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ABSTRACT. — We prove in the case of the Klein-Gordon quantum field,
the emergence of the Hawking-Unruh state at the future Black-Hole horizon
created by a spherical gravitational collapse.

RESUME. — On prouve I’émergence de 1’état quantique d’Hawking-Unruh
pour un champ de Klein-Gordon, & I’horizon d’un trou noir créé par un
effondrement gravitationnel sphérique.

I. INTRODUCTION

The aim of this paper is to give a rigorous mathematical proof of the
famous result by S. Hawking [16], on the emergence of a thermal state at
the last moment of a gravitational collapse. The only mathematical approach
to the quantum states of a Black-Hole-type space-time are due to J. Dimock
and B.S. Kay [11], [10], and deal with the eternal Schwarzschild Black-
Hole. To get the Hawking effeet in the future, these authors assume an ad
hoc quantum state on the past Black-Hole Horizon. In this paper we consider
a spherical star, stationary .in the past, and collapsing to a Black-Hole in
the future. The quantum state is defined by the standard Fock vacuum in
the past. Then we prove that this state is thermal near the future Black-
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182 A. BACHELOT

Hole Horizon with the Hawking temperature. This is a consequence of the
infinite Doppler effect caused by the moving star boundary. The effects
of this phenomenon on the scattering of classical fields are studied in [3].
The setting is considerably more complicated than for the asymptotically
flat space-times [9], or for the eternal Black-Hole [2], and we shall see
that the Hawking radiation is associated with a very sharp estimate of the
propagator (Remark I1.4 below). For the sake of simplicity we only consider
scalar fields, but our analysis could be extended to the Dirac field [20].

We recall that the space-time outside a spherical star of mass M > 0,
and radius p(t) > 2M, is described in Schwarzschild coordinates by the
globally hyperbolic manifold

(I.1) M=A{(t,rw) € Rx]p(t), o00[xS?}

with the Schwarzschild metric
(I.2)

-1
Guvdrtdz” = (1 - ﬁ) dt? — (1 - %) dr? —r?(d6® + sin®0dy?).
T r

We introduce the Regge-Wheeler tortoise coordinate r, defined by

(I.3) re =7+ 2M In(r — 2M),
and we put
(1.4) z(t) = p(t) + 2M In (p(t) — 2M).

Then, according to [3], if we assume the star to be stationnary in the past,
and collapsing to a black-hole in the future, the natural hypotheses for the

function z are

z € C*(R),
Vt <0, z(t) = 2(0) <0,
(1.5) VieR, -1 < 2(t) <0,

z(t) = —t — Ae™?" +((t), A>0,
[ C@) [+ 1¢(t) |[= O(e™), t — oo,

where & is the surface gravity of the future black-hole horizon:

1
=L

The Black-Hole Horizon is reached as v, — —oc, t — 400, T« +t =
Cst. > 0.

(L6) , .
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QUANTUM VACUUM POLARIZATION AT THE BLACK-HOLE HORIZON 183

We consider the scalar field of mass m > 0, obeying the Klein-Gordon
equation

2 1 90 ,0 2M As> )
Z = 1-") (= = 0.
(L7) {8t2 2 or, or, + ( T ) ( 2 T v=0

with the homogeneous Dirichlet boundary condition

(18) U(t,re = 2(t),w) =0, teR, we S

We have studied the classical solutions in spaces of finite energy, of Sobolev
type H* x L? in [3]. For quantum solutions we need a fine analysis of the
propagator in spaces of type H Ix H™3. Taking advantage of the spherical
invariance, we reduce the problem to solving an equation in one space
dimension, which we do in second part. Then we get the crucial asymptotic
behaviour for the three dimensional problem in the third part, and we prove
the Hawking effect in part 4.

We end this introduction by giving some bibliographic information. After
the historic paper by Hawking [16], a huge litterature has been devoted
by physicists to the quantum radiation of black-holes. This work is more
particularly connected with the following papers: Candelas [6], Fredenhagen
and Haag [12], Gibbons and Hawking [14], Sewell [22], [23], Unruh [24],
Wald [25], York [28], and see also the references in the classic monographs
on quantum field theory in curved space-time by Birrel and Davies [4],
DeWitt [7], Fulling [13], Haag [15], Wald [26], as well as the volume [1].

II. ONE DIMENSIONAL STUDY

Taking advantage of the spherical invariance of the problem, it is
convenient to expand solutions ¥ of (I.7) on the basis of spherical
harmonics. We note that

92 92 oM Ag:  2M
1. 2 e N e T _
(IL1) {8t2 3T3+<1 . )( =t 3 +m>}(r\11) 0.

then by puting
(I1.2) U(t,re,w) =
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184 A. BACHELOT

urm(t.7,) is a solution of

Bzul_m 82u,7m

oz a2

+Vi(r)urm =0, t €R, . > 2(t).

um(t, 2(t)) =0,

where the potential V] is given for [ € N by

(I1.3) ‘ Vi(r.) = (1—%) <M+i—]§4+m2).

r 72

Therefore we consider the general mixed problem

8’u  O%u
in
(IL.5) {teR, z>2(t)}

with the Dirichlet condition
(11.6) u(t, z(t)) = 0,

where the function z satisfies (I.5) and the potential V' is such that there
exist Kk > 0, m >0, u € R, € > 0 with

V e C'(R), 0< V(z),
(a7 lim o (e + sup {V(z) : 7 < —t}) =0,
: JoT e sup {max(—V"(z),0); 2(t) < z < —t} dt < .
V(z)=m?+ 2+ 0(z717°), 2 — +oo.

Obviously, the potentials V;(z) defined by (IL3) satisfy assumptions (IL.7)
with kK = ﬁ and 7 is an implicit function of z given by

(I1.8) x=71+2Mlog(r —2M), r > 2M.

The solution u(t.z) of (I1.4), (I.8) at time ¢ is associated with the data at
time s by a propagator Uy-(¢.s):

(1L.9) (u(t). Beu(t)) = Uy (t. sXu(s). Byu(s)).
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QUANTUM VACUUM POLARIZATION AT THE BLACK-HOLE HORIZON 185

According to [3], we introduce the Hilbert space of finite energy fields
H(V.t) as the completion of C§°(]z(t), oo[) x Cg°(]2(t), oc[) for the norm

(IL.10) I £, p) Beov

-/ : | F@) 2+ | p(@) P +V(@) | f(2) P da.

On the other hand, because the infinite Doppler effect, we need the Hilbert
space H,(V, ), completion of C§°(]z(t), oo[) x C§°(]z(t), oo[) for the norm

(I111)  11Fp) v

1 -t / 2
:5/2@ lz+t] f(z)+p() |

+ 1 f(@) = p(a) P +2V(@) | f(2) |" do
+ [T17@ P4 1@ P +V (@) | f(e) P de.

—t

The main properties of the propagator Uy (t, s) are given by the following

ProprosITION II.1. — There exists a constant Cy > 0 such that

(IL.12) s<t=|Uv(ts) leuw,s)mevn< 1,

(IL13) Cyle™ <[l Uy (0,1) |leenviey,mv,0)s

(IL.14) s <t =l Up(s,t) [l mevisy < Cre™t==),
(I1.15) ss,?e% | Uy (t,8) |2 (v,s)ma (v < Cv < o0.

In fact, the relevant space in Quantum Fields Theory, is a third space, of
Sobolev type H'/2 x H~'/2. Then we consider the self adjoint operators
on L?(]z(t),00():

d‘Z
(IL.16) Hy,: = gzt Vv,
with dense domains
(I1.17)

D(Hy.) = {f € L*(J=(t), 0[); f” € L*(J=(t), o). f(2(t)) = 0},

Vol. 67. n° 2-1997.



186 A. BACHELOT

and we define % (V,t) as the completion of D(Hé’t) X D(H‘_.-_%) for the
norm

1 —1
(IL.18) || (f.p) H;')i%(‘.‘t):ll HE f 172 g20.00p + | Hiip 12226y, -

Our fundamental problem will be to estimate
s t
(I1.19) tliglo || Uy (0,¢)F HH%(V’O),
where
Fi(z) = F(z + t)

Therefore we have to develop the scattering theory for (I1.4) in R, x R,,
t — 400, T — —oc, £+t = Cst. Since the potential V(z) tends to 0 as
T — —oc, we simply compare the solutions of (IL.4) with the solutions of

the one dimensional wave equation

8%y O%u

EE_@:O’ :L'ER, tER.

(I1.20)

So we introduce: the operator H,,: on L?(R) given by
(I1.21)

Houe = — D(H,u:) = {f € L*(R); f” € L*(R)} (= H*(R)),

dz?’
1
and the Hilbert spaces H,,: and HZ,, defined as the completions of

C5°(R) for the norms

(I1.22) 1 CFp) [ =l Hewf ey + 11 2 2 mys

(11.23) IR 125 =l WG o + 1 HRdD 2wy -

out

We denote by U°“! the free propagator associated with (I1.20)

v =en[i(0, 3)

which is unitary on both spaces H,,: and Hfut. It will be useful to introduce

3.

the following subspaces of Hy: N HZ,:

(IL.24) Dt = {Fg =t (f.+f'): f € C3(]0,00[}
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QUANTUM VACUUM POLARIZATION AT THE BLACK-HOLE HORIZON 187
We remark that
Fi”t € D";t — (U"“tF;“t) (z) = Fi“t(x +t).

To investigate the asymptotic behaviour of solutions we choose some
function 8 € C°°(R) such that

(I1.25) " z<0=>0(z)=1, 1<z=6(z)=0,

and we define the cut-off operator

(11.26) (07F)(z) = (6(z)f(2).0(@)p(x)), F = (f.p),
and we introduce the Wave Operator defined for F¢** € DI** by
(11.27) QU F = tliglo Uy (0,)0°“ U™ (t)Fo™* in H(V,0),

ProPOSITION 11.2. — Given F{** € D™, the strong limit (11.27) exists and
is independent of the function 6 satisfying (I11.25). Moreover

QR € HE(V,0).

Now we can state the fundamental estimate of this part:

THEOREM I1.3. — We assume that the function z satisfies (1.5) and the
potential V' satisfies assumptions (IL.7). Given F° = F9 + F°, F € D3,
we put

- F'(z) = F(z + ).
Then the norm of Uy (0,t)F* in H3(V,0) has a limit as t — +0o and

: t 112 _ out 120 |12
(128) Jim || U (O0F |2, = 9 F 2,

+ 1y feoth (TH3,) F2 12

out

ReMARK I1.4. — The limit (I1.28) is a very sharp estimate. Indeed we can
show that, on the one hand if F° # 0:

(I1.29) || Uy (0, £) F* ||3gv.0y~ €, t — +o00,

Vol. 67. n° 2-1997.



188 ' A. BACHELOT
and on the other hand:
(II30) ” U‘(O t)Ft ”Hl(‘,:0)2 0(1), t — 4oc.

The first estimate is slightly discouraging, and the second one is not sufficient
because if 1jp..[V # 0, we have according to [3] for € > 0:

(I1.31) H(V,0)NE C H: ™ x H™%7°,
but:

(I1.32) H(V,0)NE ¢ H? x H %,
and 4
(11.33) H3(V,0)NE C H? x H™%.

Moreover, if V. > a > 0, then

H(V,t) C HE(V, 1),

and we have

I

(11.34) Solip || Uy (0,¢) Hﬂ(H(V,t)’H%(V’O)) 00

because the result of the asymptotic completeness part in Theorem III-1
in [3]. Hence (I11.28) is rather surprising. The key is that we deal with
a hyperbolic problem, and the previous functional considerations do not
describe the fine phenomenon of the propagation of the field. A precise
analysis of the structure of the propagator gives

(11.35) || Uyv-(0,t)F* HLng(H_%)N e ", t — +o0,
thus by interpolating with (1L29) we get

t —
(I1.36) || Uy-(0,¢)F HH%(KO)— O(1), t — +oc.

An exact calculus for the case V = 0, and a comparison between Uy- and
Uy give the explicit value of the limit.

Proof of Proposition 11.1. — Estimates (I1.12), (IL.5) and (II.13) are proved
in [3]. To establish (II.14), we remark that the solution u of (IL4). (I.8)
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QUANTUM VACUUM POLARIZATION AT THE BLACK-HOLE HORIZON 189

with data F = (f,p) € H(V,t) given at time ¢, satisfies for 0 < s < ¢
the standard energy inequality:

/( ERCE 2+] 0u(5,2) [P +V () | u(s,) 2 dz <|| F sy -
Z(t)+t—s
Moreover we have

z(t)+t—s
/ | 8. u(s,7) 2 + | Bu(s,2) |2 +V (@) | u(s,) | do
z(s)

< Ce ) || Uy (8, 6)F |3, (v,0< O F (3 vy -

This completes the proof of (II.14).
QED.
Proof of Proposition 11.2. — Given F¢** = {(f,, fi) € D, F{** =0
for £ > R, we have for ¢t > R:
GOUtUOUt(t)F_T_Ut — Fi':l‘tt
with
Fyf(z) = F{*'(z + ).

Then we have to establish the existence of
tlim UV(O,t)F_‘;?f i H(V,0).

We apply Cook’s method using (I1.7), (I1.14) and we evaluate

=|| (UV(07t)t(0aV(~)f+(~+t))) 17¢(v,0)
H(V,0)
< O(V,R)e™.

|5

Therefore Q¢**F¥t exists in H(V,0) and moreover satisfies:
z>R= F(z)=0.

Then we conclude by Lemma I1.8 below that F' € H3(V,0).
QED.
In this paper we denote by F(u) = 4, the Fourier transform of a
tempered distribution u € S’(R).

Vol. 67, n° 2-1997.
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, —;s‘nh(s i e has a limit in S'(R), denoted

190
Lemma I1.S. — Forany 3 > 0

m‘ as € — 01, and we have:
2T T
== th (2

)(5) jelcom (1€1)

F 1 + 1
(sinh (8z) +40)°  (sinh (8z) — i0)’
Proof of Lemma 1L5. — Given € > 0, ¢ € S(R) we denote ¢(z) =

é(co;’h((z 3),2)) We have:
+oc 1 J
/_ [sinh (,Bz):i: ]2<p(z) ‘

/ sinh (ﬂz )£ zsd)(z)dz
_ e T P(2) —9(0)
- )/ sinh (ﬂz) + zsd +/_oo sinh (8z) d:zs
+o0 _ 0
~ gm0+ [ Y : ﬂz() gz, - 0+,

Now given ¢ #0, £ <0 and N > 0, M > 0, we calculate

+oo
/ emise 1 4
oo [sinh (8z) + ie]?
1t 1 ( i€ ﬂsinh(,@z))d
3 ¢ (sinh(Bz) + i) \ cosh(Bz) = cosh?(8z) ‘
We evaluate
i& ﬂsinh(ﬂz))dz

1 [ . 1
B _7{6 ‘ (sinh(Bz) + i) (cosh(ﬂz) cosh?(z)

on the path
{-N<Rz< N, Sz2=0,M}Uu{0<Sz< M, Rz ==+N}

Noting that for y € R
| sinh(£8N +iBy) |>| sinh(BN) |, | cosh(£BN + iBy) |>| sinh(3N) |

we get:
EN+iM
—1z€ 1
0, N — oc.

/ € T o 2
N [sinh(B2) + i€]

Annales de ’Institut Henri Poincaré - Physique théorique




QUANTUM VACUUM POLARIZATION AT THE BLACK-HOLE HORIZON 191
Now we choose M, = % (% + 2kw). We have for z € R:
| e—i(z+5(F+2km))e |~ e 3 — 0, k— oo

T 2

lsinh (,63: + i(z + 2k7r))‘ ,

Icosh (ﬂ:z: + z(% + 2k7r)) ‘2 >
We deduce that:

+oo+i My, 1
/ —————dz
‘ cotiry, [sinh(B2) + ie]®

+oo . 1
et =2im n
/_oo [sinh (82) + ic]? Z pal

where p,(g) are the residues of e™**¢ W at the poles z,(¢) €

{z € C;3z > 0}. We easily check that:

— 0, k — oo,

1
zZn(€) = B(mr — (—=1)™ arcsine)s

and ¢

- _ ¢ —i€z, (&)

pn(€) B2 cosh? (Bz,(¢)) ¢
with
neN for € >0,

and

n € N\ {0} for £<0.
We get

1 1
f
((sinh (Bz) + i0)? * (sinh (Bz) — i0)2> ©)
too 1 1
=lim.__,+ izt 5 —5 |dz
' /_oo ‘ ([sinh (B2) + ie] T inh (82) — e )
s
_nE o (wE
o (55)

Vol. 67. n°® 2-1997.




192 A. BACHELOT

Finally, this formula holds by parity for £ > 0.
QED.

Lemma IL6. — For § > 0, u € C3°(R) we define
Fe) = / €% o/ (3)d.
Then we have:
[rerir@rde= [ 1e1com (G1¢1) 1o P ae
Proof of Lemma 11.6. — We have:
[1erF© P ae = tim 1.
with:

I = /,/ </ | 7| 6_6""6""(6621‘5[5:2)‘”’) P22y (21 Y(20)dzy dz.

By calculating the Fourier transform of | n | e=I"l we get:

I =28 // £2 — 4eP71 P72 ginh? (i;"-(zl - zg))2
[e2+4e87 €82 sinh® (£(z1 — 22))]
B8

eP*1 P2y (2 )u( 2y )dzy d2s.

Together with Lemma IL.5, this gives:

/lél‘ll F(e) |2 de

= lim 2 ! ! 2
Jlim B // ( [2sinh (2(21 —22)) +ia]” i [2sinh (£ (21 —22)) —z‘a]')

X u(z1)u(z2)dz1dzo
B 1 1 Cren |2
= — f s -
87r< <(sinh(§z)+i0)2+ (sinh (£2) —i0)2> e > S/ (R).S@)

— [1etcom (F1€1) a1 de

Annales de I'Institut Henri Poincaré - Physique théorique
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QUANTUM VACUUM POLARIZATION AT THE BLACK-HOLE HORIZON 193

LemMma I1.7. — For any R > z(0), there exists Cr > 0 such that for any
u € C5<(]2(0), R[), and for any a > 0, we have:

/_x €|l a(e) |2 de

0 ' R
< CR{(1+ | In(ax) |)3/ (lz]+a) | w'(z) |? d:v+/ | w'(2) 2 dx}'
z(0) 0
Proof of Lemma 11.7. — We introduce the cut off function

x(z)=1 for z <

’

W =

<z L
= _23

W =

x(z) = -6z +3 for

x(2) =0 for 5 <,

Xa(T) = x(%)

V() = Xa(x)u(x) for z <0,
Va(Z) = Xa(z)u(0) for 0< x.

and we put:

We note that

(o) < "t e )=o) ( | fo)(a+ 2 [ do).

z(0)

hence
0

) Ju© P< o ) D( [ (@ o) [0/ P ds).
z(0)

We introduce an auxiliary function w,:

Wa(Y) = va(a — €Y).

We have:
3a(€) = ie €T F(E), F(E) = / AN

Vol. 67, n° 2-1997.
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We deduce from Lemma I1.6 that

wss) [ 1eloae) [ de
=/|£tcoth(g,—|5|) EXGIR

SC{/Iw;(y) 2 dy + (/Iwa(y)ldy>2}-

On the one hand, we evaluate
[ 1w ay
- [ -9l
o
:/ (a+ |z |) | v/ (z) |* dz+ C" | u(0) |*.
2(0)

Hence by (I1.37) we get:
(11.39)

0
[ 10w Py < 0+ na) 12 [ @+lan ) P ds
z(0)
On the other hand, we see
/!wa(y) | dy
= /a (o —2)7! |va(z) | do
0
_ /(0)(a+ |2 ) u(z) | de+C7 | u(0) | .
We have: A
0
[ @12 u@) | ds
*© 0 0
-1 ’U.,
<[ (ariz) (/z@ | <t>|dt)dx

2(0)

0 3
< C(14 | In(a) )} ( / NEIENRET: da:) |

Annales de I'Institut Henri Poincaré - Physique théorique



QUANTUM VACUUM POLARIZATION AT THE BLACK-HOLE HORIZON 195

Hence by (I1.37) we get:
(11.40)

</ | wa(y) ldy>2 < C(1+ | In(e) |)? /:O)(a+ |z ) | v/(2) | dz

We conclude from (I1.38), (I1.39), (IL.40) that
(I1.41)

/ €11 6a(€) P dé < C(1+ | In(a) |)? / et o) W@ [ do.

Now we estimate A, = u — v, ; We denote by Y (z) the Heaviside
function and we have:

Bo(z) = fa(z)u(0) + ga(z)
with
fa(z) = x(3Rz)(1 - Xa(2))Y (2),
9a(7) = x(3Rz)(u(z) — u(0))Y (z).

On the one hand, we calculate

s 6 (e i28 — e7i5¢ 2 [e—iRE _ =%t
fa(é) = g(—g—) +5 (T),

then we get:

(1142 [ 1€l fate) P de < 0+ 10(e) .

On the other hand, we easily check that

(I1.43) / | 9o (@) > + | ga(2) [” dz < C/OR | u'(z) |? da.
We deduce from (I1.37), (I1.42) and (I1.43) that

(IL44) / €11 Aa(e) 2 de

0
2 ’ 2
< CR{<1+ | In(a) |) / RCAENEENEE

+./OR () |? d:c}.

Finally, Lemma II.7 follows from (I1.41) and (I1.44).
QED.

Vol. 67, n® 2-1997.
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Lemma I1.8. — Let V be satisfy (IL7). Then for any R > 0 there exists
Cry > 0 such that for all F = {f,p) € H(V,0) with F(z) = 0 for
z > R, we have:

F e HZ(V,0),
and for any a > 0

(IL45)  I'(f.p) 12,

H3 (V,0)

0
< Cav{(1+ 1@ D* [ (12| +0) | £(z) +0(x) [ ds

1@ s a1 P+ b )

Proof of Lemma 11.8. — We start by establishing some preliminary
estimates. Given ¢ € C5°(]z(0), R[) we put Py(z) = ¢(z) for z > 2(0)
and Po(z) = —¢(22(0) — z) for z < z(0), then we have for s > —1:

€ 1° F(Pyp) Iliem):?/ | €17°(1 B(€) |7 — cos(2€2(0))B(§)B(~¢€))de.
Since %P is an isometry from L?(]z(0),00[) to L?(R),which satisfies:
d? d?
72 (Pe) =P(=59),
we get:
(11.46)
201530 [ grnen= [ 16151(E) 2 = cos(262(0)PEPT-E)ce.

thus: .
| HE 0 112 (120 0o < 2 / e 1l Be) 2 de.

Hence Lemma II.7 implies:

(I1.47) 1Ha 0% 1172 -(0).000

0
< CR{<1+ @) * [ (o |+a) |/ [ do

+ /OR |9/(a) o

Annales de I'Institut Henri Poincaré - Physique théorique
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Now we have for zg < z < R:
| () |< min( / ot 19D} 1o/ 1
R
@+lyDay, [ 19W)] dy).

Thus we get

(148) || |2 CR{(1+rln<a> ) [z l+a) | @) [ de
R
+ e dm}.

Since the potential V' is uniformly bounded V\;e have
(I1.49) 0 < Hyo <Hpo+ ||V |z -
Thus, the Heinz theorem ([18], Theorem 4.12) implies
(IL50) 0 < HEy < (Hoot || V [|z=)1,

hence
(IL.51)

1 1
| Hf/,oﬁp ||2L2(]z(0),oo{)§ C(” HG 0w II%Q(]z(O),ooD + ¢ ||%2(]z(0),oo[))'

We conclude from (11.47), (I1.48) and (II.51) that

(I1.52) HH{%/,W 122 1(0),000
0
< CR{(1+ | In(a) |)3/ (|z|+a)| ¢ (z) ] dx

+ /OR | ' (z) ]2‘dx}.

Now we consider { f,p) € [C5(]z(0), R[)]? and we choose x € C§°(R),
x(z) = 1 for z € [2(0), R]. We put

x

P(z) = x(z) / e

Vol. 67. n° 2-1997.
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and using (II.52) we evaluate
IHs-(f + P) ”%2(]2(0),00[)

< C(R){(H | In(x) l)"’/ (lz | +a) | f'(z) +p(z) |* dz

+ [T1r@ P+ 5te) P o+ (/|p<x>1dx)2}.
. We have :

wss) ([ 1pe))4)
< c{ ([17@+so)1 dx)2
([ rw) -peta) + ([ Ip(z)ldx)2}
< cR{ 1+ (o) |) [ j<| z|+a) | f(z) +p(a) ’ do

0 R
+/ | f'(z) — p(z) 7 dz+/0 | p(z) |2 da:}

Hence

(IL.54) [[HEo(f + P) 17322(0).00D

< C(R){(1+ | In(a) 1)3/ (lz | +a)| f(z) +p(z) |” dz

£
0

+ / | 7@ =@ [ da

+/0°° | F@) P + | p(a) I dx}-

Moreover we have
1
IH o (f = P) ll2q=(0),00D)

0
< C(R){ [ 15@-p@ [tz

s [Cir@P i@ Pa ([ 00 i) }
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Then we conclude with (I1.53) and (I1.54) that
(IL55) [IH{-of 113212 (0),000
0

< C(R){(1+ | In(a) I)3/ (Iz | +a) | f'(2) +p(z) |?

+| f'(z) = p(z) |” dz + /Ooo | f'(z) ” + | p(=) I? dx}-

Now we choose 6 € C>°(R) such that f(z) = 0 for z < 0, and f(z) = 1
for z > £, and we put:

v = [ :)) B(y)dy - ( / ¢(y)dy)o<x),

p=19 + (/ ¢(y)tfy> o'

0 < Ho,o £ Hv,o,

s0 we have:

Since

the Heinz theorem implies

1
(IL56) IHy 86 1222(0),000
-1
<[l Ho.d ¢ 12 10y 00D
1
< 2 || Ho d ¥ 1722 (0),000

2
+ 2(/ | o(y) | dy) | Ho.d 6 1132 2(0),00() -

We get by (I1.46) and Lemma II.7:

1
(IL57) IHo.6 %" 112220000
<ENE ¥ 72w

< C(H,R){(H | In(e) |)° /(0)(| 2| +a) | () [ da

+/OR|¢<x> & dx+(/|¢<x)1dx)2}.
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We conclude by (I1.56), (II.57) and (I1.53) with f = O that:
—1

(I1.58) IHy-5¢ “iz(]z(O),oc[)

0
< CR{<1+ | In(a) |)® / NEIEILOIRE

+/OR|¢<x) 2 dx}.

Using (I1.58) we evaluate
I H"% / 2
IHy6 (" + ) 12202 (0),00p

< C(R){(H | In(e) 1)3/ (lz | +a) | f'(2) + p(z) |* dz

+ [T+ @1 dx}
Moreover we have
IHEECF = ) 2 g0y.000
<cmf [ 7@ =pla) Pdat [ @) P+ |p(o) o,
Then we conclude that
(IL59) (35 (p) 22020000
< C(R>{ 1+ ta(a) )* | (2] 40) | /(@) +px) I
1 £() pl@) [ da
[ 1@ P+ e dx}.

Lemma II.8 follows from (II.55) and (II1.59).
QED.

LemMMA I1.9. — Let F_ = Y(f,p = —f') be in D°**. For T > 0 we put

(11.60) Fl(z)=F_(z+T).
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Then we have
(I1.61)

I Uo(0.T)FT ||, 3

HE00) — V2| y/coth (47rMH§ut) Hi.: f 22wy

T — oc.

Proof of Lemma 11.9. — We denote
Uo(0, T)FZ = ¥(fr,pr).

According to the explicit formula for the propagator Uy(t,s) in [3], we
have for T > 0 large enough:

(IL62) pr = fr € C5(120,0[)
and for z €]z, 0[:

1— #(7(x))

(IL63) 1@ = T30 @)

fl(z+ 2T — 27(x))
where the function 7 is defined by the relation

(IL.64) 2(0)<z <0, z—z(r(z)) = 7(x)
and satisfies

(I1.65) T(z) = —i In(—z) + El—n- In(A) + O(z), z — 07,

(I1.66) 1+ 2(1(x)) = =26z + O(2?), z > 0™

We define for 7' > 0 large enough:
(IL.67)

br(@) = =5 (2T+ log(~) — —log<A>) € 02 (12(0), oo]).
We calculate:

2r || HS§¢T 112 12 (0) 00
= [ r e - / cos( 2(0) Z”Té)lﬁl'lF( €F(~6)de
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with
(I1.68) F(¢) = / eize L f’(l log(x)) dz € S(R), F(0) =0.
. 0 R K
Since z(0) # 0, we get by the non stationnary phasis theorem:
2 || Mo ér Isgemeen— [ 1617 F(O [P de, T — co.

Then we conclude with Lemma I1.6 that
(11.69)

-1 1 1
1 Hod 61 13- 0op— 11 1/ coth (4mMHL,, ) Hiof |2y, T — oc.

Now we compare pr and ¢r by using (I1.65), (11.66):

pr(z) — ¢r(x)

- p(2T + %log(—x) _ %log(A))J

N [;_:%((_?2_) - é] p(2T + %log(—z) - %log(A))

= IT(.’L') + JT((I:)
On the one hand we have

sup || Ir ||z )< o0,

T—oco

and there exists ar €]z(0),0[ such that fr, pr, I and Jr are compactly
supported in [a7,0[ and

ar = —Ae*Fe T L O(e™*T), T — oo.
Hence we get
” IT “L2(R): O(B—KT), T — oo.
On the other hand
1 1 .
191 llzz< © 1127 + L log(-2) - 10g(4)) lom.y= O™

T — oo.
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Therefore we obtain:
(IL.70) | pr = ¢ ll2@@y= O(e™™7), T — oo,
hence by Lemma I1.8 with o = 1:
(IL.71) [l Hog (pr = #7) [l220:(0).00p= O(e™™"), T — oo
We follow the same ideas to estimate fr. We define for T' > 0 large enough:
1 1 o
(I1.72) or(z) = —f(2T + - log(—z) — p log(A)) € C§°(]z(0), oo)-
We calculate:

2 || Hg 0%r [13202(0) 00D
_ z2(0) o, _ —
= [lep©rde + [ cos (22 eTe) e PO F (-0t
As previously we get by the non stationnary phasis theorem:

(IL.73)
| Hg,oi/)T H%z(]z(o),oo[)—'*” coth (47TMH§ut) Hiue f |I2L2(R)7 T — oo.

Now we compare fr and ¥ using (I1.62):
@)~ wr(@) = [ prlw) -~ gr (o)

We deduce from (II.70) that
(IL74)
| fr — ¥ l2q20).000 + I F1 = ¥ ll22020),00p= O(e™"T), T — 00,

hence by Lemma II.8 with a = 1:

(IL75) | Ha o(fr — 1) lz2gz0),00p= O(e™"F), T — oc.

Now (I1.9) follows from (IL.69), (I1.73), (0I.75) and (I1.71).

QED.
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LemMa I1.10. — Given F_ and FT as in Lemma 11.9 we have:
(1L.76)

| Uo(0,T)FZ ||

1 1
oy — V21l feoth (4rMHL,) Hisef o).

T — oo.
Proof of Lemma 11.10. — Since
0 < Hoo < Hyo <Hoot+ | V |lz=®),
the Heinz theorem implies:
|(Hoo+ | V llzeey) &7 l12202(0),000)
1 _1
<|| Hy 867 l|2202(0),000 <1l Ho g &7 1|22 2(0),00D
where ¢ is given by (IL.67). Hence we have:
— 2 -3 2
0 <|| Ho.d ¢ 1722(0).00p — I Hv,0¢7 [1222(0),00D
1 1
<|| Ho.d ¢ I1722(0),00p — |l (Hoot+ || V llzem) *or 1122 120,000
1
< 2/ [1 —(+ €TV llzem) e™*T) 2] | €7 F(E) | de,
where F is defined by (IL68). By the dominated convergence theorem

and- (11.69) we deduce that
(I1.77)

-1 1 1
| Hy-31 1172 2(0),00p— I 1/ cOth (47rMngt) Hif i2@y, T — oo

We apply Lemma IL.8 with o = 1:

(I1.78) || Hy 2 (pr—o71) 2200000 < C |l P =01 lz2ry— 0, T — o0,

and we get from (II.77) and (IL.78) that
(I1.79)

-1 % 1
l Hy-opr H%Z(]z(o),oc[)—’” coth(4nMHZ,,) H,. f ”%2(R)v T — oc.
The Heinz theorem implies also:

1
IHG o fT ll22(0),00D)
1 1
<|| HE o fr 22a2(0).00) <Nl (Hoot | V Iz @) * fr ll2202(0).50D -
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Hence we have:
0<| H‘%'-OfT ”%2(12(0),00[) — | Hé,ofT ”%2(]2(0),00[)
<l (Hoot IV lzee@) * fr 1320000 — Il H o7 13202001000
<z [ [1= (U €21V lmw) ] 1€ 1 Are) e

< C’/ | fr(z) |? dz.
We note that (I1.74) implies

(I1.80 I fr llz20z0),00p= O(e™*F), T — o0,
hence we conclude by (II.73) that:
(11.81)

1 1 1
Il HY o f7 122 (0),00p—1l 1/ cOth (47rMH§ut) Hi.f 132y, T — oo

Lemma II.10 follows from (II.79) and (IL.81). QED.

Lemma II.11. — Given R > 0 there exists Cr > 0 such that for any T > 0
and for any Fr € [C§°(2(T), T + R]))? we have:
(I1.82)

|0y (0. T)Fr L3 0, Cr{ 1+ )3 1l Pr lbesviy + | Fr llevn }-

Proof of Lemma 11.11. — Denoting *( fr,pr) = Uy (0,T)Fr, we get from
Lemma IL.8 that for 0 < a < —z(0):

2
(L83) |Uv(0,T)Fr 12, .,

< CR{(H | In() I)S/—a |z || f7(z) + pr(2) * dz

z(0)
0

ta(l+ [In(e) |)? / | (@) + pr(a) [P da

—Q

0
+ / | f1(@) + pr(a) P da
z(0)

+ /OR | fr(2) 1> + | pr(z) |? dr}

< C}:{(H | (@) D* || Uy (0, T)Fr |13, (v.0)

R

+ [1 + a(1+ | In(a) 1)3] /

-

| fr(2) > + | pr(z) P dm}.
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We note that for « < —T — z(T') the standard energy inequality yields:

R
(11.84) / | Fo@) P+ | pr(@) [P do <)l Fr .y,

—a

hence (I1.11) follows from (I1.83), (11.84), and (II.15) with o = =T — 2(T)).
QED.

LemMA I1.12. — For any R > 0, there exists Cr > 0 such that for any
t <0, ¢, Y € C§(]z(t), -t + R[), we have

Il ¢ 22z, ~t+rD < Cr I (9, 9) N7 00) -
Proof of Lemma 11.12. — For z(t) < z < —t we have:
| o(z) P<(In |z +t|—1In|2(t) +1 !)/ ly+til @' () +9) > dy -
z(t)

+a-a0) [ ; o/ () — $(v) I? d,

and for —t < z < R, we have:
R R
| o(z) < (R—2) (/ | ' (y) +4(y) I? dy+/ | ' (y) — () cly>T

Hence for all z:
| o(z) P< CrROL+In |z +t ) [I' (0, %) 300,05

and Lemma I1.12 follows by integrating.
QED.

Lemma I1.13. — Given F_ and FT as in Lemma 11.9 we have:
(I1.85)

| Uv(0,T)FT ||

FY
'H%(V,O)—) \/5 ” coth (47rMHout) Houtf “LQ(R)’

T — oc.

Proof of Lemma 11.13. — We recall the Duhamel formula
(11.86)

U‘.(t73)F = Un'(t, S)F +/; UIV(taa’) ((V _ W)[gv(l)', S)F]l >d0~
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hence
(11.87)
0

T
T.. T _ T _ .
C\ (OT)F_ UO(O/T)F_ /0 U‘, (O. 0') (V [Uo(a',/ T)Ff]l )dd.
We denote by fr r the solution of
(11.88) —2(0r 1)+ 0rT =2T — R.

The assumptions on z(t) imply

(1189) 0R,T =T - _.;{_ + O(C_QKT) <T-— —Zi, T — .

The support of (o, z) — Up(o, T)FT(z) is described by

R
(11.90) T — 5 So<T, Up(o, T)FE(x) # 0 = z €]2(0),0 + R —2T],

(91) frr<o<T 2, Uo,1)F¥(x) £ 0= 2 €lz(o), ~of,

(I1.92)
0 S [ S HR,T, U()(U, T)FZ(iL’) 7& 0=z G]Z(QR,T) + 0R,T — 0, —0’[.

By Lemma II.11 we have

(L93)  [[Uv(0, T)FT = Up(0.T)FT I3 o)

T
< CR/O (1+0)% | V(@)ur(0,2) |2z (0),000 4O

with
ur(o,z) = [Uo(o, T)FT(z)] 1

On the one hand, for o € [0,0g 1] we have ur(o,z) = ur(0,z + o).
Thus (I1.80), (II.7) and (I1.92) imply

(I1.94) | V(2)ur(o,z) |12 (2(),cop < Ce™ "7+

On the other hand, for o € [gr,T] we have by Lemma II.12, (I1.90),
(IL91), (IL7) and (I1.15):

(1195) “ V(.’E)UT(O',.’E) “Lz(]z(o’),oc[)g Ce_(n+5)T'
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We deduce from (I1.89), (I1.93), (I1.94) and (I1.95) that

(11.96) | Us-(0, T)FT — Up(0.T)FT || = 0(e~ 7).

H3(V,0)
Then we conclude thanks to Lemma II1.10. QED.

Proof of Theorem 11.3. — We have:

: T 112 _ . T 112
00TV g 0= OO DLy o

FIOOTIFE 2y,

+ 2§R(< Uy (0,T)FT,Uy(0,T)FT >_, (‘,’0)).
On the one hand, Proposition 1.2 and Lemma II.8 imply

(11.97) Uy (0, T)FT — Q¥ F% in HE(V,0).

On the other hand, denoting F°® = #(f_, —f"), Lemma IL.13 gives

. T 112
(11.98) Jim | Ov(O.DFT |2,

= 2| \fcoth (4r MH;,, ) Hiuf- I32m)

—|| 1/coth (47rM[H]§ut) FOIP,

moreover (11.80), (I1.62) imply Uy (0, T)FT — 0 in the sense of distributions
as T — oc, and since Up(0,T)FT is bounded in M= (V,0) according to
Lemma II.10, then

Us(0.T)FT — 0 in H*(V,0) — weak x T — oo,
hence by (I1.96) we have:
(11.99) Uv-(0.T)FT — 0 in H*(V,0) — weak x T — oo,
so we get from (I.97) and (I1.99):

(I1.100) m(< Uv-(0.T)FT . Uy-(0.T)FT >H%(‘,’0)) —0, T — x.

The Theorem follows from (I1.97), (I1.98) and (I1.100).

QED.
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III. ESTIMATES FOR CLASSICAL FIELDS

The mixed problem (1.7)(1.8) with data ® given at time s

(II1.1) U(t=s,r,w) =D,
is formally solved by a propagator U(%, s)
(II1.2) U(t,.) = U(t,s)®

More precisely, we proved in [3] that U(t,s) is a strongly continuous
propagator on the family of Hilbert spaces of finite energy fields H(t),
defined as the completion of C§°(]z(t), co[,, x S2) x C§°(Jz(t), ool x S2)
for the norm

(IL3)  [1'(f, ) ey

f()/ | B f(rw) 2 + | P, w) |2
t 2
2M
+ (1 — —7"_> I:—— | Vs: f(r,w) |2 +m? | f(re,w) |2 r2dr, dw.

Moreover we have the following energy estimates

(IIL.4) s <t = U(t, s) lleens)men=1,

(T11.5) s>t =||U(t,9) |lcoues)me)> Cre™

This last estimate means that the backward propagator is not uniformly
bounded in the energy norm of 7H(t) because of the infinite Doppler
effect due to the collapse to a Black-Hole. This fact makes very delicate
the development of a scattering theory. Then, to take account of this
phenomenon, it is necessary to introduce a new functional framework, H; (t)
defined as the completion of C§°(]z(t), oo, x S2) x C§°(]z(t), ool,, x S2)
for the norm

(1L6)  [1*(f,2) 1300
—_ l - T w 2
) L(t) /52 |72 + t]|0y, f (1, w) + p(7%, w)]

+ 10y, f(re,w) = p(rs, w)|?
+2(1——2M> [%ng (e, w) | + m?| f (1, )|]r2dr*dw

r

/_ t / 180, £ (12, @) 2 + o, )2

+ <1 — %4—) [;12—|V53f(7;,w)|2 + m2|f(rf,w)|2]'r‘2dr* dw.
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We can interpret this space in terms of conormal distributions associated
with the vector fields:

]t—f—T* I% (67‘* +8t)e ar* -ah VSE

The main property is that the propagator is uniformly bounded on H;(t)
for each spherical harmonic: for [ € N, m € Z, | m |< [, we denote by
II; m the projector from L}, .(R,, x S2) onto L}, (R,,) ® Y., defined by

pE Llloc(RT— X S;)' (H[sm(p)(T*,LU) =< <p(7"*, ‘)’le'm >L2(S2) ®)/l,m(w):

where {Y;,,. l € N, m € Z, | m |< [} is the spherical harmonics basis
of L?(S?). The crucial estimate is the following:

(I11.7) sup || U(t, $)Mym |23 s),12 )< Ct < 00.
0<t.s
For the quantum field theory, we need a third space associated with
the generator of the propagator ; so we introduce the positive selfadjoint
operator H; on

(I11.8) L? = L*()2(t), 0o[,. x 82; r2dr.dw),
given by:

19 ,0 2M Asg: )
(111.9) He=—— "t (1 - T)( —+m

with dense domain
(I11.10) DMH,) = {f € L}; H.feL] f(r.=2zt),w)=0},
and the Hilbert space HZ (¢) completion of D(Hf ) x D(H, i) for the norm

(IL.11) P By

1 2 1 2
=[H f Iz + 1 H *plIzs -
The relations between these spaces are given by the following:

ProposiTiON III.1. — Denoting by &' the set of compactly supported
distributions, we have:

(111.12) H(t)NE C HE(t).0 < m = H(t) C H(t).
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(II1.13) 0 <m = H(t) C Hi(t),

(I11.14) Hi(t)NE' ¢ HE(¢).

At last we introduce the tools necessary to study the asymptotic behaviour
of fields near the future Black-Hole Horizon. We compare the solutions
of (I7) as t — +o00, r — 2M, with the solutions of

d? d?
(II1.15) é—ﬁmpBH - W%H =0, r.€R, teR, we S%

So we introduce: the operator Hpy on
L%, = L*(R,, x 82; 4AM*dr.dw),
given by

82

117 Hgy = ——=
( ) BH 87"3’

D(Hpg) = {f € L}y; 82.f € Ly},

the Hilbert spaces Hpp and H% gy defined as the completions of
[C&(R,, x S2)]? for the norms

(IIL18) Il *(f) 20y =Il Hip f IZ2, + 121z,

. _1_ 1
(1.19) | ) 12y = HEsS I, + I Hahp I,

BH

and the subspaces
t
(I11.20) D, = {@ﬁH(r*,w) = > (frm(rs),
finite

£ £l (1)) ® Yim(@); fom € C (0, oo[)}.

We denote by Ugg(t) the unitary group on Hpgy associated with (III.15)
and, given some function 6 satisfying (IL.25), we introduce the cut off
operator Oy defined by

(©8r®)(re,w) = (O(r.) f(re,w), 0(r)p((rv,0))), @ = (f,p),
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and we construct the Horizon Wave Operator defined for ®%, € Df, by
(IT1.21) by by = lim U(0.0)0 55 Usn ()8hy in H(0).

ProposiTiON III.2. — For any @g g € D‘g g the strong limit (IT1.21) exists
and is independent of the choice of the function 0 satisfying (11.25). Moreover

Qb @5, € H2(0).

Now we can state the fundamental estimate of this part:

TueoreM II1.3. — We assume that the function z satisfies (1.5). Given
Y, = %y, + gy Phy € Dy, we put

@fBH(r*,w) = @%H(r* +t,w).

Then the norm of U(0,t)®% in M3 (0) has a limit as t — +oo and

. t 2
(M22)  Jim | UO0%0 12,
T _
S 0 124, + oot (EHE) B 12,

REMARK II1.4. — As in Remark 114, we note that estimates (1I1.5)(II1.7)
and Proposition 1.1 show that limit (IIL.22) is a very sharp estimate.

Proof of Proposition TIL.1. — We can easily express H(t), Ha(t), Hz(t),
H,, in terms of the spaces and operators of Part II. We introduce the map
R defined by:

(II123) @ € [LL ([2(t), 0], x52)]* = (R®)(z,w) = r®(r..w).

(I11.24)
F € [Llloc([z(t)OC{JC)]2 == R‘I(F® Yl,m)(r*‘/w) = 7n_l}?(‘ll’l)Qb}’l.m(w)'

with
r=r,=1r+2MIn(r — 2M).

Then we have:

(I11.25) H, = R™! (é
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oo m=l
(I11.26) H(t) = (QD P HWi.t) ®Yzm>

1=0 m=-1

l

3
Il

(I11.27) Hi(t) =R! (é

I=0m

Hi(Vist) ®Yz,m>,

~

m=

(I11.28) HE(t) =R~ 1(@

HE(Vi,t) © Yz,m>,

=0 m=-1
and for
oo m=l f
(I1.29) a=>)" Y R‘l(( ’»m) ® Yl,m>,
=0 m=-1 Pim
we have:
(I11.30)
co m=l
| ® “’QH(t): E Z I H\E/l,t fim II%Q([z(t),oo[) + |l Prm ||2L'2([z(t),oo[)7
=0 m=-1
(IT1.31)
oo m=l
e, ,=> > | HE o fom (22,000 1T WG Pm 1212000000
1=0 m=-1

On the one hand we have for f;,, € C3(]z(t), R[)

1
(I1.32) IHE, ¢ frm 122 (2 (29,000
1
SWHE, 4 frm 22 (z@),00p | from lL2(2(8),00D
%‘
<Crl HY, ¢ fim ”%2([2(15),00[)7

and on the other hand the Heinz theorem and Lemma II.8 imply
(1. 33)

I H‘, , Dim |12 ((2(8),000 S HOt Prm 22(z0),000 < Cr |l Prm |22 (2 (0),00D) -
where Cr does not depend on V; > 0. Therefore (III.12) follows from
(II1.30), (IIL.31), (II1.32) and (II1.33). To establish (III.13) we note that

since
0 < m? <H,,

Vol. 67, n® 2-1997.



214 A. BACHELOT

we have

N
mp—-

g
Ivl»—-

o

H S <m™% Hf <m *H

At last, to prove (III.14) we choose x € C3(R), x(0) = 1, and we put:

In(n
fa(rew) = (1 + El_g(—lﬂ) Tpmz —g(re) + X(T) L—t.oo](T4)-

We easily check that {f,,0,. fn) is a Cauchy sequence in H;(t), bu
converges as n — 00 t0 (X (74)1{—¢,00[(T+), 60(r*) + X' (T4) L—t,00[(T4)) ®
1(w) in H;(t) which does not belong to H* x H~%(]2(t), oc[xS"’)

Q.E.D.
Proof of Proposition 2. — We have:

: co m=l

(IIL.34) Ult,s) =R (@ P s e Hl,m)R
=0 m=-1
oo m=l
(III?)S) HBH = @ @ Hout & Hl,ma
1=0 m=—1
oo m=l N oo m=l N
(11136) HBH = @ @ Hout ® Y;,ma HEH = @ ngt ® Y'l,m«,
=0 m=—1 =0 m=—1
out 2 2 out ||2
) ® Y, 1 = 1M F, )
(I11.37) 1Y e ®Yimll e SO F s
(IIL.38) 1
oo M= oo m=l
UBH(t) = @ Uout ® Hl ms @BH = @ @ (_)out ® Hl ms
=0 m=-1 =0 m=—1

hence for
(I11.39) by = Fit, ®Yim € Dy, F3Y, € DI

finite
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we have:

(I11.40) U(0,4)0pxUsn ()@}

=2MR™! < Z (Uvi(0,)0° U () F%,) ® Y,?m)

finite

+ R ( > Un0ne Hl,m> (r = 2M)OpnUsn (1)@

finite

Since
(I11.41) r—2M, 8, (r —2M) = O(e*"),
and
@BHUBH(t)q)EH(T*aw) = ‘bgH(’f’* =+ t,w),

we have with (I1.14):
(I11.42)
IR (0,) @ Ty ) (r — 2M)OaUpn (£)®h  Il34s = O(e™"")

so Proposition II.14 follows from (II1.40), (II1.42), and Proposition II.2
and we have

(I11.43) Qpu®hy =2MR™Y QU F, ® Yim,
(ML) | @ (1] 3 )= 4M* DN QR FTEn 0y, -

QED.
Proof of Theorem 1I1.3. — Given
oy = Py + oy, Ppy € Diu: O5u
=Y Fm®Yim, F,, €D

finite
we put
Fo(r) = Fy n(re +t) + F2 (r + 1),
hence
(IIL45)  U(0,t)®%, =2MR™? (E Uy (0,1)F,, ® yl‘m)
+ R (z Uy, (0,8)[(r — 2M)F},,] ® Y,,m),
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Firstly. by (II1.41), (I1.14), (I11.28), and Lemma II1.8, we have:
(I11.46)
IR (3 U (0.0)[(r = 2M)FE,] @ Vi) [l,3 = O™,

and secondly, by Theorem II.3 and (II1.28) we have:

M2 ” Q"“tF_?_ ”2

(II147)  ||Uy;(0.8)F},, | H%(17.0)

H3 (11,0 ot
+4M? ||y footh (ZH out)F"lm [

out

therefore we conclude with (I11.44) and (II1.37) that

(IL48) V.5 24, ;

+ 1 yfeoth (£ BH)<I>;H||

BH

— 1955 125,

QED.

IV. QUANTIZATION AND HAWKING’S RADIATION

We recall the basic concepts of the quantum machinery (see e.g. [8],
[17], [19], [5], [21], [27]). Algebraic quantum field theory deals with some
C* —algebra, 2, and some states, w, which are positive, normalized, linear
forms on 4. To construct these objects we start with a Weyl quantization
(20.%) on a real linear space D endowed with a skew-symmetric, non
degenerate, bilinear form , o(.,.), where $) is a complex Hilbert space,
and 20 is a map: ® € D — 20(®), from D to the space () of unitary
operators on ), satisfying the Weyl version of the canonical commutation
relations (CCR’s):

(IV.1) W(P + V) = e 27 @V9(H)W(V),
and
(IV.2) ® e Di—[W(P))(X) €N

is continuous for any finite dimensional subspace Dy of D, and any arbitrary
vector X € . The fundamental example is the Fock-Cook quantization
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(5. H5) of a Hilbert space h with o = 23 < .,. >y. It is constructed as
follows: we take $r = F(h) the boson Fock space over b:

n=oc

(IV.3) 9r =P [h®],

n=0

where [h®"], stands for the n-fold symmetric tensor product of h, and
we put:

(IV.4) e bhr— Wr(P) =exp [a*(P) — (a*(D))"] € U(HF)

where a*(®) is the standard creation operator.

We define the algebra of observables 2A(D) as the minimal C* —
subalgebra in the space L£($)) of bounded linear maps on §3, containing all
the operators 20(®). The algebra of observables is unique in the following
sense: if (25, %) and (25, $) are two Weyl quantizations on D, possibly
non unitarily equivalent if the dimension of D is infinite, if (D) and
A(D) are the associated algebras, Von Neumann’s uniqueness theorem
assures that the map 20(®)—2V(®) can be extended in a norm-preserving
and involution-preserving isomorphism from 2(D) onto 2A(D).

Now given w a state on 2A(D), the map:

(IV.5) ® € D—E, (?) = w(2W(D))
satisfies
(IV.6) . E(0) =1,
(IV.7)
V&, €D, VA, €C, Vn €N, i: MNAE(®; — @))e (@520 >
7,k=1

(IV.8) E € C°(Dy,C) for all finite dimensional subspace Dj of D.

Each functional satisfying properties (IV.6), (IV.7), (IV.8) is called a
generating functional over D. The importance of this notion is that it
provides the possibility of reducing a quantum problem, the study of states
on a C* — algebra, to a classical problem, the study of functionals on D:
conversely, each generating functional £ determines uniquely a state wg
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on A(D) with a suitable Weyl quantization (205, $£) and cyclic vector
Xe € He by formula:

(IV9)  E(®) = wp(We(®)) =< X, [W(2)](Xz) >s. -

For instance the Fock vacuum state wy on 2(h), associated with the Fock
vacuum vector Qx = (1,0.0,...) € H , is defined by the functional:

(IV.10) Eo(®) =< Qr, [WA(D)](2r) >5,= e 2%k,

The above constructions can be generalized to allow the quantization
of a boson single particle space (Dy,01,U(8,t)), ,cg Where D, is a real
linear space endowed with a skew-symmetric, non degenerate, bilinear form
o¢(...), and U(s, t) is a symplectic propagator from (D, 0:) onto (Ds,05).
A Weyl quantization (20, 9)ier of (D, 04,U(8,1)), ,cg is defined as a
family of Weyl quantizations (20;, 9), of (D,, 0;) satisfying for all ¢, s € R:

(IV.11) W, (U(s, t)®,) = 2,(Dy).

Then A(D;) = A(D,) = AU and a state w is characterized by one of the
generating functionals

(IV.12) E;: ®, € D;—w(W(®y))

which satisfy
(IV13) Et((Pt) = ES(U(S, t)(I)t).

In particular, the Fock quantization of a boson single particle space is
defined by a real linear map K from D, to some complex Hilbert space

h, satisfying:

(IvV.14) V®q, Uy € Dy, go(Po, ¥p) = 2T < KDy, KT >y,
and by putting

(IV.15) W, (®,) = WA(KU(0,t)®;) € U(HF)

where (W 7. H ) is the Fock quantization of . We call ground quantum
state. the state wg on 2 associated with the functional:

(I\'16) q)o € Doq‘Eo(‘I)o) = 6—%”'(4)0”3.
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More generally, given a positive, densely defined, selfadjoint operator H
on b, satisfying:

(IV.17) K(Do) C D(H™%),

a thermal quantum state wg of temperature § > 0 with respect to H, is
associated with the functional

(IV.18) @y € Dy—Ey(Po) = exp (—% || 4/coth (%H% K®, ll%’)

In terms of particles, if H is the Klein-Gordon hamiltonian, (IV.18) describes
a gaz of free bosons at temperature 6.

We apply the previous tools to define the Fock quantization of a spin-0
field outside the collapsing star, (D;, 0, U(S,t))s tcr, by putting:

flm(r*)
IV. t — ’ 1,m\W 5
(Iv.19) D {m(f; (pl’m (T*)> ® Vi m( ))

(frms Prm) € Cg x Co([2(t), o),

frm(2(8)) = prm(2(8) + 2(1) fi,m (2(8)) = 0},

(IV20) 0y(®,,8s) = / (Fips — fopr)r2drade, ®; = (f;.05),
z(t) J 82

(IV.21) ho = L?(]2(0), 00[x S2, r?dr.dw ; C),
1 1 _1 .
(IV.22) Ko® = E(Héf +iHy p), @ = (f,p),

where U(t, s) is the propagator (II1.2), and Hy is the selfadjoint operator
(I11.9), (II1.10) at time 0. In the same way we quantize the fields of particles,
falling into the Black-Hole Horizon, (Dg w1 0BH,UB #(t))ter, or radiating
to infinity, (D, 0BH, UpH(t))ier, by putting:

(IV.23) Dy, = {m( > (ﬁ}ﬁ:z’r))) ® Y”’”(w));

finite

fuom € C2(1F t,00]), }
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(IV.24) _
O’BH(@I. (Pg) = 41‘[2/ (flpg — fzpl)dr*dw, @j = t(f]pj)
—oc JS§2

(IV.25) bpy = L*(R,. x §%, 4M*dr.dw ; C),

1

IV.26 Kgu® =
( ) sn® =

(Hin + z‘H;ép), @ =(f.p)-

We investigate the quantum state measured by a fiducial observer falling
into the future Black-Hole Horizon. The particles detector that reaches the
future Black-Hole Horizon as ¢ — +o00, is modelized by an observable
.(Ppu)-

THEOREM IV.1 (Main Result). — Given &%, € D% H,0 We denote fort > 0:
(IV.27) Oy (re,w) = 0L y(re + t,w) + Ppy(re + t,w).

Then

1
(IV.28) wo(mt(q’izy))t_joc exp (—5 | KoQEu®hu Hgo)

w1

1 3 =
X exp <_5 | /coth (ﬁHBH) Kee®gpy Hgaa)

REMARK IV.2. — The limit (IV.28) is the main result of this work. It is
the famous statement by S. Hawking [16]: For an observer going across
the Horizon created by a gravitational collapse, the Black-Hole seems to
be radiating to infinitv at temperature ﬁ We will study the case of an
observer at rest with respect to the Black-Hole in a future paper.
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Proof of Theorem IV.1. — We apply (IV.10) and Theorem III.3 to get:

wo(mt(q)ﬁaH))
= exp (—% | KoU (0, 8) @5 II5, )

1
e (~5 1000 12y )
1
o XP (—5 | QEH(I)EH l|2 (0)>
x exp [ == || 1/coth (f ) 12
p 2 " Br )®BH Héﬂ
1
= exp (=3 | Kb ®5s I, )

1 LT =
X exp <_§ || 4/coth (;H}—BH) Kea®py ”gBH)

Il

QED.
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