IB)]4, we use the Fourier transform of W, the Parseval
formula and the anticommutations relations (III.2) to remark that

D Wty iy 0w 40wy y 9w dx =0,
Bl<l<]<3
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then we calculate

: 2iM 2
i, + 3ol ax= |V\IJ| W
B 1-02V A 2)2
4iM 3
T x]\IJ *y/ W dx.
(1—Q2)2

Therefore the Hardy inequality (VI.10) shows that when M > % , the elliptic estimate

(I11.32) holds:
2
2 12 2y
| HuW .= 1 - M ) ) | VxW |” dx,

and the H(} -norm on [C(‘)>o (IB%)]4 is bounded by the graph norm of Hy,. Since H is
essentially self-adjoint, we have H* = H. On the one hand D(H*) = D(H};). On the
other hand D(H) is the closure of [C(‘)>O (IB)]4 for the graph norm. We conclude that

DMHy) = [H] (]B%)]4 when M > /% and the first part of the theorem is proved.

Now when0 < M < /%, and A satisfy (II1.30) and (IIL.31), then A% = S}, A% S,

where Sp1 is defined by (IV.9), satisfy (VL.5) and (VI.6). We deduce fom Proposi-
tion VI3 that Hy+ = SH4+S~! is self-adjoint. On the other hand, we have Hp, ,, =

SHapsS™! = SHuapsS™! = Hp,,, ¢ that is self-adjoint by Proposition VI.4.

Finally {qf € D(Hy), W[, + [ HyW |2, < 1} is equal to SK where K defi-
ned by (V.30) is compact by Proposition V.4. We conclude that the resolvent of any
self-adjoint realization of Hj; is compact. O

Proof of Theorem I11.5. Theorem I11.4 provides a lot of solutions of the initial value

it A
problem: if H is a self-adjoint realization of Hy,, W (¢) = e”‘/?H\I!o is a solution of
(I11.9), (II1.11), (II1.12) and (IIL.13).
Since the maximal globally hyperbolic domain in £ including {r = 0} x [0, % [x % Sg‘(p
is given by 0 <| ¢ |< \/% (% - x) , the maximal globally hyperbolic domain in M

including {r = 0} x R3 is defined by the same relation, that is in (¢, X) coordinates:

0<|t]|< \/% (% — 2 arctan Q). We show that all the solutions are equal in this domain.

Given W satisfying (II1.9), (III.11), we introduce for all ¢ > 0,
] 1+
Y. (1) = —/ W(s)ds.
& Jt

It is clear that W, € C1(R,; L?), ¥, — W in CO(R,; L?) as ¢ — 0. Moreover we can
see that W, is a solution of (II1.9), thus Hy ¥, € C°(R,; L?) and

d 3 5 1+0% 8 0
22w 2 )+ (\IJ* fw):o.
az( | s|) JZ, 5o (vl
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We integrate this equality on [(t, x), 0<tr<T, o<tan (% -T %)] where 0
<T< %\/z , and applying the Green formula we get

| W (T, %) |? dx =/IBS | W (0,x) |* dx

/<tdﬂ( —T\/7)

W% P =ZLwry 0w, x)do.
o

A<t—f( Z —2arctan 9)<T

The last integral is non-negative since | x; y/W |< o | ¥ |, and taking the limit as
& — 0, we obtain

/ |\Il(Tx)|2dx</|\lJ(Ox)|2dx
g<tan(7—T 12)

We conclude that W = 0 for 0 <| ¢ |< \/% (% — 2 arctan Q) if Wo = 0. Finally when

M > we use the fact that Hy, is self-adjoint to write

25

dt( -ir[ HM\IJ(I)) —”ﬁHM(_i\/gﬂwa(tnaz%(ﬂ)=

N
and we deduce that W, (t) = e”‘/;HM W, (0). Taking the limit in & again, we conclude
N
that W (r) = e Y. O

Proof of Theorem I11.6. Since the spectrum of H is discrete, and 0 is not an eigenvalue
when M > 0, there exists an orthonormal basis of eigenvectors, (Vi) en, With Hy Wy =

. %\Ilk, Ak € R*. Now the crucial point is that

/ Wy W (x)dx = 0. (VL11)
B
To see that, we note that Hy %y = —y°y5H},, and we write

0.5 1 0.5
< Ui,y y \I’k>L2:E<HM\I’k»J/ Y W >12

_ 1 0.5
= —)\— < Wi,y v’ Hy VY >12
k

=— <y >
We can expand W on this basis:
W(t,x) = > ce™Wp(x), c €C, D | [P< oo,
keN keN
and taking advantage of (VI.11) we evaluate

Lt %05 el Cr 0T — 1] % 0.5

— v W (t, x)dxdt = \IJ v, (x)dx.

T/O/]B vy Ag;c"ff’,(,\—/\q)T/zaa el
P

The dominated convergence theorem assures that this sum tendstoOas T — oco. 0O
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VII. Appendix. Breitenlohner-Freedman Bounds for the Scalar Waves

We consider the Klein-Gordon equation on the Anti-de Sitter space-time
| A
g 17 0 (18 1F g"0u) —aZu =0,

where o € R is a coefficient linked to the mass ; the equation with @ = 2 is conformally
invariant and corresponds to the massless case. Using the radial coordinate x given by

(IL.1), we introduce f(t, x, w) := ru(t\/%, r, w) that is solution of 8[2f +hf = 0 with

him 924 22 RN (VIL1)
TR T o2x  sin2x e '

First we investigate the positivity of the potential energy

EU)—/ /|afF |fF

To estimate the second term, we employ a Hardy inequality. Given ¢ € C&([O, %[; R)
an integration by part gives

/ T &> (x)dx /7 2M¢/()€) sin xdx < l/7 . > (x)dx
0 Cos 0 COSx 2 Jo cos

z
+/ 2¢%(x) sin’ xdx,
0

f 1> dxdw.

el

hence

/07 — d*(x)dx < 4/ ¢ (x)dx.

We deduce that for all f € C3°(10, T [, x SL%),

<hf,f>Lzzmin(9—4a,l)/2/ |0, f 12 dxdw
0 52

+/g/ Ve f P drdo = min(> —a, 5y | £ 12
2 xdw > min(= — «, — ,
o Js2 sin?x 5o - 4 4 L

and we conclude that the operator h endowed with the domain D (h) = Cgo (0, % [ x SZ)),
is (strictly) positive when « is (strictly) smaller than the upper bound of Breitenlohner-
Freedman:

el

9
o < — (respectively o < ) (VIL.2)

.[;

We note that for « = 9/4 and f(x,w) = ,/{5a.~, We have E(f) = 0, hence
f e Ker(h*) # {0).
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To study the self-adjointness, we expand f(x,.) on the basis of the spherical

harmonics (Y l’”) ;. DY writing

o0 m=l
2 i 2 2 y2. 2 7
L2 (10.Lxs2) = DL 1= @ 17 (10. 3L) @ ¥,
1=0 m=—1
therefore h is unitarily equivalent to ;2 h; where:
&2 2—a Il+1) mel 7
b= 222 0D by = D o, Lp ey
: dx?>  cos’x  sin’x () m@l 0 2 D&,
Since 252 4+ 1D 2= 1D ¢ req] valued function, bounded on 10, Z[, the
cos’x  sin’x  (5—x) x 2

symmetric form of the Kato-Rellich theorem (see [31], Theorem X.13) assures that hy
is essentially self-adjoint iff

m=1
. D)= P . They

m=—I

d? 2—a I+

ki i=———5+ +
! dx? (5 —x)? x2

is essentially self-adjoint. By Theorem X.10 of [31], k; is in the limit point case at zero
when [ > 1, and in the limit point case at % if 2—«a > =,i.e. «is smaller than the lower
bound of Breitenlhoner-Freedman

7>

, (VIL3)

IS

o=

and if @ > %, k; is in the limit circle case at 7. Then the Weyl’s limit point-limit circle
criterion (see e.g. [30], Theorems 6.3 and 6.5), assures that k; is essentially self-adjoint
when!/ > 1,a < %, and there exists an infinity of self-adjoint extensions associated with
boundary conditions at % when!/ > 1,«a > 45'1' The case ! = 0is particular. Fora < %, the
1, /9_ 1_/9_
solutions of —u"+(2—a) (5 —x)"2u =0areu = c(3 —x)2TVa a+c/(% —x)2VaiTe
therefore Ko is always in the limit circle case at 5 and there exists a lot of self-adjoint
extensions. By the Kato-Rellich theorem ([31], Theorem X.12), the same results are true
for h;. Since the spherically symmetric fields play a peculiar role, we introduce their
orthogonal space

2. 2 T o2y 2 T =Vr = T ]
L2:=1 7 e L2(0, 2[><S ); VgeL(]0, 2[)7 /f(x,a))g(x)dxdw_O] —le_?Lz,

and h, denotes h endowed with the domain D (h,) = C°(]0, %[x $HN Li, and consi-
dered as a densely defined operator on Li. Since this operator is strictly positive when
o< %, it is essentially selfadjoint iff its range is dense ([31], Theorem X.26). We easily

il
prove that (Ran(h*))lLi = @?21 (Ran(hy)) L7 , and we conclude that h, is essentially
self-adjoint when « < %. Finally we have proved the following:

Theorem VIL.1. When o < % (resp. a < %), h is a positive (resp. strictly positive)
symmetric operator on L*(]0, %[sz). When % <a < % there exists an infinity of
self-adjoint extensions of h, on Li, associated with boundary conditions on {%} x S2.
When o < %, h, is essentially self-adjoint.
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