ALAIN BACHELOT
The Hawking effect

Annales de I'l. H. P, section A, tome 70, n°1 (1999), p. 41-99
<http://www.numdam.org/item?id=AIHPA_1999__70_1_41_0>

© Gauthier-Villars, 1999, tous droits réservés.

L’acces aux archives de la revue « Annales de I'I. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NumbaM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1999__70_1_41_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Vol. 70, n® 1, 1999, p. 41-99. Physique théorique

The Hawking effect
by

Alain BACHELOT

Université Bordeaux-1, Institut de Mathématiques,
Laboratoire CNRS "MAB”, F-33405 Talence Cedex
e-mail: bachelot@math.u-bordeaux.fr

ABSTRACT. — We consider a spherical star, stationary in the past,
collapsing to a Black-Hole in the future. Assuming the quantum state
of a Klein-Gordon field to be the Fock vacuum in the past, we prove that
an observer at rest in the Schwarzschild coordinates, will measure a thermal
state with the Hawking temperature, at the last time of the gravitational
collapse. © Elsevier, Paris

RESUME. — On considere une étoile sphérique, stationnaire dans le passé,
s’effondrant en un trou noir dans le futur. Supposant qu’un champ quantique
de Klein-Gordon est dans 1’état du vide de Fock dans le passé, on prouve
qu’un observateur au repos en coordonnées de Schwarzschild, mesurera, en
temps infini, un état thermal & la température Hawking. © Elsevier, Paris

I. INTRODUCTION

The aim of this paper is to give a rigorous mathematical proof of the
famous result by S. Hawking [21], on the emergence of a thermal state at
the last moment of a gravitational collapse. In a previous paper [6], we
proved that an observer infalling across the Black-Hole horizon, measures
a thermal radiation of particules outgoing from the Black-Hole to infinity.
In the present work we consider the case of an observer at rest with respect
to the Schwarzschild coordinates.
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42 A. BACHELOT

We recall that the space-time exterior of a spherical star with mass
M > 0, and radius z(t) in the Regge-Wheeler coordinate, stationary in the
past, collapsing to a Black-Hole in the future, is described in Schwarzschild
coordinates by the globally hyperbolic manifold

M = {(t,r*,w) € Ry x]z(t), ool xSi}, re = r4+2M In(r—2M), (L.1)

T T

-1
gudatds” = (1 — ﬂ)dﬂ — (1 — %> dr? —r? (d92 + Sin29d<,02).

(1.2)
Denoting )
= — I
T AM (L3)
the surface gravity, z satisfies (see [5])
z € CY(R), VteR, 2(t) < —t, (1.4)
—1<2(t) <0, t<0=2(t) =2(0) <0, '
z(t) = —t — Ae™2" 4+ ((t), A >0, (15)

| C(t) [+ 1 {(t) |= O(e*), ¢ — +o0.
We consider the hyperbolic mixed problem for the Klein-Gordon equation
of mass m > 0, in M:

lg 17" 8u(] g | g 0ut) + m*p =0,

which, in the Schwarzschild metric (I.2), takes the form:

2 2
{a 10,0 +(1_2“££)<"A7; +m2>}¢:omM, (16)

o2~ r2or. or.

P(t,re = 2(t),w) =0, tER, weS? (L.7)
U(t=s,Te,w) = P(re,w), (1.8)
where we have put:
v = (’(/)78{(/))

We proved in [5] that the solution ¥(t,.) = U(t,s)® is determined by a
propagator U(t,s) which is strongly continuous on the family of Hilbert
spaces H(t) of finite energy fields:

H(t) = [D(HE )] x L2. (1.9)
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THE HAWKING EFFECT 43

Here H, is the selfadjoint operator on the space LZ:

L? = L*(J2(t), oo, x S2, r?dr.dw), (1.10)
10 2 0 2M Ag2 9
Ht = T2 8']"* 8’['* —+ (1 - —T—> ( ’)"2 +m ), (Il].)
with domain
D(H,) = {f € L}, H.f € L}, f((2(t),w) = 0}. (1.12)

and, in this paper, [D(KK)] denotes the closure of the domain D(K) of an
operator K on a Hilbert space H for the norm || K(-) ||&.

We now give a brief formal description of the Hawking effect. The
fundamental space for the Quantum Field Theory turns out to be:

HE(t) = [D(Hé)} X [D(H;%)]. (1.13)

The quantum vacuum state at time t is defined by the generating functional

1

More generally, a thermal quantum state with temperature 6 > 0 with
respect to a hamiltonian H > 0 is defined (see e.g. [9]) by the generating
functional

2
& — E%(®)=exp (-%H,/coth (%Héyp

1 1 ) (L15)
[DHT)x[DH )]

The ground quantum state in M is defined by the functionals &;:
B, € (C2 x C1)(J2(t), 00],. X S2) — &,(B,) = E? (U(O,t)@t).

Since the star is stationary in the past, U(0,t) is unitary for ¢ < 0, and the
ground state is just the vacuum state in the past:

In order to investigate the structure of the ground state 1n the future, we take
®° in a dense subspace D of [C5°(]z(0), 0], X S2 2)]%. The fundamental
problem is then to evaluate

hm |1 U©,T)8° || 4 (1.16)

’H2 ) °

Vol. 70, n° 1-1999.



44 A. BACHELOT

To make clear the origin of the Hawking effect, we now explain this
phenomenon on a “toy model” where all the calculations can be explicitely
made. This model is defined by

Hu—02u=0, teR, z(t)<u,

u(t,z = z(t)) = 0.

Note that this very simple model is physically relevant: it describes the
dynamics of the radial component of the first mode of the electromagnetic
tensor field on the Schwarzschild metric [2]. We denote U(t,s) the
propagator associated with this mixed hyperbolic problem, and we introduce
the operators:

d2

et =g

with domains
D(H-.) = {u € L*([~A,00]); v € L*([-A, o), u(-4) = 0},
D(H_) = {u € L*(R); v’ € L*(R)}.
We take:
@, €D, = {t(f,p); f,p e C5o(] = A, o0)), /p - 0},
and we have to study:

lim || U,(0,T)®. || 1 1.
TS0 [D(HL)]x[D(H_*)]

First there exist unique f_, f_, € C§°(] — A, o0o[) such that:
e, =0-9,+0Q-0,,

where 17 and QZ, play the role of wave operators by splitting the field
in leftgoing and rightgoing parts:

QL. =" (fo, = fL), QL. ="(f_, fL).
On the one hand, we have for 7" > 0:

(U0, 1)QZ8.) (2) = (R 8.) (z — T),
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THE HAWKING EFFECT 45

hence for ¢ > O:

[ACE RO PO

—[| Q5. |

* 1., - e . . I.17
T—+oo - [D(Hi+ )]X[D(H—»%+ )] ( )

On the other hand we easily check (see [5]), that for 7' > 0 large enough:
U.(0,T)Q_ 2. =*(fr, f7);

fr(z) = —=f(T + = - 27(x)),
where 7(x) is defined by:

2(r(z)) =z —7(z), 2(0) <z <0.
Now we specify function z(t) for ¢ large enough, by choosing:
2(t) = —t — Ae™ 2 + Ade > p(Ae™ ), 0< A, 0< K,
where ¢(z) is the local solution of:

In(1 - (a:))

= o) —kz, ¢(0)=0.

Then we have:
frla) = =1 (T4 L 1u(-2) - L1u())

and an explicit calculation by Fourier transform gives the fundamental
estimate:

U0, T || 2 -3
[D(HZ)]x[DHT))

- H,/coth (%Hi)ﬂ;cb*

0<e=||U(0,T)Du || 1. . —— 0.  (L19)
[D(HZ )]Xx[DH_* )]T—+oo

We immediately conclude from (1.17), (I1.18) and (I.19) that:

Jim || U.(0,T 2 _
10,0, 7). ||[D(H4>x[D<H H

H\/coth 4%_ Q_ o,

Vol. 70, n® 1-1999.

X L (1.18)
[D(HZ )] x [DHZT)]

ez o
D(H MNX[DHL_ 4)] (DL x[DM_T)] |
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The Hawking effect is expressed by the second term which is characteristic

of a “rightgoing” thermal radiation at temperature 5-.

In the case of the Klein-Gordon field outside a collapsing star, the
situation is much more complicated because of the space curvature, the
mass of the field, and the perturbation {(¢) in the collapse function z (L5).
But the origine of the Hawking radiation is essentialy the same, and with
many subtle technical steps, of Scattering Theory type, the problem is
reduced to the previous one. Our proof is based on a sharp study of
the backward propagator, and we use some results from our previous
works: the functional framework for quantum fields and the study of the
quantum state near the Black-Hole horizon [6], the analysis of the infinite
Doppler effect [5], the modified wave operators for a long range type
interaction [4], the analyticity of the gravitational potential [7]. We briefly
describe our approach. To investigate (I.16) we consider the part of the
field far from the star, (1 — x)U(0,7)®°, and the part of the field near
the star, xU(0,7)®°, where x is a smooth cut-off function equal to 1 for
e < % and equal to O for r, > 1. Firstly, thanks to the hyperbolicity,
(1 = x)U(0,T)®° = (1 — x)U(=T)®° where U(t) is the unitary group
associated with the Klein-Gordon equation on the whole Schwarzschild
space-time. Then we can use the scattering theory for an eternal black-hole
developped in [4]: we introduce formally the Wave Operator at infinity:

QE® = lim UZ(-t)(1 - x)U(t)®, (1.20)

t—too

where UZ(t) is the Dollard modified propagator associated with the
Klein-Gordon equation in the Minkowski space-time ([4]):

0?u 4+ Hoou = 0, (1.21)

Hoo = —Agz + m?. (1.22)

Then we prove that:

i — 0 = -0 1 .
i (1= 0UO,18 =N 9280 (129)
The second step, the estimate of || xU(0,7)®° Il,,4 ©’ is much

more delicate. We remark that xU(0,T)®° is entirely determined by
the field equation, the boundary condition, a causality condition on
the support of U(0,7)®°, and the trace ¢r(s,w) of [U(s,T)®°], on
v ={(s,7« =1 —s,w); (s,w) € R x S%}. Therefore we investigate the
Hyperbolic Mixed Characteristic Problem where w is solution of (1.6) in

Annales de I’Institut Henri Poincaré - Physique théorique



THE HAWKING EFFECT 47
O = {(t,r.,w); (t,w) € [0,00[xS?, 2(t) <7 <1—1t}, u(t,r,w) =0
in O for t large enough, u(t, z(t),w) = 0, and u = ¢ given in H'(~y). Using

the tools of [6], we show that the map ¢ — (xu(t = 0), x0;u(t = 0)) is
well defined from H'(~) into 7 (0). The next crucial point is that

or(s,w) ~ ¢ (s —T,w), T — +o0. (1.24)
To get ¢~ we construct the Black-Hole Horizon Wave Operators

0L, o= Jim Ugp(=)xU(1)®, (1.25)

where Upp(t) is the group associated with the asymptotic dynamics at
the horizon: :

02V +Hpyl =0, teR, 7, €R, we S (1.26)

Hpw = —07.. (1.27)

The strong asymptotic completeness of these operators is a consequence
of the properties of analyticity of the map r. ~— r established in [7] and
we have

¢ (s,w) = [Qpp®°],(rs = =25 + 1L, w). (1.28)

Then we reach the key point of the proof of the Hawking effect: this is
the following fundamental identity:

hm | xU(0,T)®° ||H2(0

H”COth Hzy QBH<I>

From this we conclude that

(1.29)

(DML X (DEHG )

lim || U(0,T)®° | ,
T— 400 H2(0)

2
= H, coth (ZHEH)Q,;chO 1 .
DME I D0, 5]

Qo |? ) 1.30
+ I II[D(W N (1.30)

Vol. 70, n® 1-1999.



48 A. BACHELOT

This is the main mathematical result of this work (Theorem III.3). Therefore,
taking account of (I.15), and noting that:
[Q542°], + [2552°], =0, (1.31)
(I.30) means that an observer at rest in the Schwarzschild coordinates
measures as 7' — 400, a thermal radiation at temperature —gﬁl—M of particules
outgoing from the Black-Hole the infinity. It is the exact corroboration of
S. Hawking’s analysis [21] (among a huge litterature, see e.g. Candelas [10],
Fredenhagen und Haag [17], Gibbons and Hawking [19], Sewell [27],
[28], Unruh [29], Wald [30], York [32], and see also the references in
the classic monographs on quantum field theory in curved space-time by
Birrel and Davies [8], DeWitt [12], Fulling [18], Grib, Mamayev and
Mostepanenko [20], Wald [31], as well as the volume [1]).

The paper is organized as follows. Taking advantage of the spherical
invariance, we can reduce the problem to solving an equation in one space
dimension, which we investigate in the second part. Then we get the crucial
asymptotic behaviour for the three dimensional problem in the third part,
and we prove the Hawking effect in part 4.

II. ONE DIMENSIONAL COLLAPSE
We consider the hyperbolic mixed problem:
Ou—u+Vu=0,teR, 2(t) < x, (IL.1)

u(t,z = 2(t)) =0, t € RT, (I1.2)

where the function z satisfies (I.5) and the potential V' is such that there
exist m > 0, p € R, € > 0 with

Ve C®(R), 0 < V(z),

limy o (e"+) sup {V(z) : 2 < —t}) =0,

Js° e 2 sup {max(-=V'(z),0); 2(t) < & < —t} dt < oo,
V(zg) =m?+ £+ 0(z7179), 2 — +o0,

(IL.3)

and £ > 0 is given by (L.5). Given V € L>°(R), V > 0, and an interval
I C R, we introduce the positive selfadjoint operator Hy ; on L%(I) with
dense domain D(Hy ), defined by:

Hyr=-90>+V, (IL.4)

Annales de I'Institut Henri Poincaré - Physique théorique



THE HAWKING EFFECT 49

D(Hy,1) = {f € L*(I); Hy,1f € L*(I) and z € 8] = f(z) = 0}. (IL5)

We recall that [D(H3 ;)] is the closure of D(Hj,;) for the norm
Il H, ;- llz2(zy and we define: the Hilbert spaces

H(V, 1) = [D(Héy,)] x L2(I), (IL6)
HA(V,T) = [D(Hé,,)] X [D(H;%,)], (IL7)

and the group Uy ;(t) unitary on H(V,I) and Hz(V,I)

1 -1 1
cos (tH{",’I) Hy 7 sin (tIHI"“,’I)
1 1 1

—Hy, ; sin (tH€,71> cos (t[H]?,,I)

For simplicity we put:

Uy 1(t) = (IL8)

HV,t = HV,[z(t),ooh H(V7 t)

= H(V,[2(t),00]), H2(V,t)=HE(V,[2(t),00).  (IL9)

We recall (see [5]) that the mixed problem (IL.1), (I.2) is solved by a

propagator Uy (¢, s):
(o) = @9 st )

which is well defined and strongly continuous on the family H(V, t)_. We
denote H'(I) the Sobolev space defined as the completion of C§°(I) for
the norm:

17 Booy= [ 1) P+ | £@) P do.
Eventually we shall need the subspace:
_1 _ o
Dy = (D(Hvﬁ) X D(IH]V}‘,)) N[C(R))2. (IL.10)

This space is in fact sufficiently large:

ProposITION 1I1.1. — For any potential V > 0, V. € C>* N L*(R), Dy is
a dense subspace of H(V,R) N H2(V,R).

Vol. 70, n°® 1-1999.



50 A. BACHELOT

In order to investigate the asymptotic behaviour of the dynamics Uy g,
we choose a cut-off function x(z) such that:

x € C*(R), Ja,b; 0<a<b< 1

r<a=x(z)=1b<z=x(z)=0, (IL11)

and we introduce the Wave Operators

Ol = Jim Ugp(=t)xUyp(t)F in HY(R) x L*(R),  (IL12)

+
Q‘/ ,[2(0) oo[F

= lim Uyps0)00(=) 1=2)Uvr(t)F in H(V,0)nH3(V,0), (IL13)

where, given some intervals I C J C R and ¢ € C®(J), ¢ denotes
the operator

: (f,p) € D'(J) x D'(J) —"(f,9p) € D'(1) x D'(I).

The scattering of classic fields is described in our functional framework
by the following:

THEOREM I1.2. — Given a potential V satisfying assumption (11.3), for any
='(f,p) € Dy, F(x) = 0 for v < R, z € R, the strong limits Qoi,RF:

QZE [(2(0),00 F exist and are independent of x satisfying (II.11). Moreover
we have:
< R= Q5pF(z) =0, (I1.14)
[F], = £[Q55F], , (IL.15)
T3 + 1
coth (—HgR) Q. F € H3(0,R), (IL.16)
H ’ y
| [QS:,RFL Iz <Il f 22y + | Hygp |12 @), (IL.17)
| Q rE ”H(O r) + |l QV[Z(O),OO[F H?H(V,O):H F ||$-[(V,R)7 (I1.18)
2 2 _ 2
I Q5RF I3 4 —— O ()00 F et o= E g gy - (-19)

Now we can state the key result of this part:

Annales de IInstitut Henri Poincaré - Physique théorique



THE HAWKING EFFECT 51

THEOREM IL.3. — Given a potential V satisfying assumption (IL.3), for all
F in Dy we have:

2 - 2
| Uv(0,T)F 33 vy T——’_,+oo|| ool 33 (10

2
V[
\/ THzg) Qo . (2
+H coth(NHO,R)QO,RF o (11.20)

Remark 11.4. — We note that this limit does not depend on the function z.

Proof of Proposition 11.1. — Since V € C*(R), we have C{°(R) C
D(H,g) for any n € N, whence by interpolation

C*(R) € () D(HyR)- (11.21)

8>0

Then Dy is a subspace of H(V,R). Moreover, since
D(Hyg) C D(Hyg), s<t<0,
we have

Dy ¢ () DHE) x D(Hyg) (1L.22)

s>—1
and it is also a subset of 4 (V,R). On the other hand we have:
HvRCG5*(R) C D(Hyg) N C5°(R) € D(HyE) N C3°(R),

thus:
(HvrC$°(R))® C Dy.

Now we consider the space [[D(Hjg)]] completion of D(H} ) in the
graph norm

| HYR() 72wy + 1| - 72wy -
,0,—1, let g in [[D(H{,’R)]] be such that
VfeCrR) <Hvafig>[pws )= O

_ 1
For s = 3,

Then:
(HYg + 1)Hy,rg = 0, in D'(R).

Since V is non negative and g € L?(R) we conclude that g = 0, hence
Hyg(Cg°(R)) is dense in [[D(H{ g)]], and therefore also in [D(H{ g)].
Q.E.D.

Vol. 70, n°® 1-1999.



52 A. BACHELOT

Proof of Theorem 11.2. — Given two densely defined self-adjoint operators
K; and Ky on L?(I) we define formally the wave operator

OF (Ky, Ky f = lim e~ it p (Ky)f in L*(I), (11.23)

where P,.(K) is the projector onto the absolutely continuous subspace of
K. We recall that if f € D(K3), then Q*(K,,K;)f € D(K3) and we have
the intertwining relation

K3QE (Ko, Ky f = QF (Ky, Ky )KS f. (I1.24)
We fix R € R. First we note that
(HV,]—oo,R] ® Hy,[r 00 + i)_l — (Hyr + i)_l

is of finite rank and thus trace class. Hence the Birman-Kuroda theorem
([26], theorem XI.9) and the invariance principle ([26], theorem XI.11)
yield that the wave operators

+(1g3 3 3
Q (HV,]—oo,R] SHY R oo - H@,R)
exist and are complete. Secondly, we have

(Hv =0,y +) " = (Hoj—com) +1)
= (Hv)—cor) + 1) (L—co,rlV) (Hoj-cor +7)

and since the potential V is exponentially decreasing as x — —oo
Theorem XI.21 in [26] guarantees that (1]—oo,R[V) (Hoy]_ooyn] +i)—1 is
trace class; hence the wave operators

+ (12 3 2 3
Q (HO,]—oo,R] O HY kool » BV j—oo,m) @ HV,[R,OO()

exist and are complete. Now, since V' is positive, the eigenvalues of Hy g
are strictly positive if they exist. But V satisfies the hypothesis of the
Kato-Agmon-Simon theorem ([26], theorem XIII.58) so the point spectrum
is empty. Moreover since V' is integrable near —oo, Hy g has no singular
spectrum as a consequence of the R. Carmona theorem [11]. Finally we
conclude that

1 1

+ 3 3
Q (HS,]—OO,R] SHY (R oo » HV,R)

Annales de I’Institut Henri Poincaré - Physique théorique
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is an isometry from L?(R) into L?(R). Now given F' =' (f,p) € Dy
we denote

Uyr(t)F =" (u(t), Byu(t)),

and we have:
1 Y
u(t) = ¢™ahip + e MRk o, (I1.25)

with
hVR =5 (f + iH‘_/,l%Ip) m D(Hyr)- (I.26)

We denote:

+ 1 1 1
hi]—oo R ® hv [R,00[ — Q (HS,]——OO,R] & HV,[R,oo[ ) H‘z/,R)h‘:t/,R

1.
hence we get for s > —3:

1
s FitHE o1+ s :tth -
|IHY, ge V’"hV,R —HS o me 1Ry ]—o0,R]

@ H;,[R,m[ei””v welh o ollr2®) —0 (I1.28)

Moreover, since Hyp and Hpj_, ] have purely absolutely continuous
spectrum, we have:

It
sret MahEy —— 0 in L (R), s=0,1, (11.29)

t—+o00

:I:th

HE j—oo,m€ 217 rIpE —— 0 in L% (] — oo, R)),

0,]—o0,R] P +oo
s=0,1.

Since R is arbitrary, (IL.28) with s = 0,1 gives:

(11.30)

iitHv Rl T 0 in L} ([R,00[), s=0,1.

(IL31)

;',[R,oo[e V,[R, oo[

Vol. 70, n® 1-1999.



54 A. BACHELOT

Then we deduce that for s = 0,1 we have

1
s +itH2 _, + ith
[l HSo (1 = x)e™ " Vehi g — e Ve =hG o) ) l22(i2(0)000 s
(IL.32)

To complete the

Thus, by interpolation, (I1.32) is still valid for s = 1, 1.
[2(0), OO[F the following result

proof of the existence of the strong limit Q
is required:

54(1) = Hiyo((1 — x)HE i”“%hi

:tth
_ H‘2/0 [2(0), °°[h [2(0), OO[) ”L2 [2(0),00 D:—+_> 0,

1
=0,—-. I1.33
We denote
-3, 4 -3+ +
Hv,f)hv,[z(()),oo[ = 93,[2(0),00[» Hyrhve = 9vr-
Since d
(1= x)Hyr =Hyo(l —x)+ 2x’%,
we get

s itH2 7
8s(t) <[ H{ (1 = x)e™™Hvmgy — j”H'V"gv (@)00) 122(2(0),000

+2

L2([2(0),00[)

As previously we have

1
s +i H :i:i H2
I HYD (1 = x)e™ M vmgfg — e ogl o) o) lz2(tz0).000 772 05

for s = —1,0, and consequently also for s = —i. On the other hand
Lemma I1.8 of [6] implies:

-1 . d i
‘Hvﬁxld_( :I:tHVRg )

<q

L2([2(0),000)

d 4
X E( :ttHVRgVR)

L2([=(0),00])

Annales de I'Institut Henri Poincaré - Physique théorique
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and by (I1.29) we have:

— 0.

d, Lim?
HX/ y (e:}: tHV'“g‘j/E,R)
z L2([2(0),00]) P

Therefore (I1.33) is established, and we conclude that the strong limit (I1.13)
exists and does not depend on x since

Qx+/,[z(o),oo[ = (h (=(0),00 TPV 12(0) ZHvoh [2(0), [iH‘E/,o V. [2(0),000)"
(I1.34)

To prove the existence of Q(‘)F’ gE' we first see as consequence of (I1.28),
(I1.29), (11.30), that:

<o

I Ho J-eo (xe™™

_ :l:ztIH

"hi
— oo, 1]h(:)t,]_oo,1}) ||L2(]—oo,1])m 0,.5 € [O, 1]. (1135)

Then we show:

A(t) =|| xHE get™ant

—H? e ooy 2 _oo 0. (IL36
0,]—00,1]€ 0,]—00,1] ”Lz(] ﬂ)m ( )
We denote
-1 +
Ho " o, 1]ho] 00,1] = 90,]-00,1]"
Since d
xHvg = Ho oo 1x + 2X - 7 T VX
we get

% % :l:zH
A(t) <l Hoj—oo,1(xe™ tHV’“Q‘%,R — e Mormeng® 1) [z (oo,
d, 4

+2[ X' g Wingn) l2-een

:i:th

+ || Ve ™VergTg |12 g-co1)) - (1.37)

As previously we have

1
+itHZ . 4+ :I:th
Il Ho,j—c0,1(xe€ ! VRIVR — 01 =eet] go] 00,1] ) L2 Q-c0,1)) - +o<: 0.
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At last, thanks to (I1.29) and the Sobolev embedding:

H'(R) c C°n L*=(R), (I1.38)
we have for all x € R:
i’tHV “g:t (z) —— 0, (I1.39)
t—+oo
sup | ei’tHVRgvn(m) |< o0. (I1.40)

Since Vx € L? we deduce that
I VXeiZtHVRQVR llz2(-co, ) G 0,

hence (I1.36) is established.

On the other hand, since Ho g —Ho,)— o0, 1]®Ho,[1,00[ i Of finite rank, and all
these operators have absolutely continuous spectrum, the Kuroda-Birman
theorem assures that

Qi(Ho R+ He o) O HG 1,00
is an isometry from L2?(R) onto L?(R) and more generally from
D(HG ) _ 1)) ® D(HG |1 () onto D(Hg ). Then putting
1 1 1
hor = O (Heg Hp —oo,1) © HS,[LOO[)(ho =0, ©0) ﬂ HG g),

(I1.41)

|
W=

we have:

1 1
s _EitHZ o1+ s +itH2, o+
” HO,Re O'Rh’O,R - HO,]—oo,l]e 0,] 1] hO,]—OO,l] @ 0 ||L2(R)

1
=0 s2-3. (I1.42)

t—+o0
Now we prove that
1
3 +itH?
as(t) E” HS,R(eitho Rh:l: — ot 0’]_°°’1]h8l:,]—oo,1] D 0) ||L2(R)

—0, s€ [0, %] (I1.43)

t—+oo
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Since this result is true for s = 0, it is sufficient to consider the case s = %
A direct calculation gives:

1 1
_ +itH2 ;3 + +itH?2 +
=< HO,Re O,RhO7R —_ HO,]—OO,l]e 0,]—o00,1] hO,]—oo,l]

o
ok and
@0, eiltHo‘"hf)t,R _ FME hoi,]—oo,l] ® 0 >r2r)
1 1
+itH2 ; + d | +im? +
+ e Morhge(z = (7 0m=hg )@ =1)
1 1
itH?2 +itH 2
<|| Hore* tH"*“hg:,R — Hoj—co,ye™ " 1=t hOi,]—oo,l]
1 1
itH2 +itH 2
® 0 || 2| € Momhgg — e 01w hG @0 [lz2my
1 1
+itH2 g + d i} +
+ | e MorhGa(z = 1) | . | %(e oim=they )@ =1) 1.
(IL44)
1 Y
Because ei’tHfiRhf{R and (—l‘i—(ei’mg-l—wvl]hi]_w,ll) are bounded in H1,

the Sobolev imbedding (II.62), and the weak convergence to zero of

1

eFtHo h(ﬂf’ﬂ prove that the last term of (I1.44) tends to zero, hence (11.43)
is a consequence of (I.42), and we conclude that the strong limit Qg: rE
exists, does not depend on Y, and

QfoF = hig + hog, tHE ghi g — tHG rhoR); (I1.45)

hence the wave operators do not depend on cut-off function x. Now to
prove (II.15) we remark that the definition of Q(T,R entails:

[QFRFli(z F1) F [QaFl2(z Ft) — 0in L*([1,00]), t — oo.
To establish (II.14) we make use of (II.15) to get:

| Q50 F lla x 12 (—c0, R)

=|| Uog(t)25F |51 x 12 (1 ~c0, R1)

<|| Uvr(t)F ||a1 x£2(—o0,r5e) + I UO,R(t)Qg:,RF—XUV,R(t)F |1 x L2 (R)
— 0, t — £oo.

To show (I1.16) we note that (II.15) and (I1.17) imply
1 _1
[Q(j)E,RFll € D(Hgg), [Qoi,RF]‘z € D(Hy5),
and we also have

coth (%Héﬂ) < CO1+Hyh),
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whence:

H coth (ZHig) 95

3 (0R)
1

< C(I [%aFh 2@ + | HEgl%eFl |2
_1

+ || [ rF2 2@ + || Ho 2[5 aF )2 ll2m))-

At last we evaluate:

I [Q5rF]1 llz2m)

<Y Il hig 2w
+
+
<D by sy lz2g—co,m
+
< Z I Ag 22wy
+

_1
< f llzewy + [ Hygp llz2wy,

I QO+,RF Hgi(o,n) + | Q1+/[z(o) F “g-t(VO)
1
= 22 I H@,nh ”L’-’(R) + I H (0),oo[hv [2(0),00[ ||L2([z(0),oo[)

1
= 22 Il 3 ]—o0, 1 00,1] “%2(}-00,1])

+ 1 H o) [hV[zm) ||%2<[z<0>,oo[>
—ZZ”'HP 0,210 —00,2(0)) 122100, (01

+ | H‘Q/,OhV,[z(O),oo[ '|L2([Z(0)»°°D
1
= 22 I YRR 1172 (ry
+

=|| F “’2}{(V,R)7
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[Re3} FHmeR

= 22 I Ho IRhf-)hR ||L2(R) + || H‘Z/,Oh‘j;,[z(o),oo[ ||%2([z(0),oo[)

+
+ 12 oy ool F It 0

it 2
= 22 l Ho]_oo 1751 —o0 ) 1Z20=c0,17) 11 HY.0R% 10y, 001 122 (209,000
— 1 + 2
- 22 l Ho,]_oo,z(O)]ho,]—oo,z(o)] l1Z2-c0,2(0)
£

1
it
+ | HY, 079 2 (0) 001 ”%2([40),00[)
1
=2 E , | H{l/‘Rh\ﬂ/:,R “%2(R)

= F ||2

HE(V,R)
The existence of the isometry Qg @ €2y, (. ) . is established in the same
manner.
Q.E.D.
To establish Theorem II.3 we write:

Uv(0,T)F = xUy(0,T)F + (1 — x)Uvr(-T)F.

The above description, in terms of the Wave Operators Qoi’R, of scattering
phenomena induced at infinity by an eternal Black-Hole, allows to tackle
the study of the last term, (1 — x)Uyg(—T)F. At present, we need to
analyse very sharply the influence of the gravitational collapse expressed
by the term xUy (0,T)F.

ProposITION IL.5. — Given a potential V satisfying assumption (11.3), for
all F in Dy we have:

o1
T)VF || s —s h(=HZ,) QppF 1.4
XV (0. 0F s gy [0t (Zb4dn) 95 gy 199
xUy (0, T)F —— 0 in H?(V,0) — weak — *. (11.47)

t—-+oo

The proof of this Propostion needs several Lemmas, technically delicate.

LemMA IL6. — Given ¢ € H'(RY), ¢(t) = 0 for t > t,, there exists a
unique solution u of

Pu—2u+Vu=0,teR? 2(t) <z < —t+1, (I1.48)
u(t,z = 2(t)) =0, t € R, (11.49)
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u(t,z = —t +1) = ¢(t), t € RT, (I1.50)
u(t,z) =0, t > t,, x € [2(t), -t +1] (IL.51)

such that there exists v € C°(R,, H(R,)) N C*(R, L*(R,)) satisfying
u(t,z) =v(t,z), t e RT, 2(t) <z < -t + 1. (I1.52)

Proof of Lemma 11.6. — To prove the uniqueness, we consider a solution
u for ¢ = 0, and we put @(t,z) = u(t,z) for 2(t) < z < —t + 1, and
w(t,x) = 0 for x > —t + 1. Then % is a solution of (IL.1), (Il.2) and there
exists v € C°(R;, HY(R,)) N CY(R;, L*(R,,)) satisfying i(t,z) = v(t,x)
for t € R, z(¢) < x. Thus there exists F' € H(V,0) such that

Ya(t,.), 0vu(t,.)) = Uy(t,0)F.

Since u(t,z) = 0 for t > t,, Theorem II-1 of [GravColl] implies F' = 0,
hence u = 0.

To prove the existence of u, given ¢ € C}([0, (), we put
0<t=@(t) = (),

<< 0= §(t) = (2t + 1)p(0),

N | =

1

and we solve the hyperbolic characteristic problem:

Rw—w+Vw=0,teR, 2> —t+1, (I1.53)
w(t,z = —t+1) = p(t), t €R, (I1.54)
l-z<t<z—-3=w(tz)=0. (I1.55)

It is convenient to introduce the characteristic coordinates
X=t4+x—-1, Y=t—2+3. (I1.56)

Then w(t,z) is a continuous solution of (IL.53), (I.54), (IL55) iff
W(X,Y) = w(t,z) is a continuous solution of

W(Xo,Y,) = @(E - 1)

2
Xo rYo _
- l/ / V(X Y +2>W(X,Y)dXdY,
4 /o 0 2

X0 >0, Yy >0, (IL57)
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W(Xo,Yo) == 0, XO 2 0, Yo S 0. (1158)

The integral equation (I1.57) is easily solved by the Picard method putting

Y.
WO(X07Y0) = ¢<_22 - 1)7

1 (Ko Yo /x
W"+1(X0,Y0)=_Z/ / V( . Y+2) W™(X,Y)dXdY, n> 0.
0 0

Since ¢ and V are bounded we have:
X5 Y5

| W"(Xo,Yo) S C"

hence -
W(X,Y)=> W"(X,Y) € C°(0,00[x xRy)

n=0

is a solution of (I1.57), (IL.58), moreover, W (X,Y) € H}, ([0, 0o[x XRy)
since V € C*°(R). Now we put

Fcp :t(f’p)’

where
>ty +1 f(2) = w(ty,a), p(x) = du(t,,z)
2(ty) <z < —t+1= f(z) =p(z) =0.
We note that
F, € H'(R) x L*(R),

F,(z)#0=>2z € [1 —t,,t,+ 3]

Then u,(t,.) = [Uy(t,t,)F,]1 is a finite energy solution of (IL.1), (IL.2),
(I1.50), (I1.51), and the Lemma is established for regular ¢. To treat the
case ¢ € H'(R), we remark that the relation

8:(] Byw [ + | dow 2 +V | w [2) — 8,(2R(Bywd,w)) =0,  (IL59)

implies

oo

| Feo H%(VF/ | &) P +V (=t +1) | @(t) |? dt. (11.60)

—00
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Hence using the energy estimate for the propagator Uy (s, t):

sup (/200 | Oy, (t, ) | + | Opuy(t,2) |2 +V(z) | up(t, z) |2 dx)

0<t<T \J (1)
<Cr|¢ ”%rlm) . (11.61)

At last we remark that the Sobolev embedding

[ ©(0) IS C |l ¢ |la(0,00]) (11.62)
implies
| & lzr@< Cl @ [la1 (0,000 (11.63)

Then we conclude by (I1.61), (I1.63), and a standard argument of density
and continuity.

Q.E.D.

Given yx satisfying (II.11), we introduce the operator Py defined for
¥ € Hclompact([o’oo[) by

Py = Y(x(z)u(t = 0,z), x(z)0u(t = 0,z)). (11.64)

where v is given by Lemma IL6.

We shall establish two main results. The first one, Lemma I1.13, assures
that Py is bounded from H!(R) to 2 (V,0). The second one, Lemma I1.14,
gives a fine analysis of the asymptotic behaviour of Py (¢[™1) with respect
to T, where oTl(t) = ¢(t — T).

LemMa IL7. — There exists C > 0 such that for any ¢ € HY(R), p(t) =0
for t > t,, we have:

I 2o s € S0 +03 |
=0 i

Proof of Lemma 11.7. — We suppose ¢; € H*(RT) is compactly supported
in [j — 1,7 + 1]. With the notations of the proof of the previous Lemma
we have t,, = 7+ 1 and:

j+1 3
() P+ () | dt) . (165)

-1

Pv(pj = XUv(O,] + 1)F<pj == Uv(o,j + l)ij + (X - I)Uv(o,] + ]->F<pj-
(I1.66)
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Since F,, is supported in [—j,4 — j], Lemma II-11 of [6] implies

| Uv (0,5 + 1)F,, | CA+ )2 | Fy, llnevys (IL.67)

HE (v,o)S

where C' > 0 is independent of ¢; and j € N. On the other hand, since
(x = 1)Uy (0,5 + 1)F,, is supported in [2(0), 3], we get by Lemma II-8
of [6]:

I (x=1)Uy (0,5 +1)F,, et vy S C' || (x=1)Uv (0,5 +1)Fy, |l2(v,0) -

(I1.68)
We remark that
(x -1)Uy(0,j+1)F,, = (x = 1)Uy (—j — 1)F,,, (I1.69)
and
1 (¢ = DUV (=5 = DFp, I < C" || By, llnvy - (1L70)
Then we conclude using (I1.60) that
1Py s Nyt 10y S CA+DF 05 llars oo - (IL71)

Now given ¢ € H}  ([0,00[) we define a cut off function 6:

comp

|[t|>1=0(t) =0, 1<t<0=0(t) =1+t, 0<t<1=0(t) =1-t,

and we put:
0= @i ¢i(t) = ®)o(t - j). (IL.72)
7=0
Since '
J+1
@i llfn< C [ 1 /() |2+ | o(t) |? dt, (IL73)
i

(I1.65) is a consequence of (IL.71).
Q.E.D.

The following Lemma gives some useful characterizations of the norm
of [D(HS’[R’OO[)]. We denote f = Ff the Fourier transform of tempered
distributions on R:

fEIMR), (&) =Ff(E) = /R e~ f(z)do.
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LemMa I1.8. — Given V € L*(R), V > 0, R € R, and s > —%,
C§° (IR, o0]) is a subspace of [D(Hy, g ()] and for ¢ € C§°(IR, oo[) we

have:
3 s 2
— Z <s :>|| HO R, oo[¢ ”L2( [R,00])

=—/|§I4S|¢ (€) — exp (- 2iER)B(=0) 2 de,

1 s
= 5 <8 H g 17 m,00p

1 s n 2 . ~ =
=9 A K3h [I $(§) |” —exp (2z£R)¢(£)¢(—£)]d§,

and there exists C > 0 such that

| Hg (2,00® 172 ((R,000

—c/ / (lo—y|?+|2R-z-y|?)

| ¢ y) |? dady,

and for any ¢ € C§°(Ja,b[), R < a < b, we have:

| Ha (7.00(® 228,000
< 4c( // |z —y |72] ¢(z) — $(y) |? dudy

+/ (|$—b| lylz—al” l—|x—R]—1)|¢(x)12dx).

Moreover if —3 < s < 1, for any bounded interval ]a,b[C]R,

exists Cop such that

V¢ € C5°(Ja, b])
I Hiq/,[R,oo[(b L2 ((R,0o) < Ca |l HS,[R,w{¢ 2 (R.00]) -

Proof of Lemma 11.8. — Given ¢ € C§°(]R, oo[) we put

Pé(x) = ¢(z) + $(2R — x).

(I.74)

(IL75)

(IL.76)

(IL77)

ool there

(IL78)
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Since —=P is an isometry from L*([R, oo|) into L*(R) such that:

HO,RP¢ = PHO,[R,oo[qsa

we get that \/—i—;}" P is an isometry from L?([R,oo[) into L*(R) satisfying
FHorP =| £ [ FP¢.
Thus we deduce that ¢ € D(Hj p () iff

“ HS,[R,OO[¢ ||i2([R,oo[)
1 A R
= 1 [ 161160 - exp (- 2iR) () e < .

then C§°([R, o) is a subspace of [D(IH]S’[R’OO[)] if 4s4+2 > —1 and
(IL.74 is proved, moreover (I1.75) holds for 4s + 1 > —1. To prove (IL.76),
we note that:

1
| Hg 1,00 ® 1122 (2,000

R T 2
- [ renFeoe P
fe'e) -1
A erear
| Te=y 171 Pia) ~Po(w) * dody
= [ [ o=yl + 2R =2y ) | 9(e) - 6(0) I dady.
To get (IL.77) we deduce from (II.76) that:
| Hé,[R,oo@ 128,00
<20 [ [ ey 17 6ta) - i)  dady
b b
<ao( [ [ 1a-y 17 0(a) - i) P dody
b a a
+/ (|3lc—b|‘1-i-]a:—a|‘1 —|lz-R|™") | ¢(z) |? dx).
Now on the one hand we have:

Hv,(r,00] < Ho,(r,oo[+ || V ||l ®),
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hence Heinz’s Theorem [22] entails for s > 0:

Il HY, (R co(® |22 (1,00 S CUIHG (7,001 122((R,00p + I & (122 (1R,001)-
On the other hand we have for ¢ € C§°(]a, b):

¢ 200,60 Ca | ¢ l220apD < Capp [ HG (g 00f® 122 (R,00) -

Hence (IL78) is proved for s = 3 and the case 0 < s < 1 follows by

interpolation. Eventually, since:

Ho,[r,00[ < HV,[R,00[;
the Heinz theorem gives for s < 0:

HY 1R 00 < H (R 00>

therefore (I1.78) holds for -—% <s<0.
Q.E.D.
Now we derive an improvement of Lemma IL.7 for V = 0.

LeMMA I1.9. — There exists C > 0 such that for any ¢ € H*(R), p(t) = 0
for t > t,, we have:

I Po(2) [1;,3 1,0y S C 19 Nl 10,00 - (IL.79)

Proof of Lemma 11.9. — We choose 6, € C*(R), 6(t) = 0 for ¢t < 1 and
6(t) =1 for t > 2. For R > 1'-;—(0—) we put:

Or(t) = 6(t — R).
We consider:
Po(p) = Po(Orep) + Po((1 = Or)p).
By (I1.65) we get:

1 Bo((X = 8R)2) Il 0.0,

(S

5 R+2
< CR? (/0 &' () 1* + | (t) |? dt) : (11.80)
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Now we denote:

Po(Orep) =" (frsPR)-

According to [5] an explicit calculation gives:

faa) = 0a) (¢ = () + 255 ). (s1)

pr(z) = fr(z), (11.82)
where the function 7 is implicitly defined by:
7(x) =z — 2(7(x)), (11.83)

and we have the following asymptotic behaviours:

T(z) = —i In(—z) + 51’; ImA+o(z), z— 07, (11.84)
o(z) =0(z), x —» 07, o'(z)=0(1), z — 0. (11.85)

So we infer that:
Po(Br)(x) # 0 = © € [a(R), 0, (11.86)

where «(R) is the solution of:
a(R) — 2z(t(a(R))) = 2R + 1. (11.87)
We easily show that « is an increasing function of R that satisfies:

1+ z2(t(a(R)))
1 - z(r(a(R)))

2(0) < a(R) ~ e R R — +oo0. (11.89)
Because of (I1.82) we have

o (R) =2 >0, (I1.88)

| Ho opR ||L2( [2(0),00
= / 15 1(|pR €) I — exp (2i€2(0))pr(E)Pr(—€))de

= 5= [161(1Fn(e) P — exp(2i€s(0)) fale)F(—))dt
T JrR

1
=[ Hgofr “iz([z(o),oo[)7 (11.90)
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thus, using (I1.77) we get:

|| Po(Orep) ”H%(O,O)
0 0
< C/ / |z —y|?
a(R/2) Ja(R/2)
-2 -
|(9R<P) (r0+15 )~ Gae) (ro0+ =)
0
vo [ (el e an - o R
a(R/2)

|(aﬂso) (7‘(:1}) 41 ; ”’) i

0 0
<c / / |z —y |
a(R/2) Ja(R/2)

2
dxdy

0n0) () + 155 = 00 (v + 152 ) ey
+C(R) O:R/?) |z [ (ew)(T(z) + 1 - ””) i
— I(R) + J(R). (IL91)

On the one hand we put:
z’ = 2" 2@ B(R) = &' (z = a(R/2)),
X = —-iln(— "+ iln(A) + L A(R) = X(2' = B(R))
T o VU)o 2’ R :
then we have:

I T’ — y, , k(z—20(z)) ’
—F < sup (e | 14 kx — 2kz0' () |),
lz—y]| a(R/2)<z<0

(@) + 5L = X(o),
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and we evaluate:

I(R)
< ki(R) / / Y 72 (Br0)(X) = (Brp)(Y) P da'dy/
B(R) J B(R))
2
< K%k (R) ! '/Y(o @) (T)dT| dXdY
K N
! A(R) JA(R) | sinh(X — Y) |2 f

< wh(R) /A(R) /A(R) |Slnh)((X YYl') |2 / | Ore)'(T) [ dT|dXdY,
where:
B(R) = sup  (Cetn-20@)) al/ase<o | 1+ k- 2ra0'(2) [*
a(R/2)<z<0 info(r/2)<a<o | 1 + Kz — 26207 () |?
We put:
U=X+Y, V=X-Y,
and we get:

I(R) < mzkl(R) / EJTVV‘W

vi/2 0o
/ ( / |(93<p)( +T) P dU)dT v
—-|Vi/2 [VI+2A(R)

<t [~ L E ) 1 0ne) T - (192

On the other hand we put S = 7(z) + 5%, and we get
TR < ka(B) [ 1 Gre)(S) I ds. (11.93)
with

a(R)= su 2kC(R)
2 a(R/2)2z<0 | 1+ Kz — 2kz0"(z) |

We choose R > 0 large enough to assure that k1(R) and kz(R) are finite
and the result follows from (I1.80), (IL.91), (I1.92) and (I1.93).

Q.E.D.
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For ¢ € H'(R) and T > 0 we put:
TI(t) = o(t - T). (I1.94)
LemMma IL10. - For any ¢ € H'(R), ¢(t) = 0 for t > t,, we have:
| Po(‘/’ ) ||H2(0 0)
oo T
= a el (i) 1e@ e, o
Py(p™) P 0 in H? (0,0) — weak — *. (11.96)
Proof of Lemma 11.10. — Thanks to Lemma I1.9 we may assume that:
¢" € H'(R).
We denote:
PO(‘P[T]) ='(fr,pr).
We choose 0r € C*°(R) as in the previous Lemma and we consider:
Po(¢) = Po(0re!™) + Po((1 — 8r)e!™).

By (I1.65) we get:

2

[N

R42-T
| Po((1=8m)0™) I, 3 < OR ( /_T () P+ o(t) | dt)

(I1.97)
Now we denote:

PO(HR‘/)[T]) :t(fR,T,pR,T)-
According to [5] an explicit calculation gives:
pr7(T) = f;z ()
== i;zﬁézii( rel ) (tZT(m)-I-—l;—x), (11.98)
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where we have the following asymptotic behaviours:

14 2(r(z)) = =26z + O(2?), . — 07, (11.99)
1 - 2(r(x)) =2+ 267 + O(z®), . — 07, (I1.100)
and we have:
Py(8re ™) (z) # 0 = x € [ag,0], (11.101)
with
2(0) < ag = O(e™** ), R — +oo. (I1.102)
We introduce
1 1 1 1
- = [T] ! = —_-—— — —_— —_
Tr1(T) Y (Ore™Y) (t o In(—z) + oy In A+ 2). (1I1.103)

We have:

7TR,T(17) - pR,T(lL”)

= 2’:7100(—82—){ (ORQO[T])l(—iln(—x) + i InA+ % + o(@)

’ 1 1 1
_ (7] ——In(— — -
<0R<p ) < 5 In(-z) + - InA+ 2)}

1+ 0(z) 1 o\ (1 1 1
I B G —— In(— il -
+ (2m: + O(2?) 2m:> (QW ) 3 (o) + oo
= Igr(z) + Jr1(%).

On the one hand, the Sobolev embedding implies that ¢’ is bounded,
whence

sup || Lz @ < C (1@ Nl o + 119" o).

and since I 7 is compactly supported in [O(e=?*), 0] we have:

—nR(

sup I Tnz N2y < Ce "B (| ¢ L qo.oon + 1 €7 11 (0,00D) -

On the other hand we obtain directly
sup Il Jrz Iz < Ce ™ |l ¢ llm )
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hence we deduce that
Sl;p || TR, T — PR,T “L2(R)

< Ce ™ (|l @ [l qooop + | " lmr o), (11.104)

and by Lemma II.8 of [6] we conclude that
sup | Ho ¢ (mr,r — Pr.1) ||L2(12(0),00D)

< Ce™*(l ¢ lluooon + | ¢ laroop)-  (11.105)

Now, using (I1.74) we evaluate:

I Hoo”RT ”L2 [2(0),00[)

/m L (| Fror(Q) [
— exp(2i2(0) A= 2T ) Fr1(C) Fror(~C))d¢, (IL106)

where
Frr(¢) = / () (4)dy. (11107)

We recall that according to Lemma I1.6 of [6] we have:

— Vs
J 11 Fren(©) P g = [ 1€]coth (- 1€1) | FOrre)(©) I e
(I1.108)
Since fg_r¢ tends to ¢ in H(R) as R — T tends to —oo, (IL.108) implies
that for R fixed:

[ 1617 Eratc) P ac
— [1¢lcom (- 1€1) 6@ Pae, (w109

and | ¢ |7 Fr_7(¢)Fr_1(—¢) converges in L*(R). We conclude by the
nonstationnary phase theorem that for R fixed

-1
I Hoo Tr,1 ”%2([40) ool)

T—>+oo 27I_/|§|COth — Ifl)l ( )|2 df (H.llO)
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We write:

|| Ho.g o7 122 (f2(0),00) — Il Hog TR, Il 22 ([2(0),00D) |
<||Ho g (pr — Pr,7) ||L2([200),000 + | Ho g (PR — TRT) |22 ((2(0),00D) >
so, taking account of (IL.97), (I1.105) and (I1.110), we get:

limsup||| Hy ¢ Pr {122 ((2(0),000)
T—+oco
~ (5 [ 1€1com (5 1€1) 1ote) P de) | < cen
hence:

| Hagpir ||iz([z(0)

Thanks to (I1.98) we have
| Hod prar 1320y 000
= 5 [ 1617 (19m(€) = exp (2i€=(0))mr(€)prnr () e
= 5 [ 161 (1 Fnn(@) P = exp (20€:(0)) frr(©)Fna (- de

=|| Hg o fr,T ||2L2([z(0),oo[)a (I1.112)

thus using (I1.97), (II.105) and (II.110) again, we deduce:

I Hé_ofT ”iz([z(O) o)
o [1elooth (3 1¢1) [o(0) Pas, L)

T—>+oo 2T

hence (I1.95) is established.

As cab be inferred from Proposition I1.8, (IL95), (I1.97), all that is now
required to obtain (I1.96), is to prove that, given R, frr tends to O in the
sense of distributions as T — oo. We introduce:

1 1 1
= Th(t=_ " In(— :
dr1(x) = (OrY )(t o In(—z) + o InA+ 2).
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ObViOuSly:
¢E 1 L 2(0),00 C'
“ ) H 2([ ( )7 [)T

We remark that:

x

brr(z) — fra(c) = / (mr.(4) - prr(y))dy.

z(0)

Hence, noting that ¢ and fg  are compactly supported uniformly with
respect to T, we deduce from (I1.104) that

2(0).00 0. I1.114
Il R |22 (=0, Dy ( )
Q.ED.
Lemma IL11. — For any ¢ € H'(R), ¢(t) = 0 for t > t,, we have:
[T 112 '
| Po(e™) HH%(V’O)
L e ooth (Z1€0) 190 P e, (is)
2 o .
Totoo T J_oo 2K 4 ’
Po(p™Ny —— 0 in HZ(V,0) — weak — x. (11.116)
T—+o0

Proof of Lemma 11.11. — We get from (I1.78) and (I1.97):

1

R+2-T 2
(/ | &/(t) P+ olt) m) .

(I1.117)

vlw

I Po((1 ~ r)!™) || <CR

HE(V,0)
Since
0 <Hoo <Hyo <Hoo+ || V ||L=@),

the Heinz theorem implies:

-1
1

I (Hoo+ 1| V l|z=®)

1 1
S HyE7R,T [ 2202(0),000 <Nl Hod TR, 112202 (0) 0005

TR, ||22(2(0),00])

where 7 o is given by (I1.103). Hence we have:

1 1
0 <[ Hogmr7 722 0),00p — I Hyb TR 1 Z212(0), 00
1 1
<l Hod 7R, 1122 2(0),00p — | (Hoot || V [lze@)  *7rr 1122 12 (0) 000
< 2/[1 -+ 1€V [l 2o m) 6_4NT)—§] €17 Fror(6) | d¢,
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where Fr_r is defined by (I1.107). By the dominated convergence theorem
and (I1.110) we deduce that

_1 1 [t m R
| Hyomr,r ”%2(]z(0),oo[),IT>+oo o | | €| coth (ﬂ | € |) | ¢(€) |7 dE.
(IL.118)
We apply Lemma II.8 of [6] with a = 1:
| Hy i (mrr — PRT) 20200000 < C | TR = PR ||22(R),  (11.119)

and we get from (I1.118) and (II.119) that
Hyiprr |2 L[ h{— 5(¢) |2 d
| Hyopr,T “Lz(]z(O),oo[)m v | €] cot (% | € \) | (&) |° d€.
(I1.120)
The Heinz theorem implies also:
| H o /R, 112202000000 I HY0S BT llL22(0),000)
<|| (Hoot+ || V Iz ®)) * fr 122 2(0),00D) -
Hence we have:
0 <|| HE o fr, 1220200).00p — I Hao SR 122 (02(0),000
1 1
< Moo+ | V e @) * fror 132 200),00p — 1| HaoSfB1 1 22(12(0),00D

<2 [ 1= (0 1€V llm@) ] 1€ Frrl) e
< C/ | frr(z) [? dz.

hence we conclude by (I.114) that:
% 2 1 oo h ™ ~ 2 d
IHofrr Niogz0000 757 5 | 1610 (5 1€1) 1e) 2 de.
(I1.121)

Finally (I.115) follows from (I1.121) and (IL.120), and (I1.116) follows
from (I1.115) and (I1.96).

Q.E.D.

LemMMA 1112, — There exists C > O such that for any ¢ € H'(R),
o(t) = 0 for t > t,, we have:

|
-1

0 j+1 3

— 1 C e”'ij / 2 2d .
Py =P Dyt < O ([ 1e@p 1o ra)
(IL.122)
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Proof of Lemma 11.12. — By Lemma IL6, for p; € C5°(l7 — 1,5 + 1[)
there exists Fy,; € H(V,j + 1) supported in [—j, —j + 4], such that:

Pyp; = xUy (0,5 + 1)Fy,;.
We write:

(Pv = Po)pj = Uv(0,j + 1)(Fv,; — Fo5)
+ (1 = x)Uy(=j - 1)(Fv,; — Fo;)
+ (Uv (0,5 + 1) = Up(0,5 + 1)) Fo
+ (1 =x)(Uv(=j = 1)~ Us(=j — 1)) Fo;
=L+L+1Iz+ 14 (I1.123)

Lemma IL.11 of [6] gives:
N3
D ll8 0y S CA+ )2 M Fyvy = Fo v, (I1.124)
and Lemma II.8 of [6] gives:

| I2 | S C | Fvj = Foj llnv,j+1) - (I1.125)

3 (v,0)

We denote uy the solution of Lemma I1.6 with data ¢; and we put:

5(t) = /_ Zl | O (v (1, 7) — o (t,)) |
+ V(2) | (uv(t,x) —uo(t,z) |* + | Os(uy (t,x) — uo(t,z)) | da.

We have the energy estimate for j — 1 < T < j + 1:

T t4+3-2;
o(T) = 2R </ V(2)(Oruy (t,z) — Opuol(t, x))ﬁg(t,x)dx) dt,

=1 \J—t+1

and since:

- 1

we get, using (IL.3):

T
5(T) < C || ;|22 e+ /

7-1
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We remark that:
Il @i lle2< 21| @5 llzzs
hence we deduce by Gronwall’s inequality that
| Fv; — Foj Inven< Cem " || ¢ |z, (I1.127)
and we obtain:

15 lt gy + 1 2 gt gy S G N1 5 s (W128)

To estimate Is we use the Duhamel formula:

Uy (0,5 + 1)Fo ; — Uo(0,5 + 1) Fo 5

= - Uv(0,s . ds.
0 7 )(V[UO(‘S’J + l)Fo,j]l)
Since Uy(s,j + 1)Fp; is supported in [z(s), —s + 5], Lemma IL11 of [6]

implies:

Jj+1
125 1l 09 < c/ (1+8)} || V[Uo(s,5 + 1) Fo ], llze ds. (IL129)
’ 0

We introduce 6; solution of:
2(9]') = 6]' - 2] + 3.
By (I.5) we have:

0; =7 — g + O(e™2%9). (I1.130)

For j > 3(3 — z(0)), we have:
0<s5<6; = [Up(0,5+1)Fp;],(z) = fi(z + ),

where
fi = U6(0,5 + 1) Fy 5.

According to (I1.98) we have:

) = 288 () + 157).

Vol. 70, n® 1-1999.



78 A. BACHELOT
We deduce that:
| fillee<Il fj |2 < C || o5 2 my,
and since f; is supported in [O(e=2%7),0], we get:
I £i lz2< Ce™ || @} |2 my, (IL.131)
and with (II.3)

0<s<0; = V[Uo(s,j + 1)Fo ], llz-
< Ce™™e™F || ol || pawy - (I1.132)

For s € [0;,7 + 1] we obtain by (IL3), (I1.130), Lemma IL.12 and
Proposition II.1 of [6]:

| VI[Uo(s,5 + 1) Fo 3], llp2< Cem™H || o || amy - (IL.133)
We conclude from (I1.133), (I1.132) and (11.129) that:
12 11,04 (10, < Ce ™™ || ¢ ) - (11.134)

1, is estimated using Lemma I1.8 of [6] and the Duhamel formula again in
the following mannerytnhfefeudd n sqpp-:

Il Zo || < C |l Iy |lnevo)

H3 (V,0)
0
s—x+1
<C I V(fﬁ)%‘(—2—) L2 (r,) ds
—j—-1
< Ce | ¢ 2wy - (IL.135)

Therefore we conclude from (I1.128), (I1.134), (I1.135), that
| (Pv — Po)ep, IIH%(V,O)S Ce ™ I (,0;- PRI (I1.136)

and (I1.122) follows from the expansion (I1.72), (I1.73), and (I.136).
Q.E.D.
Now we derive the strong improvement of Lemma I1.7, by establishing
the continuity of Py from H'(R) into Hz(V,0).
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LEmMmA I1.13. — There exists Cyy > 0 such that for any ¢ € H'(R),
o(t) = 0 for t > t,, we have:

P () 103 (10 Ov Il @ Ml qo,00p - (IL.137)

Proof of Lemma 11.13. — (I1.137) is is a direct consequence of (II.122)
and (I1.79).
Q.E.D.
The main result on the asymptotic behaviour of Py ((p[T]) is given by
the following:

LemMma I1.14. — For any ¢ € HY(R), ¢(t) = 0 for t > t,, we have:

[Ty (12
Py () 14 0y
_! +Oo|§|coth(7r IEI) | (&) |* d¢. (11.138)
T—+4oo T J_oo 2K ¥ : :
Py (o) —— 0 in H3(V,0) — weak — x. (I1.139)
T—+o00

Proof of Lemma 11.14. — By (11.122) we have:

1Py = Po)(@™) It 0

) ‘ j—T+1
<oy e ( [ @R e e dt)

-T-1
We apply the dominated convergence theorem and we get
- (7] L ,
1Py = PO (@) 3 gy 7 O

Thus (I1.138) and (I1.139) are consequences of (IL.115) and (IL.116)
respectively.

\E.D.
Given F € Dy, F(z) = 0 for z < R, we denote for T > 0 large efough:
or(t) = [Uy(t, T)F],(z = -t + 1) € H,.(R,), (I1.140)
o-(t) = [epFli(z = -2t +1) € H'(R,). (I1.141)

or and @_ satisfy:
£> 2‘—53—3 = or(t) = 0, (I1.142)
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t> = o_(t) = 0. (11.143)
Lemma 1II.15.
T
| pr — o7 ||H1([0,+oo[)1—:o—o> 0. (I1.144)

Proof of Lemma 11.15. — We denote
u(t, x) = [Uva(t)F],(z), (I.145)
u” (t,x) = [Uor(t)QpFi(2), (11.146)
so we remark that
or(t) = F(t) = u(t-T, o = —t+1)—u~(t—-T,z = —t+1). (IL147)
Given s > 0 we have:
| e - Fo P a

<s sup | u(o,x)—u (0,z) ||%<>°(RE)

o<s-T
T+1-R
+/ i | (u—u™)(t—T,—t+1)|*dt
<Cs sup |lu(o,z) —u(0,2) [N
T+1-R
+/ i [(u—w")(t-T,—t+1)>dt.  (I1.148)

Now we remark that  and v~ are solution of a (wave) equation, hyperbolic
with respect to x. Hence, using the fact that:

|t|<KR—z = u(t,r) =u (t,z) =0,
and for any z, fixed in R
w(t,x = —t+x9) —u (t,z = =t +x9) = 0, t - —00,
we conclude that u(t,z) is the unique solution of:

t+z < R=u(t,z)

=u_(t,x)+% / " Vi) ( /t e u(s,y)ds)dy. (IL.149)

—00 —z+y
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The standard L? and H' estimates for the one-dimensional wave equation,
and the hypothesis on potential V' assure that for z < R,:

Il w(t, 2) l|22g-c0,rR—al) </ w™ l|2(R)

+0 [ I o=y ) [t ) 120-emsio du. - (1150)

| w(t,z) —u™(t,z) ||z (-c0,R—al.)

< [ e D2y ) | u(t.9) gty . (115D

Using Gronwall’s inequality, (I1.150) gives:
sup || u(t, ) [|£2(~o0,R—21) < 00,
<R

hence, with (I1.151) we obtain:
| u(t, ) — u™(t,2) [|g1 -0, R—al) < CE™,
and the Sobolev embedding entails:

z<R= sup |u(t,z)—u (t,z)|<C'e™. (I1.152)
t<R-zx

(I1.148) and (I1.152) give for s,7 > 1—- R, s > O:

/ o) - $F ) It

0
< Cs sup || u(o,z) —u (0,7) |} m,) +C’e72% ) (IL.153)
o<s-T
and since by Theorem II.2 we have:

| u(o,2) = u(,2) sy —— 0,
we conclude that:

T
| or — ¢ ”L2([0,+oo[)1:;: 0. (I1.154)

Now, using the classic energy estimate for equation:
(07 =02+ V)(u—u")=-Vu~,
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and taking T > R — 1, we can write:

(oo} T /
/ o) = (¢) &) 1 at
0
< C{ | w(=T,z) —u™ (-T,x) ||§11(Rz)
+ || 0u(~T,z) — du™(-T, ) |32 n,)

T+1-R 1—t

+/0 i (/_oo V() |u=(t-T,z) |

S Ou(t =T, z) — 0w (t —T,z) | dx) dt}

< Cé(T){5(T) +/ ; (/ v |u™(t=T,2) dgc)idt}
ST (S(T)+ | v lamwy)-
where

6T) = sup (f|ulo,2) = u(0,2) | e,y

o<

+ || dru(o, ) — Byu™ (0, ) ||L2(r.))-

Since Theorem II.2 assures that:

T—+o0
we deduce that:
T
| o1 - (90[_2])' ||L2([o,+oo[)m 0. (I1.155)
Then (I1.144) follows from (II.154) and (IL.155).
Q.E.D.
Lemma I1.16. — We have:
2
| Prten) 12,0
1 [T T R 5
—— [ J&leoth (oo 1€1) [9.(6) P de. (L156)
T—+oo T J_ 2K
Py (1) —— 0 in HZ(V,0) — weak — *. (IL157)
T—4o00
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Proof of Lemma 11.16. — By Lemmas 1I.13 and II.15 we have:

%]

| Peleor) - Priol® ])IIHQ(VO)—H or == (e =2 0

hence the result is a consequence of Lemma II.14.
Q.E.D.

Proof of Proposition 11.5. — We have
xUv(0, T)F = Py (¢r)

where @ is given by (I1.140). On the other hand (II.15) and (II.141) imply
the existence of f € H*(R), f(t) = 0 for ¢ large enough, such that:

Q(IRF =* (fa —fl)

~ _ 1. € —i&
@—(f)—gf(—g)e 2.
We deduce that:

1/_+°°|f|coth(—|s|)t (@ F i

H,/coth HG g QORF

therefore the Proposition follows from Lemma IL.16.

Hz(OR)

Q.E.D.
Proof of Theorem 11.3. — We have:
) 2
OV O,DF Iy 0
2 2
= XUV O, TIF 2y o + 1 (0= 0Uva(=D)F 2
+ 2R < xUv (0, T)F, (1 — x)Uyr(=T)F >_ 1 . (IL.158)

HZ (V,0)

According to Theorem II.2

9

2
| 1=x)Uvr(=T)FUv,[2(0), oo[(—T)QV[z(o) oo[F ||H%(V70)0H(V7O)T—:rz

(11.159)
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therefore:
and for £ € [0,%] we have:

sup || (1 = X)Uva(~T)F | < co. (IL161)

+e

1 R
[D(H , IIX[DH, G )]

We evaluate:
8(T) =< xUy(0,T)F,(1 — X)Uvr(=T)F >H%(V’0)
<| xUv(0,T)F |

€

(DL N D)

| Uv,(20),00(T)(1 = x)Uv(=T)F ||

+e

1 1.
[DHJ o )IX[DH, 5" )]

Now given a sequence u, — 0 in L?(R) — weak — * as n — 00, U,
compactly supported in [2(0), R], we have for any A > 0:

| Hyoun [l22((2(0),00) <N Hooun |22 ((2(0),00)
S C(A™% || un 2w+ €177 @a(€) llz2e1<a))

Un(€) —— 0, sup | (&) |lLoee<a)< oo

Hence we get that HyGu, — 0 in L*([2(0),00[) for 0 < e < 1 and we
conclude by (IL47) and (IL.161) that §(T)) — 0. Finally, (I1.20) follows
from (II.160) and (I1.46).

Q.E.D.

ITII. CLASSICAL FIELDS

We recall that the solution of the 4-D hyperbolic mixed problem (1.6),
(I.7), (I.8), is given by the propagator U(t, s) which is strongly continuous
on the family of finite energy spaces H(t) defined by (I.9). Moreover
denoting £’ the space of compactly supported distributions on R,, x S2,
Proposition IIL.1 of [6] assures that U(¢,s) is strongly continuous from
H(s) N E into Hz(t) N E.

Now we consider the Klein-Gordon equation on the whole Schwarzschild

space-time:
02 19 ,0 2M Ag2 9
{ﬁ “2or om T <1 B T) g“ 2 T )}1/’ =0 ()

in Ry x Ry, x S2.
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The solution of the Cauchy problem is given by the group Us(t),
((t),0:0(t)) = Us(t)(%(0),0:%(0)), which is unitary on the Hilbert

space of the finite energy data:
Hs = [D(H2)] x L2, (IIL.2)
and the Hilbert space of the quantum field theory:
HE = (D] x [D(H; ), (1mL.3)
where Hg is the selfadjoint operator on the space L%:
(IIL.4)

L% = [*(R,, x S%,r%dr.dw),

oM\ [ Ag
+ (1 - —) (— >+ m2), (IIL5)
T T

10 ,0

Hs = _ﬁar*r or,

with domain
(111.6)

D(Hs) = {f € Lg; Hsf € L‘zg}
We shall use a dense subspace of these spaces:

Ds = {(f1, f2); fi(re,w)
= Hs( Z fj,l,m("'*) ® Yl,m(w)); fj,l,m € C(()DO(R)}’ (III7)

finite

where {Y;n; | € N, m € Z, | m |< 1} is the spherical harmonics basis of

L?(S?).
ProposiTiON III.1. — Dg is a dense subspace of Hs N Hé.

We compare the fields near the Black-Hole, with the plane wave solutions
of

Oy + Hpuhpy =0, tER, r. €R, we S? (IIL.8)
where Hpy is the operator
Hpg = 02, (II1.9)

selfadjoint on the Hilbert space
L%y = LA(R,, x S2, AM?dr.dw), (II1.10)
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with domain
D(Hpy)={f € Lyy; 02 f € Ly} (II1.11)

The solutions of (III.8) are given by a group Uy (¢) unitary on the Hilbert
spaces:

Hpn = [DHE,)] x Ly, (IL.12)
Hiy = [D(Hpg)] x [D(Hp5))- (IIL13)

To investigate the behaviour of fields near the horizon we choose a cut-off
function x(r.) satisfying:

x € C*°(R), Ja,b; 0 <a<b< 1

re <a=x(rs) =1, b<r.= x(r.) =0, (IIL.14)
and we introduce the Black-Hole Horizon Wave Operators
Vp® = lim Upp(~t)@prUs(t)® in Hppm (I1.15)
where:
Opy (ﬁ)(r*,w) - <’;((:%£E::’))> (I11.16)

In fact, we have to distinguish between the fields, outgoing from the Black-
Hole to infinity (-), and the fields infalling into the Black-Hole from infinity
(+). Then we put:

Mo = {(f,20,.f); € [DMHE},

HE = {(f, %0, f); | € DML

Here 0, f is well defined by the spectral theory although [D(H% )] is not
a space of distributions for some s. As regards the asymptotic behaviour
of fields at infinity, since the Schwarzschild metric is asymptotically flat,
we compare the fields near space-like infinity, with scalar fields in the
Minkowski space-time, solutions of the Klein-Gordon equation:

I

32
@ﬂfoo — Aps oo + m?e =0, in R, x R3. (I1.17)
hence we introduce the free hamiltonian:

Hoo = —Agz +m® (II1.18)
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with domain:
D(H.) = {f € L*(R,dz); —Ag: f € L*(R2, dx)}, (I11.19)
and the Hilbert spaces:
M. = [D(HZL)] x L*(R®), (I11.20)

HE = [D(HL)] x [D(H;ﬁ)]. (IT1.21)

The solutions of (III.17) are given by the free propagator

(Yoo (1), Orthoo (1)) = Uso (£) (thoo (1), Ortpoo (1))

which is a unitary group on these spaces. Nevertheless, according to [4],

because the term —2Mm?2r~! in (IIL1) is long range type, we must

introduce the Dollard modified propagator, which is unitary on H,, and
1

H,:

U2(t)
cos(tHZ + In(t)D) Hoo? sin(tHE 4 In(t)Do )

= | R i ] (IIL.22)
—HZ sin(tH + In(t)Doo) cos(tH3 + In(¢)Dso)

Here for f € C5°(R3) we have:
Mm? . .
(Do f)(z) = —# / g€ | gt < /R e Wt f(y)dy)df, (111.23)
R? 3
and for ¢ € R*
t

In(t) = | In|t]. (I11.24)

We introduce an identifying operator ©, putting:

O(r,,w) € [C(R,. x 52))°, z € R3,

O (@)(@) = (1= x(r. =l Dt =z = ). (T2
and we define the Flat Infinity Wave Operators:
05 = lim UP (=)@, Us(t)® in Heo- (111.26)

The scattering of classical fields on the whole Schwarzschild space-time
is described by the following:
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THEOREM IIL.2. — The strong limits (IIL.15) and (I11.26) exist for any ®

in Hs, and do not depend on the function x satisfying (I11.14). Moreover
QL © O is an isometry from Hs onto

1 1
Hi @ Hoo and can be extended as an isometry from ’Hg% onto H ®H&
satisfying for any t € R:

(Usn(t) ® U (t) (Vg @ Qo) = (Upy ® Qo) Us(t).  (1M127)
Furthermore if ® € Dgs we have:

«/coth (%HEH) O, @ e Hi. (I11.28)

Now we can state the fundamental result concerning the backward
propagator U(0,T):

THeOREM II1.3 (Main Result). — For all ® in Ds we have:

2
10D |7,
—— | Q%@ |, + || y/coth (ZH;
T—+o0 HE

- 2
P BH) QBHcI) HH% . (IH.29)

Remark 111.4. — We note that the limit (II1.29) does not depend of the

history of the collapse of the star, described by the function 2. It is a ”
la Wheeler”, ”No Hair type” result.

N

a
Proof of Proposition 111.1. — We shall use the basis of spherical harmonics
of L2(S2), {Yi,m; L €N, m € Z, | m |< 1}. For f € L}, (R,) we define:
RS @ Vi) (r, w) = 17 f(2) ® Vi (w),

with
T =7, :7‘+2Mh’1(7'—2M)
We have:
HSR—l(f ® Yl’m> = ’R,_l(lH]VhRf & Yl,m)»
with:

(I11.30)

Vi@ = (1_%)(l(l+1)+%

2
: 31
. ;- 5 m), leN (I11.31)
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Obviously this potential satisfies assumption (II.3). Now we have:

oo m=l
MHs =R <EB P HVi,R) ®Yl,m),

=0 m=-1

l\?b—l
I I

co m=l
<€B P H: (ViR ®Yl,m>,

1=0 m=—1

and for

O(r,w) = Y R Fm(®) ® Vim(w)), (111.32)

finite

we have:

2 _ 2 2 _ 2
1 1= 301 Fom By @12 5= 30 Fom I,y -

At last we remark that:

Ds={Y R'HyrFim®Yim); Fim € C(R:) x C°(R,)}

finite

Since we have shown in the proof of Proposition II.1 that Hy, RC5°(R;)
is dense in [D(H§, g)], s = —1,0, 3,3, we conclude that Ds is dense
in Hs N Hs%

Q.E.D.

Proof of Theorem TI1.2. — Lemma IV.1 in [5] states that Q5 ® Q%
exists and is an isometry from Hg onto Hy @ Hoo. Moreover Theorem 1
in [4] assures the intertwining relation (IIL.27). We deduce from (II1. 27)

that QF ,; ® Q% can be extended as an isometry from Hs 2 ? onto Hi S Hoo
In fact it will be useful to recover these results in a manner which makes
explicit the relation between the wave operators of the three-dimensional
and the one-dimensional problems:

Lemma IIL5. — For F; € H(V;,R) we have:
Oy R™(F © Yim) = QORFz ® Yim (IM.33)
Proof of Lemma 1I1.5. — We deduce from (II1.30) that:

UsORUFI ®Yim) = R Uy () F, ® YVim)- (I11.34)
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Thus:

Upu(—t)®ppUs(t)R™(F ® Yi.m)
= Upu(—t)R™ (Uor(t)Uor(—t)xUv; (1) Fi ® Yim).

We easily check that Ugy(—t)R ™ Uy r(t) is equibounded with respect to
t on HY(R,,) x L*(R,,) ® Y;,, hence we get:

| U (—t)®@prUs(t)R™(F, ® Yim)
—Upu ()R (Uon(t) o F1 ® Yim) 1w, XL2(R, )@Y~ O

Now given f € HY(R) we put F* =t (f £f'), and we verify that:

Therefore (I11.33) is a consequence of (IL.15).

1
Upu(—t) R (Uor(t) FE*@Ym) - mFi@m,m

H(R,, xL2(R,, )®Yi.m

— 0.
t—+

Q.E.D.
We could get a part of the intertwining relation (IIL.27) noting that:
1

Upr(t)Q5aR™F ® Yim) = Wi Uo,R(t)Qoi,RFl ® Yim
1
= WQE{RU\/I‘R@)E ®Yim
= Q5 R Uy p(t)F ® Vi)

= Q5 Us(OR™Y(E © Vi)

At last for ® given by (I11.32) we infer from (II1.33) and (IL.16):
T L _
coth (ZHjy ) Uy
K

1 o1

= o7 ( > y/coth (EHS,R) QopFim ® y,,m>
finite

e @ HHO,R) ®Vim C Hpy. (IIL.35)

finite

Q.E.D.
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Proof of Theorem 1I1.3. — We consider

®=Hs( Y Fim®Yim)€ Ds.

finite
We have:
® =R Z Glm @ Yim), Gim(z) =Hy g(rFi.(z)) € Dy,
finite
U0, 7) =R Uy(0,T)Gim © Yim)-
finite
Since:

[H]tR_l(F & le,m) - RtlHVl,RF ® }fl,ma

we deduce that

U1 |2, =

z || UVI 0 T)Gl m H

finite

HE(V,0)

Theorem II.3 implies:

) 2
U, T)® ”% (O)T Tt Z;te | Q [2(0),00 Glm an(v,,o)

+H coth(fH§R>QgRGl,m
\/ —Hor) O,

For &, € H.,, we put:

(I11.36)

HZ (0,R)

Qrd, =5 — lim Up(—t)O UL (t)® in H(0),

t——00

where

Uzn(t) = U(t,O) Zf t S 07
Uin(t) = U(0,—t) if t>0.

According to Lemma IV.2 in [5], Q}; is a well defined operator, which is
unitary from H., onto H(0) and since the intertwining relation

Uin ()7 = QU (1)

holds, this wave operator is unitary from Héo onto H? (0). Now we remark
that:
Uin(t)R_l(G ® )/l,m) = R_IUVl,R(t)G ® le,m-
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Thus we deduce that:
QPO R HGRY ) = R7U, 1(0).00(C ® Yiom)i

Therefore we get:

— - 2
D 1%, et Gt s, =1 9@ 2 - (I.37)

finite

On the other hand (III.35) implies

>

2
coth (ngR) Q5 aGim
~Hir ) 4,

finite 'H% (O,R)
Tl 2
= H, [coth (-H,@H) Q0| (II1.38)
K 7“2
Now (II1.29) follows from (II1.36), (II.37), and (IIL.38).
Q.ED.

IV. THE HAWKING EFFECT

We describe the emergence of the Hawking state in two frameworks
of the Quantum Field Theory: the point of view of the quantization at
time ¢ according to [6] or [14], and the approach of the algebras of local
observables on M, in the spirit of [13] and [17]. Then the Hawking effect
is a direct consequence of the main Theorem IIL.3.

IV.1. Time Dependent Quantum Fields

We consider a one parameter family of real vector spaces, (Dt) yeq>
endowed with a skew-symetric, non degenerate, bilinear form, o¢(.,.), and
a propagator U(t,s), which is a symplectic isomorphism from (D,, o)
onto (D, 0y).

A Weyl Quantization of (D,o,U) is a family of maps 20, : ®; €
Dy — 20,(®,) from D, into the space ($) of unitary operators on some
complex Hilbert space §), satisfying:

vVt e R, V®,,V, € D,,

Qﬂt(@t + \Ift) = e_%at((bt’\pt)mt(q)t)mt(qjt), (IVl)
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VteR, Vo, € D, VX € 9,
(A € R — [20,(A®,)](X)) € C°(R», ),

Vs,t € R, W,oU(t,s)=2W,. (Iv.3)

(IV.2)

The Quantum Observables Algebra 2, is the minimal C* — subalgebra in
the space £(%)) of bounded linear maps on $), containing all the operators
20,(®;). In fact, up to a norm-preserving and an involution-preserving
isomorphism, 2 does not depend either on ¢, or on the choice of the Weyl
Quantization.

A Quantum State w is a positive, normalised, linear form on 2. The
quantum state is characterized at tithe ¢ by the Generating Functional E}’
defined on D, by:

@t € Dt = E?(@t) = W(mt((ﬁt))
As a consequence of (IV.3) these functionals satisfy:
Vs,t €R, EyY oU(t,s) =E?. (IV.4)

Given a quantum state w defined at time zero by Eg§, the fundamental
problem is to describe the quantum state at time ¢. Thanks to (IV.4) this
quantum problem is reduced to the study of the classical propagator U (0, t).

We apply these considerations to the second order evolution equation:

d2

Eﬁlﬂﬁ—Hﬂ/f = 07

where for any ¢ fixed in R, H(¢) is a densely defined, selfadjoint operator
on some Hilbert space L%(M,;). We assume that the required hypotheses
on the time-dependence of H(t) are satisfied so that the propagator U (¢, s)
associated with this equation, exists and is an isomorphism on a family D,
of spaces of real Cauchy data, such that:

D: € [DH})] x [D(H, 1))
The Fock quantization is defined for ®, =*(f;,p:) € D; by:
(@1, U) = 28 < Koy, KUy > 12019, (IV.5)
@y € Do — Wo(Po) = exp [a*(Ko®p) — (a*(Ko®o))"] € U(H), (IV.6)

1 1 o1
K:®; = %(H? fe+ iH, 4pt)a (IV~7)
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where a*(hg) is the creation operator on the Fock space

$ =@ [LEMo)] " (1V.8)

s
n=0

Here [b]fo" stands for the n-fold symmetric tensor product of h. The Fock
vacuum state at time t is defined by the functional:

®, € Dy — EX(®,) = exp (—% | @, || ), (Iv.9)

(D x (D] )

and the thermal state at time ¢ with temperature 6 > 0 is defined by the

functional:
| )
(DT XD 1))
(v

1 1 1
b €Dy Ete(q)t) =exp| -3 coth { —H? |,
2 20
IV.10)

These previous tools allow us to define the Fock quantization of a spin-0
field outside the collapsing star, described by (1.10), (I.11), (I.12), putting:

_ fl,m(T*) .
b= {?R Q%e (1)1,,71(7'*)) @ Yl‘m(w)>’
(frms ) € CF x Cj([2(t), 00]),

Jrm(2(8)) = pran (2(1) + 2() f] . (2(1)) = 0}- (Iv.11)

Since the star is stationnary in the past, we define the Ground Quantum
State wy by the Fock vacuum in the past, i.e.:
B = E. (IV.12)

In the same manner we can construct the quantum fields and quantum states
on the Future Black-Hole Horizon, and on the Asymptotic Minkowski
Space-Time (see [6]).

We investigate the asymptotic behaviour of this state as ¢ tends to infinity,
on the subalgebra of observables generated by Dgs.

THEOREM IV.1. — Let ® be a real valued element of Ds. Then we have:

1 -
o (@) e (-5 0z 12, )

1 1
exp <—§H coth (gHgH) Q5 ®

2 ) (IV.13)
"2
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Proof of Theorem IV.1. — We get by (IV.4), (IV.9), (IV.12) and

Theorem II1.3:

oo @(®) = exp (-3 10009 [y, )

eI

Lo
s exp (-5 | 5@ ”jﬁ>
2
7@)

t—+oo

1 o -

exp | —3 coth(EHBH)QBHd) .
Q.E.D.

IV.2. Hawking State on M

We construct the Algebra of Local Observables, (M), associated with
the Klein-Gordon equation (1.6) on M, in a similar way as in [13]. For

® € C°(M,R) x C§°(M,R) we put:
00
E® :/ U(0,t)D(t)dt. (IV.14)

Following Proposition III.1 of [6], we have
E® € HE(0).

Then we define (M) as the C* — algebra generated by all the 20,(E®),
where 20, is the Fock quantization (IV.6). The Ground Quantum State on

2A(M), wy, is characterized by the functional:
2 )

oo (€)= exp (5 1O [y,
Puting:
ST (t, 7y, w) = ®(t — T, 7y, w) (IV.15)
the fundamental problem is to evaluate:
Lm wo(Wo(EDT)). (IV.16)
In fact, as in [17], we consider a subalgebra of observables, generated by

the space of test functions:

Do = {®(t,re,w) =R Y 0 Pym(t,ma) @ Yim(w);
finite
(IV.17)

By € CF(R?) x C°(R?)}.
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To express our result, we introduce similar operators E on the Future
Black-Hole Horizon, and on the Asymptotic Minkowski Space-Time:

®py € C3°(Ry; Hpr) — Epp®py

+oo
- / Ussr(—)®pu(t)dt, (IV.18)
“+oo
oy € C5(Ryi Hoo) o By = / Us(—t)duc(t)dt.  (IV.19)

THEOREM IV.2. — Let ®° be in Do. Then we have:

1 _
wo (Wo(@T)) T exP (—5 | Eoo (225, 2°) ||i%)

1 1
exp <_§H”C0th (%le?H) Epn (55, 2°)

2 )
e
H2

(IV..20)

Proof of Theorem IV.2. — We evaluate:

1
o(To(@7)) = exp (-5 €87 2, )

We have:
EoT = U(O,T)IE5<I>°
where oo
Es®’ = / Us(—t)®°(t)dt.
Now if
@O(t,r*,w) =R 2 Btz@lm(t,r*) QY m(w),

finite

we have:

+o0
IES(I’O = —Hg Z §R/ Ug(—t)(q)l,m(t) ® le,m)dt,

finite
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hence

Es®° € Ds.

Then (II1.27) and Theorem IIL.3 give:

| EQT |12,
HZ2(0)
w1 2
- 012 oz - 0
ol O |, +H,/coth(KHBH) UrEst’)| |
2
_ - &0 |2 T3 - &0
=1 B0z |7, +H,/coth(KHBH) Eanflp®|| |
Q.E.D.

IV.3. Comments

The physical meaning of Theorem IV.l and Theorem IV.2, is the
following: observers at rest with respect to the Schwarzschild coordinates,
measure at their own infinite proper time, a thermal state at temperature
s_wlﬁ’ of particules outgoing from the Black-Hole, to infinity. The asymptotic
state does not depend on the history of the collapse (No Hair result), but
only on the mass of the star; the presence of the wave operators Qg
Q, is only related to the curvature to the underlying eternal Black-Hole.
We have established in [6] a similar result for an observer falling into the

Black-Hole, across the future horizon.

For simplicity we have considered only the case of a (massive or massless)
scalar field outside a spherical collapsing star, without electric charge, but
our approach, especially the study of the one dimensional collapse in Part
II, could be easily applied to treat various kinds of fields, such as the
electromagnetic tensor field [2], the Dirac field [24], the %—spin field [25],
in geometrical frameworks associated with charged star or/and space-times
with cosmological constant (De Sitter-Schwarzschild-Reissner-Nordstrom
metrics, see e.g. [3], [19]).

Therefore, we may consider that the emergence of a thermal state with the
Hawking temperature, at the last time of a spherical gravitational collapse,
is at present mathematically well understood, in the framework of semi-
classical approximation (weak quantum fields, fixed classical metric). The
investigation of the back reaction of the Hawking radiation on the metric
(Black-Hole evaporation) is another story.
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