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CeReMaB, Unité associée au CNRS 226, 33405 Talence, France

ABSTRACT. — We prove the strong asymptotic completeness of the wave
operators, classic at the horizon and Dollard-modified at infinity, describing
the scattering of a massive Klein-Gordon field by a Schwarzschild black-
hole. The scattering operator is unitarily implementable in the Fock space
of free fields.

RESUME. — Nous démontrons la complétude asymptotique forte des
opérateurs d’onde, classiques a I’horizon, modifiés a la Dollard a 1’infini,
décrivant la diffraction d’un champ de Klein-Gordon massif par un trou noir
de Schwarzschild. L’ opérateur de diffraction est unitairement implémentable
dans I’espace de Fock des champs libres.

1. INTRODUCTION

The present paper is mainly devoted to proving the asymptotic
completeness of the wave operators associated with the massive Klein-
Gordon equation on the Schwarzschild metric.

This work is the continuation of a program of rigorous mathematical
studies on fields theory on a black-hole-type background. The previous
investigations concerned the Maxwell system ([2], [3]), the black-hole
resonance’s [4], the non linear Klein-Gordon equation [5], the Dirac
system [18].
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412 A. BACHELOT

This time dependent approach of scattering theory for scalar fields outside
a Schwarzschild black-hole was initiated by Dimock and Kay in a very
interesting series of papers [9 to 12]. They constructed the wave operators
and, assuming the asymptotic completeness, investigated the quantum states
([11], [12]). Asymptotic completeness is known for massless scalar fields
(see Dimock [9]). In the massive case, the problem is more difficult due
to the long range of the gravitational interaction and we must modify the
definition of the wave operators at infinity. Our main contribution, exposed
in part II, consists in establishing the existence of the scattering operator
constructed with the Dollar-modified wave operators. The main tools are
the invariance principle, the results by H. Kitada ([16], [17]), for long range
potentials, the analyticity of the gravitational interaction which garantees
the absence of singular continuous spectrum, and Kato’s two Hilbert spaces
scattering theory techniques. This result is used in part III to show, using
the second quantization, that the scattering operator is unitarily implemented
on the Fock space of the free fields moving at the horizon and at infinity.

2. THE CLASSICAL SCATTERING OPERATOR

A massive scalar field ¥ on the Schwarzschild background is described
by the covariant Klein-Gordon equation

(0, +m?) ¥ =0,

where m > 0 is the mass of the field and O, f = |g|~/?9,
(lg|*/?2g* 8, f) is the D’Alembertian for the Schwarzchild metric g
associated with a spherical black-hole of mass M > 0 :

-1
G dzt dz¥ = (1 - %> dt*— (1 - -2—‘%> dr?—r? (d6*+sin?6 dp?).

T r
We introduce the Regge-Wheeler tortoise radial coordinate r, defined by
r« =7+2M Log (r—2M), r>2M,
U = VU (¢, r,, w) satisfies
[ o2 1 0 , 0 2M 1
- - - = R — - 2 =
L‘%? 2 B, or, +< T ) ( r2 A52+m)J\I} 0

teR, 7+ € R, we S2. (1)

Here Ag: stands for the Laplacian on the Euclidean two sphere S? and
r > 2 M is an implicit function of r,.
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ASYMPTOTIC COMPLETENESS FOR THE KLEIN-GORDON EQUATION 413

We write (1) in its Hamiltonian form. Putting

U=+, 0,7),
1[0 -1

=51 o ] @

1 0 , 0 2M 1 2
h= r26r*rﬁr*+<l— r)( T2A52+m),
(1) becomes the Schrodinger type equation
ou )
3 = -1 HU. €)

We introduce the Hilbert space H of finite energy data, completion of
C3° (R, x S2) x Cg° (R,, x S2) for the norm

Il*(f,g)||%=/{‘8%f (-2

X l%lvszflum"’lfl?] +|g|2}r2dr*dw. @)

The elements of H are distributions on R,, x S2 and the differential
operator H with domain

D(H)={U e H; HU € H}
is selfadjoint on H (see [9] or lemma 1 below).
Thus, for any F in H, equation (3) has a unique solution U (t) satisfying
UeC'R,, H), U(0)=F,
and U is given by Stone’s theorem:
U(t)=e “"F. (5)
Near the black-hole horizon (r = 2 M) x S2 we compare the solutions
of (1) with the plane waves solutions of
0? o?
oz "% ar?
We introduce the Hilbert spaces Hf,h, completions of the sets of regular
left/right going data DOi

T, = 0. (6)

0
ory

Df = {*(fi(re, w), £5— fi (rs, w)), 1 €O R, x D)}, (D)

Vol. 61, n° 4-1994.



414 A. BACHELOT
for the free energy norm

0
n«ﬁmmﬁ=4M{/{b“f

and the unitary group U, (¢) defined on Hy @ Hg by

2
+ Ig!"’} dr. dw, ®)

Fy €Dy, Uo(t)Fi = (e7™ Ff)(r,, w) = FE (£t + 7., w), )
10 -1 9?2
Hy = ; [ho 0], ho——arz. (10)

We construct an (unbounded) identification operator Z, between D(',‘" ® Dy
and H by putting

FE = «(f, 9) € D,
%%Wm@=%WMfm@?mmmmwM}(m

where Yo is defined as follows

Xo € C (Rr*)7 <a = Xo (T*) =1, }

T« >b = xo(r«) =0, a<b. (12)

We introduce the horizon wave operators Wit
FfeDf, WiEFy=s5- Jim U(-0)ZoUg () Fy in H.  (13)

At the spatial infinity, the term —2M m?r~1 in (1) is a long range

perturbation of the Klein-Gordon equation on the Minkowski space-time:
02 ) 2. 92

Following [10] we compare the solutions of (1) at infinity with fields in
the Minkowski space-time, governed by a Dollard-modified free dynamics.
Let H., be the Hilbert space

Hoo ={*(f, 9); f, Vas f, g € L* (RE, da)}, (15)

with norm

(£, 9) B =/Rs {1 Vez £ @) P +m?| f (2) P+ |g (2) P} dz, (16)
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ASYMPTOTIC COMPLETENESS FOR THE KLEIN-GORDON EQUATION 415

and U2 (t) the unitary propagator given for t # 0 by

UP (1) = cos (t Bo, + Dlog ) BZ!sin (t B + Dlogt) an
Y | =By sin (t By, + Dlog ) cos (t Bo, + Dlogt) |’
where
Boo = (—Agz +m?)Y?, D =—-Mm?| Vg |}, (18)
logt = sign () log |t |.

Here, | Vg: | ! means for f € C° (R2) :
(IVee |7 ) (@) = FHIEIT F (), (19)
where F denotes the Fourier transform

F () = / e £ (2) da,

RS

FHo)@ =00 [ e

{3
We also consider the non modified unitary group U, (t) associated with (14)
cos (t Boo) B lsin(t Boo)]

U (t) = [—Boo sin (t Boo) cos (t Boo) 20)

We introduce the dense subspace D, of regular wave packets in H,

Doo = {*(f1, fo) € Heo; F fi € C5° (RE\{0})}. @D
Now we choose a cut-off function X, such that

Xoo € C®(R,,), 7T« <C = Xoo(rs) =0, }

22
Te >d = Xoo(r+) =1, 0<c<d, (22)

and we define a (bounded) identification operator Z, between Ho, and ‘H
by identifying the Euclidean norm of z € R?® and 7, > 0, (which avoids
artificial long range interactions) and by putting
Fy € He,
0< 7 2 (Zoo Foo) (Thy, W) = Xoo (T4) Foo (z = T w), (23)
Te <0 = (Zoo Foo) (74, w) = 0.

We consider the time dependent modified wave operators W2
Fo €Dy, WEF,= s- lim U (-t)Tx UP(t)F, in M. (24)

The main result is the following

Vol. 61, n° 4-1994.



416 A. BACHELOT

THEOREM 1. — For all Ff € DF, Foy € Deo, the limits Wi Fi and
WZ F,., exist in H and are independent of xo and X satisfying (4), (8).
Furthermore we have:

IWe F e = 1 " s W Fo e =l Foo lIres - (25)

VteR, U@)WiFf= W(;—LUo(t)F(ft,}

U () Wit Foo = Wt Uno (t) Foo, 20

and the strong asymptotic completeness holds, i.e. the range of WOi oWt
is dense in H.

Therefore these wave operators can be extended by continuity to
HE @ Hoo and we can define the Scattering Operator S:

S=Wews)™ - (W e Wg). @7

From the previous result we immediately obtain

THEOREM 2. — The Scattering Operator S is an isometry from Hy @ Hoo
onto Hi @ M, and satisfies the intertwining property

VieR, [Uo(®)®Ux(®)]-S=58-[Us(t)®Usx(t).  (28)

We sketch the ideas of the proof. First we consider the square roots of the
second order hyperbolic equation (1), (6), (14) and we construct the wave
operators associated with [A]'/2, [ho]/?, Bo.. For this purpose we decouple
the study near the horizon from the study at infinity by comparing (1) with
the Dirichlet problem for the same equation with homogeneous boundary
condition ¥ = 0 on the sphere {r, = 0}; this is a short range perturbation
of the initial problem and since (1 — 2 M r~1) is exponentially decreasing
as 7, — —00, (6) is a short range perturbation of (1) on | — oo, O[,,, the
existence and asymptotic completeness of the wave operators at the horizon
r = 2 M follow from the Kato-Birman theorem and the invariance principle.
As for the problem at infinity, it consists in studying the perturbation of the
Klein-Gordon equation (15) by the long range potential —2 M m? |z |~1.
We prove the existence and completeness of the wave operators at infinity
using the results of Kitada ([16] [17]) about Schrodinger operators and
the invariance principle for long range potentials. To prove the strong
asymptotic completeness we decompose (1) on the spherical harmonics
basis and thanks to the analyticity of the gravitational interaction (see [4])
the spectrum of

~2 +(1-2Mr YL+ D) r 2 +2Mr® + m?

Annales de I’Institut Henri Poincaré - Physique théorique
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is absolutely continuous on L? (R,,). Making use of the usual two Hilbert
spaces scattering techniques, the previous results enable us to conclude to
the existence and asymptotic completeness of the wave operators associated
to the second order equations (1), (6), (15).

We shall often use the following criterion selfadjointness:

g_,EMMA. — Let ] a, b[ be an open real interval, p € C?([a, b)), so that

d
Tz P € L>*(a, bls, dx), p(z) > @ > 0,and A, B € L* (] a, b, dz).
Then the operator

1 8, .0
TS =~ 52 |0 g S|~ 4@ A S +B(@) f

is selfadjoint on the domain

D(TS, ) = {f € L (o, b[.xS2, £2 () dz du;
Tg,B f € L? (] a, b[wxsg,n p2 (SL') dxdw), f (a'7 ) = f (b’ ) =0
for a, b finite}.
Proof . —WeputT' = pT} p~! and prove the selfadjointness of 7" on

D(T)={feL*(a, b[.xS%, dzdw); T' f € L*(a, b[.xS2, dz dw),
f(a,-)=f(b, ) =0fora, bfinite}.

We decompose 7" on the spherical harmonics basis Y; ., of L? (52, dw) :

oo m=l
L*(a, b[:xS2, dzdw) =P P L*(a, ble, dz) @ Yy m.
=0 m=-1
oo m=l
=@ P Timol
=0 m=-1

T = =02 4+ 104 D A@) + B () 45 (@) g 0 (2).

Since A and B + p~2 p” are bounded, by the Kato-Rellich theorem ([19],
th. X.12) T}, is selfadjoint on

D(Ti,m) ={fim € L*(]a, ble, dz); 02 fi.m € L*(la, bz, dz),
fi,m (@) = fi,m (b) = 0 for a, bfinite}.

Vol. 61, n° 4-1994.



418 A. BACHELOT

Here the boundary condition is well defined thanks to the regularity of f; .,
which justifies as well the definition of D (T"). Therefore 1" is selfadjoint on

{Z fl,m;fl,m € D(ﬂ,m),Z ” frl,m fl,m ”%2 (la, b, dz) < OO} = D(T/)

QED.

If A; are selfadjoint operators on Hilbert spaces H; and Z an operator
between H; and H, we denote QF (A;, As; T) the wave operator defined
by the strong limit

f €.H1a ‘ 29
QF (4, Ay; J) fr = - lim e Te™®h P (A) fi in Hy (29)

where P,.(A) is the projection onto the absolutely continuous subspace
of A. When H; = H,, T = Id, we simply write QF (4, A;). It is well
known that

eitdz OF (AQ, Aq; I) =0t (Az’ Aq; I) ettAr (30)

ProposITION 1. — Let p, p/, A, B, A', B’ be as in lemma 1. We assume
that for some § > 1/2, we have

2 2
A-N BB +p g Ly e 12 (a, b, (145 da),

dx?
Then Q* (T.Z,’,B" T4 p; p'p~') exist and are complete. If A, A', B +
2 2

d d '
_2 —2 . £ (e 1172
P B+ p T p' are non negative, then Q* ([T%, p]'/?,

(T4 5]*'%; p p~")exist and are complete.
Proof. — We prove that Q% (o’ T”I,’B, p'~t, pT4 pp") exist and are
complete on L2 (Ja, b[,xS2, drdw). Taking advantage of the spherical

invariance, it is sufficient to establish this result on each constant angular
momentum subspace. We write

(pTh g +0) = (P Th g ™ +9)7
=) m=l oo m=l
=P P Tne1 P P L*(a, bl, dz) @ Yim-
=0 m=-1 l=0 m=-1

If we show that 7; ,, is trace class, the Kuroda-Birman theorem ([19]
th. X1.9) yields the required conclusion and the last part of the proposition

Annales de UInstitut Henri Poincaré - Physique théorique



ASYMPTOTIC COMPLETENESS FOR THE KLEIN-GORDON EQUATION 419

is a straightforward consequence of the invariance principle ([19], th. XL.11)
since

[pTp ' 1"? = p[T]V?p7". 31)
We calculate
T =[-8+ W (@) +i] 7 St () [-02 + W' (z) + 1],
Wiﬂ'l

Sim=1(+1)(A-A)+(B-B)

L, & L
+p 25:3_2;)_[), pr €L*(la, bz, (1+2%)°dx), (32)

o d? ., d?
W:l(l+1)A+B+p2a;c—2p, W’=l(l+1)A'+B’+p'2@pl.

We introduce the selfadjoint operators A;
d?
dz?
D(Ao) = H*(R), D(Ay)=(HyNH?)(]a, b[),}

D(A;) = (Hg 0 H?) (R\[a, b]),

where H? and H} are the standard Sobolev spaces

Ajf=-==1 (33)

(34)

H*(a, b)) = {f € L*(la, b[); f" € L*(Ja, b])},
H; (a, b)) 35)

={feL?*(a, b]); f' € L*(a, b)), f(a) = f(b) =0},
On L?(R) = L%(]a, b[) ® L? (R\[a, b]) we have:
Sl,m (Al + i)—l G0= (Sl,m @ O) (AO + i)_l
+(Sim ®0)[(A1 @Az +4)7 = (Ao +9) 7).

On the one hand (S, ®0) (A + i)~! is trace class according to (32) and
theorem X1.21 in [19], on the other hand (A; @ Ag +14)™1 — (Ag +4)7!
is of finite rank; hence S m (A1 + 1)~ ! is trace class. Now we write

Tim = [~O2+ W +i] 7 S m (A1 +9) ' {(Ar +1) [-02+ W' +4] 71}

Therefore 7; ,,, = bounded X trace class x bounded = trace class.
QED.

Vol. 61, n® 4-1994.



420 A. BACHELOT

Proof of Theorem 1. — 1. First we decouple the problem near the horizon
from the problem at the infinity by a Dirichlet decoupling. We consider
the operator

hy = R @ hS,
36
pooo po[ L 0 20 +<1_ g) (_%Asﬁmﬂ £ GO

r2 Or,  Or,

which is selfadjoint on L? (R,, x S2, r?dr, dw) with domain D (h?) &
D (h$°) :

D (k) ={f € L*(R;, x S2, r?dr, dw);
h) f € L* (R, x 82, r2dr, dw), f (0, w) = 0}, 37

D (h{°) ={f € L* (R x S2, r?dr, dw);
h® f e L* (R} x 82, r?dr, dw), f(0, w) =0}. (38)

hy is a short range perturbation of operator h given by (2) with domain

D(h) ={f € L’ (R,, x §2, r*dr, dw);
hfe€L*R,, x S2, r*dr,dw)} (39)

in the sense that on each space of constant angular momentum the operator
(h+4)" = (hy 447t

is of finite rank and thus, therefore trace class. Hence the Birman-Kuroda
theorem and the invariance principle give that the wave operators

QF (Y2, (B2 @ [AF°]2) = Q* (h, h) ® hY°) (40)

exist and are complete.

2. The study near the horizon is easy thanks to the short range of the
gravitational interaction. We compare h{ to the free hamiltonian A defined
by

92
~ a7
D (h)) = {f € L*(R;. x S2, dr, dw);

h f € L*(R;. x S2, dr, dw)}.

B =

(41

Annales de I'Institut Henri Poincaré - Physique théorique
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We denote I, the operator
Iy f(re,w) = (Iof)(re, w) =771 f(rs, w). 42)

2M
Since | 1 — _r_) is exponentially decreasing as 7, — —00, we can apply
proposition 1 and we conclude that the wave operators
@* (12, [A3]%; o) 43)

exist and are complete.

3. For the problem at infinity we use the spherical invariance again. To
get rid of the irrelevant singularity which appears at 7, = 0, we use Deift
and Simon’s Dirichlet decoupling [8]. We introduce the selfadjoint operator
hs® on L2 (R x S2, r?dr, dw)

hg°=k1@k‘2, }
_ 1 0 , 0 2M 1 9 “44)
ki f = _ﬁ&r*r 6r*+<1— T) <—T—2A52—|—m )] 5

D (k) ={f € L*(]0, 1], xS2, r? dr. dw);
ki f e L? (qo, 11, xSf,, r2 dr, dw), f(0, w) = f (1, w) =0}, (45)

D (ky) = {f € L*(11, 00 [». xS2, r° dr, dw);
ks f € L2(]1, 0olr. xS2, r?dr.dw), f (1, w) =0}, (46)

Again, on each space of constant angular momentum, the operator
(e +1)7" = (h$* +0) 7

is of finite rank and thus trace class. Hence the Birman-Kuroda theorem
and the invariance principle imply that the wave operators

F (12, Tea]/? @ [ka]'/2) @)
exist and are complete. Moreover we note that k; is discrete, which gives:
QF (k]2 @ [k2]V2, 08 [k2]/?) = Pac (0@ [K2]/?),  (48)

and therefore
QF (]2, 0 @ [ko]'/?) = O (A, 0 @ k) (49)

exist and are complete.

Vol. 61, n°® 4-1994.



422 A. BACHELOT

Now we define

h$® =k} @ kb,
. [ 18 , 0 1 _2MN (50)
41 Gt - o (1- 2w,

*

D(¥) = {f € L*(10, 1], xS2, r2 dr, d);

Ky f € L2(10, 1], xS2, r2dr, dw), f (1, w) = 0}, (51)

D (ky) = {f € L*(]1, o[, xS2, r2dr, dw);
ky feL*(]1, oo [-.xS2, r2dr, dw), f (1, w) = 0}. (52)
Lo: f (’I"*, w) - (I* f) (7'*, w) =T« f("'m w)’ (53)

I f(re, w) = (If)(rs, w)=rf(re, w), (ie.]= Io_l)‘ (54)

These operators are selfadjoint because k} is a smooth perturbation of
the Laplacian on R2 (in spherical coordinates, z = r+w) with Dirichlet
boundary condition on the sphere || = 1.

On the one hand, k] is discrete, on the other hand we apply proposition
1 for ky and k5. Then we conclude that the wave operators

QF (00 [ko]V2, [RP)V2 I, -1 = QF 0® ko, h; I, - I71) (55)
3 3

exist and are complete.
Al last we consider the operator h> given by

o, 1 0 , 0 1 2M 2
h f_[_;z_ézr*a—r*—EAsz-l-(l—T)me» (56)

D (h>) ={f € L*(R*,, x 82, r?dr, dw);
h* f e L* (R x S2, r2dr, dw)}. (57)

Since on each space of constant angular momentum the operator
(A +4) ™" = (h® +4)!
is of finite rank and therefore trace class the wave operators
QF ((BP12, [h]'2) = 0 (hge, he) (58)
exist and are complete.
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4. We note that h> is a smooth long range perturbation of the
Klein-Gordon equation on R which we identify with R} x S2 by putting

I: f(@) = T w)=f@),rn=|z], w=|z|z, (9

h® =I[B% +2V (z)+2V,(z)], (60)
V(z)=-Mm?|z| 0 (), 61
Ve(z) = -Mm?(r~! — |z~ b (2)],
|z|=7r+2M Log (r — 2 M), (62)
where 0., € C®(R3) and satisfies:
2] <1/2 = 0,(z) =0, |z|>1 = 0(z)=1.
We apply the results by Kitada ([15], [16]) to
1
Hl:_EAﬂga H2=H1+V(x)+‘/s(x)’ (63)
P (t) = (t+m?)Y2.

Then theorems 1.5 and 1.6 in [17], and lemma 2.6 in [16] assure that the
strong limits

W= lim e U Q3 (1) (64)
where
Q= (t) = e ite (H1)—i X (t¢' (1) (65)
to’ (1€17/2)
X (t¢' (Hy))=F1 / V(s€)ds| F, (66)
0

exist with initial domain L% (R3) and are complete, i.e.
Ran WF* = P, (H,) L* (R®). (67)
A straightforward calculation gives
X (t¢' (Hy) =Dlogt+F'[P(|¢])]F (68)

where D is defined by (18) and P is a real valued function. We deduce
from these results that the strong limits

Q% ([hoo]l/z, Boo; I) f = $- tluj? eit [hw]”z Ie"i (tBeo+D logt) f (69)
—3oo

Vol. 61, n°® 4-1994.



424 A. BACHELOT
exist for all f in L? (R, dz) and

Range QF ([h°]"/2, Beo; T) = Pac (h°) L2 (R} x 82, r2dr, dw), (70)
) it [R]1/2 Qi ([hoo]l/2 Boo, I) Q% ([hoo]l/2’ Boo; I) eitBo<> (71)

Now we introduce
I.=1,-I1.7, (72)

Q5 (W12, Boo; Ino) f = - lim 71 [ o=i(tBetDlogt) ¢ (73,

t—+oo

The chain rule applied to (49), (55), (58), (69) assures that QF ([hg°]1/2,
Boo; Ino) is an isometry from L*(R3, dz) onto P (h{°) L2 (R; x
52, rdr, dw).

5. Eventually we introduce the operators

QF fo= s lim &y, I e R gy (74)
+ T it[h]!/? —i (tBoo+Dlogt)
Qp fo =5 tl}inoo e Yoloe Joos (75)

Yo: feLi,. (R xS2) -»Yyf=f on R, x S2
and (76)
Yof=0 on R} x 82,

Yoo fELL, (R XxS2) - Yef=f on R} x S2
and )
Yof=0 onR; xS

By (40), (43) (73), the previous study shows that QF @ Q is unitary from
L? (R;, x 82, dry dw)® L? (R2, dz) onto P, (h) L2 (R, xS2, r¥dr, dw).
Moreover

eit[h]1/2 Qét - Q(:)j: eit[hg]l/z’ eit[h]1/2 Q% — Q% eitho‘ (78)

To prove the strong asymptotic completeness we write

m=l

It kI = @ P mnol,

=0 m=-1

0? Il+1) 9
”Lm*"aTz*(l r>(r2 7«3—*"‘)'

Annales de I'Institut Henri Poincaré - Physique théorique
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M\ [l(l+1 2M
OntheonehandVl(r*)E(l_ 2 )( ( ‘*2‘ ) . 22
r T r

non negative, the eigenvalues of h; ,, have to be positive. Let A2 > 0 be
such an eigenvalue. Since V; is integrable at —oo, any solution f of

him f=Xf (79)

is a combination of the functions f* (r., A) solutions of

+ mz) being

Tx

sin A (1« — y)

S Vi(y) £ (y, A) dy.

FEr = [

—O00

Since f* are linearly independent there is no f in L? (R, dr.) solution of
(79): thus the point spectrum of h; ,, is empty. On the other hand, we have
proved in [4] that 7, — 7 extends as an analytic function on C\: R; hence
the Aguilar-Combes theorem [1] implies A, ,, has no singular spectrum (we
could as well use corollary IL.5 of R. Carmona [7]). Therefore we conclude
that Qg: &) Q% is strongly complete on each constant angular momentum
subspace and finally:

Ran QF @ Ran QF = L? (R,, x §2, r2dr, dw). (80)

6. We return to the second order hyperbolic equations using the method
of the two Hilbert spaces scattering theory. We define

T 1 I REI T - 1 [[R912
=Zlme <l 7 e )

1 |B 1
Too=— | .7 .
* \/§ [Boo _7;:|
T is an isometry from H onto L? (R,, x S%, r?dr, dw) x L? (R,, x S2,
r?dr,dw), Te, is an isometry from H., = H!(R®) x L?(R®) onto
L2 (R®) x L?(R%), and T; is an isometry from the Hilbert space M

completion of

D(()) = Cgo (] - o0, O[T*XSZ:) X C(C;o (] — 0%, O[T.xsf;), (82)

for the norm

0
0
14 9l = [ {‘3—f

onto L2 (R, x S2, dr, dw) x I? (R, x 82, dr, dw). We denote by U (t)
the unitary group on HJ given by

220 1{0 1
US (1) = 8, HY = - [hg 0]. (84)

(€3]

2
+1g |2} dry dw, (83)
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Now we introduce the wave operators
WE=T1(QF 0 Q) T, WE=T'(QF00%)Tn. (@85

Wt (resp. W) are isometries from HY (resp. H)__ to H and thanks to
(80), (78) the completeness and the intertwining property hold:

Ran (W; @ W;) = Ran (Wi eWt) =", (86)
WeUg (1) =U ()W, WilUe(t)=U () WE. 87)
We easily check that for all Fy € H], Fy, € Ho,
Wi Fy = s- Jim U (1) LU (t)Fy in H, (88)
WiF, = s lim U(-t)Io U2 (t) Fy, in H, (89)
where
A l:[h]—l/2 YOIO [hg]l/2 0 :,
0= 3
0 Yo I
90
5o [R]=Y2Y,, I, Be 0 ©0
T 0 Yoo Ioo |

7. Eventually we investigate the links between Woi, Wof and W, Wi,
We introduce the wave operators

FieDy, QuF=s-lim U (-0)TUo () FE in M, (©O1)
where

Yo O
0 Y,

o o

Zoo = [ 0 Yy

};Hg_)HO, Igoz[ }:Ho—)Hg, (92)
Y5 feCE R, xS2) — (Y f)(re, w)

= f(rs, w) = (0, w) for r, <O. 93)

For Ff € DE, [Up (t) FE] (ry,w) = Ff (ratt,w), Ff being compactly
supported, we have for +7 large enough

5o Uo (t+T) Ff = U? (t) I3 Uo (T) F;
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Hence QF Ff is well defined and Q% extends as an isometry from HE to
HJ. Conversely, for F, € D) we have for £T large enough
Too US (t+ T) Fo = Uy (t) Zoo Ug (T) Fo;
Then the following limit
(QE) Fy = s- lim Uy (-t)Zo U2 (t)Fy in Mo (94)

exists and (Q&)* = (0F)~1. We conclude that QF) is an isometry from
HE onto HY and satisfies

UL (t) QE = QF U, (1). (95)

Now we claim that
W5 =2 M Wg Q4 (96)
Wi =Wwz; ©7)

We note that Wit and W2 are independent of xo, Xoo since Wi, Qf, Wi
do not depend on the choice of the cut-off functions. Then theorem 1
follows from (86), (87), (95), (96), (97).

Since the existence of limits (13), (24) for F € DF, F., € Do has
been proved in [9], [10], [11], it is sufficient to prove (96), (97) on dense
subspaces £, ., defined by

y 0
et ={ (1t 1)i s eCr . xs2)

*

frow)= Y finr)eYin@h 09

finite

S faz)®Ym (—li—l)} (99)

finite

£a = {tm, f2) € Doos ; () =

It is obvious that £F is invariant under Uy (t) and £ is invariant under

U (t) and U2 (t) because the Fourier transform of f (| z |) @Y} m (Ti—l>

has the form g (|¢|) ® Yi,m <|—§|—> (see for example [20]). Then, given
y d
Fy = (fl,ma o ft,m) ® Yy m € &, (100)
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Fo=t(flms fEm)®Yim €&, (101)

if we show that as ¢ — o0,

Xo — 2 M [R]7Y2 Yy Io [R)/? Yy 0
50 (t) =
0 X()—ZMY()I()YO*
Ff(r.xt, w)
X P — 0, (102)
+ o Ff(rott, w)
boo (t)

[ Xoo Yoo I — [h]‘l/2 Yoo I B 0 D
H
— 0, t— *oo, (103)

we obtain (96) and (97) as consequences of (102) and (103) respectively.

The investigations for 6y and é., are similar and we shall make use
the following

LEMMA 2. — Let T, T’ be two positive, selfadjoint operators densely
defined on L?(|a, b[s, p?(z)dx), —00 < @ < b < 00, p > 0, with
domain D (T), D (T"). We assume that for any A > 0, the operator
(T + X))~ = (T' + M)~ is compact. Then, given u, € D(T) N D(T")
satisfying

Tu, =T uy,, (104)
U, and T u, — 0, weaklyin L*(|a, b[,, p* (z)dz), n — oo, (105)

we have
(T2 = [T un | = 0, 1 — oo. (106)
LemMMma 3. — Let T, T' be two positive, selfadjoint operators densely
defined on L? (] a, b[, p? (z) dz), —00 < a < b < 00, p > 0, with both the
same domain D (T) = D (T"). We assume that for any \ > 0, the operator
(T =T (T + N~ is compact on L? (] a, b|,, p* (z)dz). Then, given
un, € D(T) = D(T’) satisfying

un — 0, weaklyin L? (]a, b[,, p* (z) dz), n — 00, (107)
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sup (|| Tun || + | T un ||) < o0, (108)

we have
(T2 = [T ) up || = 0, n— oo. (109)
We start by proving (102). First we have

8o (t) < | [R1Y2 {x0 — 2 M [h]Y2 Y, I [RO] V2 Y}

X Foi (’I"* + t, w) ”Lz Ry, 72 dr)QYi, m

0
+ II{XO -2MYy Iy Yy} 3

T

FE(r.xt, w)

L2 (R,,,r2dr,)®Y m

On the one hand, since F¢& is compactly supported in [-R, R],. x S2

o
or,

{xo—2MY, I, YO*}—B—FOi (rett,w) = (1-2Mr71)

+
or. F§ (ro£t, w)

for |t]| > R, and 8o (t) tends to zero as t tends to +o0o. On the other
hand, we have

bor (8) < [N ((RM? = [Pa]"?) xo () F§' (e £, @) |12 R.., 72 dro)e¥i, m

+ [ [ha)? x0 () Fg (e £ 8, w).

-2 MY() I() [h8}1/2 YO* F&t (7'* =+ t, w) HL2 (R, , 72 dr.)®Y) m (111)
Because, firstly, (b + A)™! — (hy + A)™! is of finite rank on
L2 (R,., r%dr.) ® Y1 m, secondly, xo (r.) Fi (7« £ ¢, w) tends weakly
to zero in L2 (R,,, 72dr,) ® Yi m, thirdly, h[xo (r.) FiE (r. £ ¢, w)] =

h1 [xo (r+) F&E (rv £ ¢, w)] for |#| > R since F is compactly supported,
we have by lemma 2

I ((R]2 = [a]7?) [xo (1) Fg- (re £ 8, )] llL2 R, 52 dri) ¥, e
— 0, t — =oo. (112)

For |t| > R we write
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IRIY2 [x0 (ra) FE (r £ 8, )] =2 M Yy I [hg]'/*
X Y5 Fg (e 21, w) |12 g, 2 dr.)®Yi, m
= (P2 =2 M r [BY)/2) FE (r 2 ¢, w) |12 0o dr.)®Yi, m
SN (r A= )2 — (W12 FiE (ry £ ¢, w) L2 o 2 dr)®Yi, m

+l [h8]1/2 [r(1- 2M7’_1)F0i (re £ 2, w)] llz2 (R7,, 72 dr,)QY; .- (113)

Obviously r (1-2 M r=!) Fif (r,+t, w) and %[r (1-2Mr=Y FE (r,+

t, w)] tend strongly to zero in L? (R}, x S2, dr dw) as t — o0, hence

” [h8]1/2 [7" (1- 2M7"_1) Fo:t (re £t “’) “L2 Ry, , 72 dr)QY], m
— 0, t— +oo. (114)

Now we have for A > 0

([rhY 771 = hE) (R + X) ™1 = {Sym (Ar + A) 1} {(A, + A) (hg +A)71}
on L2 (R, dr.) QY m

where S, € L? (R, (L+ |7, |?)dr.). As in proposition 1, this operator
is trace-class. Therefore we may apply lemma 3 and obtain

([ ho r ™' 1Y2 = [WQ)2) [r B (v £ ¢, w)] || (RS, 72 dr.)®Y;, m
— 0, =+t — oco. (115)

Finally thanks to (111) to (115) we conclude that &, (t) tends to zero as
t tends to oo, and (102) is proved.

Now we come to §.,. We write

B0 (£) < I{IR]Y% Xoo Yoo T = Yoo Lo Boo} Fi (1) ||12 n,. 02 dr)@Yi, m
F I Xoo = 1) T Fs (2) llz2 R, ,r2 dr,)QY] .
= buo1 (£) + Bocs (1) (116)
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with

U2 (t) Foo = *(F1 (1), F2 (1))

We state some straightforward consequences of theorem 1 in [10] concerning
the decay of this asymptotic dynamics:

Vp=0,...,3, VkeN, VVelLr(R?, a1n
2 < p < oo, ||VaﬁF1(t)”L2(Ra)—)0, t — xo0,
Vpu=0,...,3 VkeN, 0FF(t 0
H 9 ’ .7 €N, m 1() — U, (118)
weakly in L2(R3), t— =oo.

Therefore (117) implies that 6.2 (t) tends to zero ast — =00, and we have

Soor (£) < || ([A1Y? = [11]"?) [Xoo Yoo T F1 ()] 122 ®..., 72 dr.)0Yi, m
+ [ {{R]Y2 Xoo Yoo T — Yoo Ioo Boo}
Fy () |22 R, v dr)@¥i, m- (119)

By (118), h[Xoo Yoo Z F1(t)] = hi[Xoo Yool F1(t)] tends weakly to
zero and as above, since (b + A)~! — (hy + A)™! is of finite rank on
L*(R,,, r?dr.) ® Y} m, lemma 2 yields that
| ([P)Y? = [h]?) Xoo Yoo L F1 (t) 2 ®,.., 72 dr)@i,
— 0, t— *oo. (120)

Now we choose a cut-off function x., satisfying (22) and
supp x5, C|1, o], (121)

and we estimate

| {[21]"? Xoo Yoo T = Yoo Lo Boo} F1 (t) lI22 ..., 2 dr.)eYi,
= [ {[~1? Xoo T = Lo Boo} F1 () ll22 2., v2 aryoovi, m
<A (oo = Xx20) TFL ]l @2, v2 aryomi,
+ {12 = 8571} [ xoo T Fr (D] N2 Ry, 2 ar @i, e
+ || [rhy° 7"_1]1/2 [(r—74) Xio IF () ”L2 RY,, 72 dr QY1 m
+ [ {lrhs> r 2 — [ b 1Y%
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X [rs Xio TF ()] Il 2 (RY,, r2dr.)QY, m
Al b3 r T2 — [k = 712

X [rs Xio TF (1) Il (RE, 72 dr,)QY:, m
HIH{lre > r 72 [ry IB2 2| T2

X [T* Xc1>oI Fl (t)] ”L2 (RS, ,r2 dr. )QY] m
=A1+A2+A3+A4+A5+A6. (122)

A; and Aj tend to zero according to (117); moreover we note that

dim [(h3° + X) 7' — (hg° + A) 7] [L* (R, r2dr,) ® Y m] < oo,

hi* [re Xoo TF1 ()] = B [ra XX T Fy (8)] — 0O
weakly in L% (R}, dr,) ® Y,

Sltlp ” 87'* [T* XiOIFl (t)] ”L2 (] 17 OO[,.*, d"‘)«)@“,m < Cx}’

dim [(re h$° 1+ A) 71 — (r, A r ]2 + )" L2 (RS, dr,) ® Y, m] < oo,
(reh3>r ) [re XS TR (0] = (re b2 7Y [ XL T Fy (£)] — 0
weakly in L2 (R}, dr.) ® Y, m,

then we can apply lemma 2 to A, and A5. Now we remark that
s r =12 = [ b r 72} [ XA T By (8] I RY,, dr)®Yi,

= {[r ko r ™2 = [y b r71]Y2)
X [re xo T Fy ()] |2 11, 00, , dr )@Y, m, (123)

and we have

s Xoo L F1 (t) — 0 weakly in L2 (J1, [, dr) @Y, ., (124)
T« Xoo LF1 (t) — 0 weaklyin L2 (1, 00 [n, dr) @Y,
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D (rka7 " |12 01, 001, dro)@¥i)
=D (re kb7 1211, 00l , dro)®Yim
={feLl*(1, |, dr);

feLl*(1, ., dr.), f(1)=0},

([rkar™ = [re kyr ') (fra Ky ri T+ X) 7
= Vim (B + )AL+ X) (rkyr7 T+ )71 (125)
on L2(]1, 0o, dry) @ Vi m.

Since V., € L' (] 1, oo [, , dr.) operator (125) is trace class x bounded =
trace class. Then lemma 3 implies that A4 tends to zero. Eventually

D (’l“* hee 1"*_1 |L2 (RY,, dn)®Yt,m)
=D(rIBL|z| ' T | ®Y,, dr)®Yi )

={f € L*(]0, [, dr.);
f" € L*(10, 0., dry), £(0) =0},

([re b r; = [ I B || ) (W I B |« |7 271+ )7
= Wym (A1 + N7 H{( A1+ A) (n IBL (¢ |7 T+ 1) 71
on L* (] 0, o0 [ma dT'*) ® Yl"mu
with
Wim (rs) = 2MrltelL? (10, o[, drs)
According to theorem X1.20 in [19], | (Wi, @ 0) (Ao + A)~* |? in trace
class, hence as in proposition 1 {W; , (A1 + A)~'} is compact. Again we

conclude by lemma 3 that Ag tends to zero. This concludes the proof of

(103) and theorem 1 is established.
QED.

Proof of Lemma 2. — We know (see for example [13], p. 284) the square
root of a non negative selfadjoint densely defined operator T' can be written
as

T2 = 7r—1/ AYV2(T 407 T ) (126)
0

Vol. 61, n° 4-1994.



434 A. BACHELOT
Thus we estimate
Il (T2 = [T]V?) un |
ot [T A @ N T a2
0

On the one hand the assumptions assure that

YA>0, |[[(T+N =T+ Tu,| — 0, n— oo,
and on the other hand the Hille-Yoshida theorem ([19], th. X.47a) implies

AT+ = (T + )7 T ||
< 2 Inf (A™Y2, A732) sup (|| un ||, | Tun ||) € L* (A > 0).

We conclude, by the dominated convergence theorem, that (127) tends to

Z€ro.
QE.D.

Proof of Lemma 3. — We use formula (126) to obtain

(T2 — [T1%) |

SW_I/ ATVT + )T T — (T 4+ X) 7 T g || dA. (128)
0

On the one hand the assumptions assure that
(T + N7 Tun = (T + 27 T un |
=2M(T+N)T T -T) T+ ) ua]l = 0, n — o,
and on the other hand the Hille-Yoshida theorem implies

A V2 (T + A Tup — (T + N T |
< 2Inf A2 07%2) sup (|un |l | Tunl, | T unll) € L* (A > 0).

We conclude as above.
QED.
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3. THE QUANTUM SCATTERING OPERATOR

We recall some classic concepts of quantum fields theory ([6], [19],
[21]). Given a real linear space L, endowed with a skew-symmetric, non
degenerate, bilinear form o (-, -), a Weyl quantization (W, ) of (L, o)
is defined as amap W : z € L — W (x), from L to 4($) which is
the space of unitary operators on a complex Hilbert space $) satisfying the
Weyl version of the canonical commutation relations (CCR’s)

W (z+y) = @V2W () W (y), (129)
and the condition of weak continuity:
VreL, VXe$H, (t— Wi(tz)X)eC’'Ry; 9H). (130)
A linear map T on L is said to be symplectic if
Ve,ye L, o(Tz, Ty)=o0/(z,y). (131)

Then Wr(z) = W (T z) is another Weyl quantization. 7' will be said
unitarily implementable in the representation (W, §)) of the CCR’s, if there
exists a unitary operator T on ) such that

VeeL Wp(z)=TW(z)TL (132)

In the case of an infinite-dimensional space L, there is a continuous family
of pairwise inequivalent representations of CCR’s (¢f. von Neumann’s
theorem). In the case of boson fields, we describe the most important
representation, which preserves the positivity of the energy and the
relativistic invariance: the so called Fock-Cook representation; it is
associated with the boson single particle space (L, o, V (t)), where V (t)
is a one parameter symplectic group on L.

According to Kay [14], it is convenient to introduce the single particle
structure (K, By, U (t)) where b; is a complex Hilbert space, U (t) is a
unitary group on h; with strictly positive infinitesimal generator:

U (t) = e HH, H >0, (133)
and K is a real linear map from L to b, satisfying:
Ran K is densein b1, (134)
o(z,y)=2Im(Kz, Ky)y,, (135)
KV (t)=U(t)K. (136)

Note that K is invertible because o is non degenerate. The fundamental
result in [14] asssures that if there exists a single particle structure, then it
is unique up to unitary equivalence.
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Now the second quantization over some complex Hilbert space b is the
Weyl quantization of (h;, 2Im (-, -),) constructed as follows: we take
$ = F,(h;) the boson Fock square over B :

9 = F, (h) = P [T (137

n=0
where [hP"], stands for the n-fold symmetric tensor product of b;, and
we put:

feb, Wr(f)=expla®(f)—(a* ()] € () (138)

where o* (f) is the standard creation operator ([6], [19]). Then W satisfies
(129), (130). Moreover, if X is unitary on b, the quantized operator

L) =[x®, (139)
is unitary on $) and satisfies
feb, Wr(Ef)=TE)Ws(HIT @] (140)
Furthermore, from assumption (133) we get
LU (1) =e", (141)

where H is a densely defined selfadjoint strictly positive operator on ).

If we assume that the boson single particle space (L, o, V (t)) has
a single particle structure (K, bhi, U (t)), then Fock-Cook quantization
(Ws, 9) over (L, o) is given by

z€L, Ws(zx)=Wr(Kz)eU(H). (142)
Thanks to the uniqueness of the single particle structure and the
functorial character of the second quantization (139), (140), the Fock-Cook
quantization does not depend, up to unitary equivalence, on the single
particle structure.

Now we return to the quantum scattering by a black-hole and construct
the asymptotic quantizations. For the sake of simplicity, we consider only
real classical fields, i.e. hermitian quantum fields. We denote &g the real
part of £ = &g + ¢ &g, the complex Hilbert space completion of C§° for
some norm || - ||g, i.e. &g is obtained by completion for || - ||¢ of the set
Cor of real test functions.

Obviously, U, (t) is an orthogonal group and UP (¢) an orthogonal
propagator on Ho g; also Up (¢) is an orthogonal group on H(;_L, r- Therefore
W(jt ® ng is an isometry from ’Hng ® Hoo,r onto Hg and the classical
Scattering Operator S is an isometry from H g@Hoo, g 0onto Hy g & H_ o
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We quantize very simply the fields at the horizon by putting
Ff=+(f1, f2), GT=+(9, 92) € Dy,

(143)
oo (F, GF) = 4M2/(f192 — f291) dr. dw,
9= L (R} x 82; d€ dw). (144)
Fy=+(f1, f) € D(:Jt,aa
o M (145)

(K3 Ff) (6 w) = 2 67 [ e wyar e

Nevertheless we have to be careful because we are concerned with the
one dimensional wave equation (6) for which the Hilbert spaces of finite
energy HO are not spaces of distributions: the first components are not
in L? and the symplectic form ¢ is merely defined on subspaces of HE.
Following [11] it is convenient to introduce the dense subspaces

E = (Ff e HY; Hy' Ff € HE} (146)
which satisfy

DE c K c L*(R,, x 2, drodw) x L* (R,, x 82, drydw).  (147)

We see easily that (ICOi’R, do, Up (t)) is a boson single particle space, and
(K, B9, e ) is a s1ngle particle structure over it. Then we define the
Weyl quantizations (qu,, $o) at the past and future horizons by:

H0=Fo(0)), Fi €Kin, Wop(F)=Wr (K3 Fy).  (148)
Since we work at the horizon on the domain of H ', we must do the

same thing the infinity .and we put:
Koo = {Foo € Hoo; H' Foo € Hoo}- (149)

Thanks to intertwining property (28), the scattering operator S is an isometry
from IC(I R ® Kwo,r onto lCSf r ® Koo, r- At infinity we take the usual
Fock-Cook quantization for neutral bonsons by choosing:

- t(flﬂ fz)’ GOO = t(gla 92) € Koo,Ra

(150)
Ooo (Fooy Goo) = /R3 (f192 — f241) dz,
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1 .
Foo = (f1, f2) € Koo, Ry Koo Foo = Wi (BY2 fi +iBZM? f,), (151)

b = L (RS; dx), (152)

Hoo = F, (07),  Foo € Kooy Wios (Foo) = Wi (Koo Fao).  (153)

Now we put for F~, G5 € Kig, Fuo, Goo € Koo g,

(00 S 0'00) [t(FO:ta FOO)’ 75(G(:)t’ GOO)]
=00 (F5', GE) + 0oo (Fooy Goo), (154)

Wa (F5 & Fuo) = Wik (FF) @ Waeo (Fa). (155)

Then (KE © Koo, 0 h5°, e @e~B=) is a single particle structure over
the boson single particle space (KT 5 ® Koo, g, 00 B 000, Up (t)®Ux (1)) for
which the Weyl quantizations (Wj}, $o ® Hoo) are called free Fock-Cook
representations of the CCR’s.

Finally in the same way we quantize the Klein-Gordon equation on the
Schwarzschild space-time by putting:

K={FeH;, H'F e H}, (156)

F= 7:(fly f2); G = t(glﬁ g2) € ’CR’ (157)
o(F, G) E/(flg2 = f291) r? dr, dw,

F=+(f1, f2) €K, KF= % (R* fr+ih~Y% fy),  (158)

b1 = LE (R,, x 2, r2dr, dw), (159)

H=7F.(b1), Fekn, We(F)=Wsr(KF). (160)

(K, by, e‘”hl/z) is a single particle structure and (Wg, $) is the standard
Fock-Cook quantization of (Kg, o, U (t)).

THEOREM 3. — The classical Wave Operators Wit ®WZ and the Scattering
Operator S are unitarily implementable in the Fock-Cook representations
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(Ws, 9), (Wg, Ho® Noo ), More precisely, there exists unitary operators S
on Ho® Hoo and WE from Hy Q N onto § such that, for any Foi € ICffR,
F € Koo,r, We have:

We (W5 Fy @ WE Foo) = W W5 (Fy @ Foo) WH]7Y, (161)

WS (Fy @ Foo)] = SWy [Fy @ Foo] ST (162)

Remarks. — 1. Operator S describes entirely the quantum scattering of
a neutral scalar massive field by a Schwarzschild balck-hole. Nevertheless
this quantum system is not determined by S: it would be necessary to
construct the local algebra of observables, and some preferred vacuum
state. In particular, the Fock vacuum in § assoociated with the Boulware
state on the Schwarzschild space-time, is not physically relevant. We refer
to [11], [12], [15] where these problems are analysed in depth.

2. As regards the charged fields we can use the same approach since,
thanks to intertwining relation (28), the scattering by the black-hole does
not mix the particles and antiparticles.

Proof. — Theorem 1 implies that Wit @ WZ is an isometry from
IC({R ® K, r, onto Kg and satisfies the intertwining relation

U)Wy @ Wil = Wi @ WE] U (t) ® U ()], (163)

Moreover according to [10], [11], Wi @ WZ is symplectic from
(K& g®Koo, R, 50B0s0) to (Kr, o). Therefore (K [WESWE], by, e~ith'")
is a single particle structure over (IC(TR DOKoo, Ry 00 P 0o, Up (t) BUs (1)).
By uniqueness, there exists a unita}y operator L from b9 @ h$° onto
b1, such that:

KW o Wi = 2% [KT ¢ K. (164)
We use- (160), (164), (148), (155), (153) to obtain:

Wo (WEFEfOWIF,)=Ws[K(WEFfeoWEF,)
=Wr % (KT Ff ® Koo Fo)]
=T (%) Wz (Kg F5 © Koo Foo) [ (5%)] 7
=T (ZH)WE(Ff o F,.) (X% (165)

Now it is sufficient to put
WE=T(2%), $=T(8)=WH) 1w, (166)
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and (161) (162) are deduced from (165).
QED.
The classical as well as quantum scattering of a massive scalar field by
a Schwarzschild black-hole is summarised by the following commutative
diagram:

K,®K w
Agr® g — 2 SHOHY S (5685
WO W,, z- woLIw ™
A K A\ W’» |4
S 4 XR >hy SWgh,) SLIs™!
A AN
W;® Woo Z+ w"'[‘](w +)_1
v K, ®K w v
Aop®pr — = Spiopy 4 > U(H (®H o)
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